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Tir nha kho sach xua
clia Quan Ven Pudng



"

LO’I NOI BAU

TRU’ O'C PAY, hai l6p Dé-nhi A (Khoa-hoc Thue-
nghidm) va Dé-nhj B (Khoa-hoe Todn) ciing theo mft chwong-
trinh Hinh-hoe Khéng-gian, chi khdc nhau & mgt didu la céc
bai tdp cho ban A nhe hon ban B.

Theo tinh-thén chirong-trinh méi, mén Todn cha lop Dé
nhi A nghiéng hdn vé Pgi-s6 vd Lwpng-gidc. Phén Hinh-hoc
khéng-gian v@n cdn ; nhirng néu doc kj chwong-trinh, ai cing
nhdn thdy ngay 46 & chwong-trinh Hinh-hoc cia Dé-nhi C
khi trwée.

Duwgc may-mdn theo roi cdc cupc thdo-lugn trong viéc sira
ddi chirong-trinh va cé trdch-nhigm gidng dgy & nhitu lép D@
nhi A, B, C trong nhitng ndm gdn ddy, ching t6i dd so-sdnh
ky-lwgng nhitng khuynh-hwéng cla chrong-trinh va trinh-d¢
ctia hoc-sinh baban A, B, C. Vi thé, khi sogn cuén sdch nay
cho iép Dé-nhi A, ching t6i théo nhitng y-kién chinh sau ddy:

/. Phin-phéi chuwong-trinh thanh 19 bli, bal ngin
thi giang trong | gi®, bii dii thi gidng trong 2 gid.

2. Luwoc bét nhiing ché phy-thudc, chi nhin manh
vio cic diém chinh.

3. Dijt mdt s6 bii tip vira phii vi tirong-d6i df ;
tuy-nhién, khéng col trinh-d4 vé Hinh-hoc cla
hoc-sinh Dé¢-nhi A (méi) nhw Pé-nhj C (cd).



4. Gili mét vai bai toin seu mdi bii ¢ hocsinh
(ahit 13 cic ban ty hoc) xem thém, hiu bad aip
mot phin ndo s8 gid toin {t-Gi (4 gid) cia ban A,

5. Chii-trong dén phép tinhnhidu phin nlo hay, phin
iy 4% hoc-sinh (ng-dung nhiing diéu 43 hoc &
Dai-s8 vA Luong-gide (ching 156 43 cho in tiép
cudn Dai-sé-hoc 48 theo dudi i uc-dich iy).

Chitng t6i hy-vong réng s@ c8-gdng cla ching téi s¢ lam
bit duge th¥ri-gitr chép bdi cha cdc em hpc-sinh trong lép va
mong rdng ldng yéu mén cla cdc d¥ng-nghigp va dfc-gid sé thd-
hign bldng nhitng lori phé-binh quy-bdu ma ching tdi xin chdn-
thinh cdm-tg trirée.

N. V. P.



CHUONG-TRINH
Finh-hoc khdong-gian

PE-NHI KHOA-HOC THU C-NGHIEM

}-— M3t phing vd dudng thing. Cich xacdinh ; vi-tri ti.di. Nhirng duwdng
thing vd m3t phing song.song. Purdng thing va mat phing vudng
qée. Doan thing géc va dogn xién phitxust tir mdt diém té6i mét mjt
phéng.
Géc nhj-dién ; mst phing vudng goc-
Dinh.nghia mdt géc tam.dién.
Il..— Phép chiu thing vdo mat m3t phing : hinh chigu clia mét diém, cha
mt dopn thing, ciia mgt dudng thing.
Géc cha m3t duwong thing vd mdt mit phéng.

Pinh-nghia phép dGi.xirng qua mét duong thing, qua mdt diém hay
qua m§t mst phing. Pjnb.nghia tryc, tdAm hay mit phing d8ixirng cia
mét hinh,

Il.— Binh.nghie khdi binh-hdnh (hinh hdp xién), bhinh lang.try, hinh thap,
thétich cha khéi chir.nhat thinh hdp chir-nhat).

Cang.thirc (khadng hge cach chirng.minh) dé tinh thé.tich clia hinh ling.
try, thé-tich céia hinh thap.

Dign-tich xungquanh chia hinh lang.try thdng vd cia hinh thép
déu-d3n.
IV.— Dijnh-nghia mdt mjt try vd mdt mét nén cb6 dudng chudn trén. Hinh
try vd hinh nén trén xoaey.

Cang thirc dé tinh dign.tich xung.quanh ciie hinh try v clia hinh
nén tron xoay (khong ché&ng-minh).

Cang-thirc dé tinh thé-tich cis hinh try vd ciia hinh nén trén xosy
(khdng ching-minh).
V.— Hinh div, sy tirong.giso véi mdt dedng thing. Ti€p-tuy®n cis hinh
cdu, Thitt-dig¢n phing, m3t phéng ti€p-xiic. Cach djnh mét hinh ciu.

Pjinh.nghia hinh try vd hinh nén ngogi-ti€ép véi méat hinh cdu, Cang
thirc d¢ tinh dign-tich va thé.tich hinh c3u (kh8ng ching-minh),

Trich « Churong-trink Trung-hgc »
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Puwong thing va mit phing

1. PAI-CUONG.

1. 1. DUO'NG THANG VA MAT PHANG.

a) MOt sol iy cing thing 13 hlnk dnh cha mdt dwdng thing, Ta
congenhdn cAng ¢ qua hal diim, ¢6 mdt dwdrng thdng v ohi mt thél,

Mt dudng thing khéng cé bE ddy nhurng Al v8-hgn.
Mot dudrng thing c6 th® trirgt vd quay trén chinh né.

b) Mot mjt nuéc thodng yen-lgng 1a hlnh-

dnh cia mot mdt phlng. Ta cong-nhdn rhng :
khi mdt dwrdrng thAng cd hal di¥m & trong mét
mdt phdng th! né hodn-todn & trong mjt nd.

Mot mjyt phing cd thd trept v xoay trén
chinh né. Hinh 1

Mit phing khéng cé bt diy nhung rdng vd-cong.

Mot myt phing "digc bidu-din bling mdt hinh chtr-nhjt, N6
rdng vO-cong nhung ta‘chl v& c6 thé, Nhin nghleng, hinh chit-nhgt
thanh hinh binh-hénh,

1. 2. VI.TRI CUA MOT BUONG THANG DOI VOl MOT MAT PHANG.

a) Ta 48 néi: néu mit duirng thing cbé hal didm & trong mot
mijt phing thi né hodn-todn & trong miyt 44,

b) Khi mdt duirng thing chl cé mot didm chung ddc nhit v&l mot
mijt phing, ta nél rng né cdt my¥t phing hay né xuydn qua mjt phing,
vk mit phing d6 cit dudng thing 1Am hal n&a, mdi ntka & mot bén
cia mit phing.
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¢) Mbét mit phing chiz khéng-gian 13m hai nia khoéng-gian. Néu
13y mbt diém A & b2n no, mdt ditm B & bén kia roi n8i AB thi dudng
thing AB xuyén qua mit phing tai mét ditm va chi mot thoi.

d) Khi mét dtrc‘rng'ﬂaing va mot mit phing khong c6 diem nio
chiing (di1 kéo dai bao nhiéu ching niFa) ta néi ring dwong thing song-

song v&i mit phing.
2. CACH PIHH MOT MAT PHANG.

1. 3. CONG.LY.
Ta cong-nhdn ¢iéu sau tay ¢
¢ Qua ba dim A, B, C khong thing Lang, e6 mdt mit phéing »
Khi cho AB c3-dinh, C liru-dong thi méi vi-tri cia C cho ta mét
mit phing. Viy qua hai di¥m A, B, ¢ v&-st mat phéng.
1. 4. DINH.LY.
Qua ba di¥m khong thing hang, ¢6 mot mat phing va chi
mot théi.

Ta hiy chizng-minh ring néuhai mit phing
P v2 Q cé ba ditm chung A, B, C khéng thdng
héng thi ching triing nhau (k. 2).

Mé&i dudng thing AB va AC 6 hai didm &
trén P nén holn-toin nim trong P. Vi ly-do
twong-tu, AB va AC cing nim trong Q. Liy mét ditm M & trong
P 151 ké mét dwong thing dung trong P vacit AB, AC ln-luwet & D
viE. Vi AB, AC dyng trong Q nén hai ditdm D, E cling & trén Q.
Do d6 duwong thing DE va M ciing & trén Q.

‘Hinh 2

Bt ci ditm M ndo cia P ciing & trén Q, trc 12 P, Q trang véi
nhau. N6i khic di, ba ditm khong thdng héng dinh dwpc mot mge phlng
vé chi mgt théi. ' ' |

‘1.5. HELUAN 1.

Qua mdt dudng thdng vd mét difm & ne
phéng va chi mdt théi, : m o' ngodl, ¢6 mét mét



Colmét didim C & ngodl dudng thing

D (h 3). LAy hal ditm A, B trén D. DBa

di¥m A, B, C khéng thing hing dinh duwoc

. mét mijt phing ddc-nhtit P. P dgng ditm C
Hinh 3 va dudng thing D,

1. 6. HE-LUAN 2.

Qua hal dwidrng thing ddng-qui 06 mt mat phéng va chl mét
thol.

Gol ditm chung 1A A, lfy mdt di¥®m B trén

dirdrng thing thir nhit, mdt di¥m C trén duwdng / - _~T
thing thir nhl, 8 chirng-minh twong-ty nhe >}&3
teén (k. 4). , é
Nhi¥ng &idu hpc trén ta cho ta ba cdch sau Hint 4
ndy d® dink mgt mdt phéng : D,
Ta dinh m$t mat phdng béing: :
— Ba di¥m khong thdng hang. l /Dl
— Mt dwdng thing vd mdt ditm &

ngodl dudng dé,

— Hal dwirng thdng déng-qul.
9 8 g Hinh 5

Chi.¢. Néu hal dwdng thing khong cing
& trén mét mjt phing,.tanél riing ching 1d hai dudng thdng béit-kp (h. 5).

3. Sy TUONG-GIAO CUA HAI MAT PHANG.

1. 7. DINH.LY.

Khi hal m§t phdng phan-bigt 06 mét di¥m chung A th) chiing cé
mdt dudng thAng chung di qua A. Puwdng thing 46 dwee gol 1A
glao-tuy¥n hay dwdng twong-glao clia hal mit phdng.

X¢ét hal mjt phing P, Q khic nhay, Gid-st ching cé mot didm A
chung. Ta hly chirng-minh rling:
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1. Hai mat phang P, Q c6 m{t duwrdong thing -chung.

Trén mit phing Q, ta ké hai dudng thing
khéng dic-sic xAy, XAy’ (k. 6). Gia-sir hai
du‘orng thing d6 khéng dirng trong P. Nhw thé
mbi duwdong bj P chia 13 hai nira, méi nira
& mét bén P. Gid-str Ax, Ax' cung & vi mot
bén. Liy trén Ax mét ditm khng dic-sic M:
iy trén Ay’ mot di®m khdng djc-sic N. N&j
MN ; MN xuyén qua P tai mét didm B khic A. Hinh 6
Vi hai ditm A, B & trén P va cing & uén Q né¢n dudng thing AB vira
& trén P, vira & trén Q. Néi khic &, dwdng thing AB 13 dudng thing
chung cho P vi Q.

9. Ngoadi dwréng thing AB ra, hei mat P, Q khéng con di€m ndo
chung nira.

Thit vy, néu hai mit phing P vi Q cdn cb ditm chung thir ba
nita (goi A C) & ngodi dwong thing AB thi ching fring nhau, vi ba
di¥m A, B, C khéng thing hing chi dinh dwgc mét mit phing théi.
Ditu 46 trdi voi gia-thidt, vi gii-thiét cho P, Q 13 hai mit phing phin-
bigt, Bé-budc ta phii nhin ring P, Q khong con di¥m ndo chung niFa.

1.8. L0 DAN.

Mudn chirng-minh ring ba di¥m hay nhidu dim thing héng voi

nhay; ta 6 tht chérng-minh ring chii
g ching 1A nhitng didm ch clia hal
mijt phing phan-bigt, i e

4. CACH PHAT-SINH MAT PHANG.
1.9. CACH THU NHAT.

Coi hai dwing thing D, vi D, ddng-qui
& A. Khi mét dudng thing D lru-déng
nhung dea vao Dy va D, tai hai didm khic
nhau thi né phit-sinh -ra mjt phing P, 1A mijt
dinh b3l D, va D,. Néi khic di, qup-tich ciia
D la mit phdng P (h. 7).




1.10. CACH THU NHi.

Coi mdt dudng thing D vi mét ditm A
¢ ngodi. Khi mét dwéng thing Ax lru-ddng
nhung dya vio' D thl n6 phit-sinh ra mjt
phing P, 12 mjt dinh bdi D vi A, Néi khic 4i.
quj-tich cia Ax l& miit phing P (h. 8), Hink 8

Sau nly, ta cdbn hgc them vil cich phit-sinh mit phing nfva,

5. HINH THONG-DUNG.
1. 11. TAM.DIEN.
Tam-dign hay gdc tam-dign hay géc ba m§t 12 hinh hop bdi ba nira

dwong thing phit-xuit tir mdt di¥m, khdng cing nim trong mét mijt
phing, 481 mdt 12 12m thinh mdt gée 151

Trong tam-dién Oxyz: O goi 1A dink; Ox, Oy, Oz goi 14 ba cgnh;
Xa'_ yOz, z0x goi 13 ba mjt.

Néu ba mit 4¢u 12 géc vudng &3 thi ta c6 mét tam-dign ba
gdc vubng.

1. 12. TU.DIEN.
Tir-difn hay khoi bdn mijt 13 mot hinh thip &y tam-gidc mi ta

4 gip & 1op duéi (k. 9).
Néu bSn mit cia tir-ditn 1 bén tamgidc d2z thi ta cb mdt

tir-dién AP
1. 15. HiINH CAu.

Hinh cin 13 qu§-tich nhrng ditm & trong khdng-gian cich déu m¢t
didm c3-8inh, gol 12 tdm.

o A
D
z s B
V] C

Hinh 9
Ta c6 th? oot hinh ciu 12 mét hlnh trdn xoay gy bdl mét vong trdn
khi né quay quanh mjt dudng kih (h. 9).




BAlI TAP
1. 1. Cho mét tam-gide ABC vé mit mit phing P khéng chia A, B, C. Gid.sir AB,

BC, CA c5t mst P tai D, E, F theo thir-ty. Ching-minh rdng ba dikm D, E, F
thdng hdng voi mhau.

1. 2. Cho mét doan AB & ngodi m@t miit phdrg P. Goi S I3 m¢t digm_lwu-dong
trong khéng-gian. Cid.sr SA, SB ct P iai C, D theo thé-tyr. Chirng 6 ring
therdng thréng dwong thing CD di qua mér Jikm cb-dinh.

1. 3. Cho mpt tam.gidc ABC, mét mat phkdng P cé-djnh. Goi S 16 mét diém fru-dong
trong khéng-gian. Gid-s: SA, SB, SC cit P tai A’, B’, C’ theo thi-ty. Ching.td
réng mdi dwong thing A'B’, B'C’; C'A" thydng.thueéng di.qua mét diém c6.dinh.

1, 4, Hisy vé mét dudng thing di qua mt diém O cho shn vé c8t_hai dvdrng thing
bét-ky Dy, Do cho sén.

Hsy vé mgt dvérng thing cit ba dwcrng thdng bst-ky D1, Da, D3 cho sén.

1. 5. Trong mét mit phing P, cho hai dwdrng thdng Ox, Oy. Mt dircrng thing D cbt
P tai M. Gpi | I8 m@t digm lvu-déng eda D. Hay vé giao-tuyén cta hai mat phing
(I, Ox) va (I, Oy). Chéng-td ring giao-tuy&n d6 ndm trén mdt m§t phdng g:&cﬁnb.

1. 6. Cho hai duwdng thing c8.dinh Ox, Oy & trong mét phdng P. Goi M, N [é
hai diém c8.dinh & ngodi P. Q I3 mot mgt phing lru-déng, chia M va N, G
e3t Ox, Oy I3n-lwrot & E, F. :

1. Chéng-10 ring EF di qua mét didm c8.djnh.
2. EN c3t FM tai D. Quy-tich cva didm D.

1. 7. Cho mét hinh te-dign SABC. Goi D, E, F I3 trung-didm cis AB, BC; SA,
1. Ve gisotuyén SH cia ha! mst SDC, SAE va gisotuyén Cl cde hei mt
SDC, BFC.
2, H ndmtrong mst ABC, | ném trong mit SAB ; HS cé cét Cl khéng ? Néu ¢6,

gei _giao«;fiérn i3 O. C{:l?ng—mir;h réng IH song-song v&i SC. Tinh tl.s6 %;.

1, 8. Cho mét hinh tér-dign ABCD. LSy mét didm F trén AB; E trén AC ; G trén BD.
QiaLsc'r EF kkéng song-song véi BC. . ’

1. Tim giso-tuyén cin hai m§t phdng EFC va BCD.
2. " im giao.didm cia AD v3 CD véi mit phdng EFG.

1. 9. Cho mét hinh té.dign ABCD.‘Chﬁ'ng-td'ring nhitng myt phing dinkh bdi D va m8i

trung-tiyén (hay mdi dvong eao hay mdi dudng phén-gléc trong coa i
‘ ) ( eao, . g cla tam-gifc
AQC)_thT déng.qui, nghia I3 nhing myt phing d6 ¢ mpt dwdrng thing chung.

g
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1. 10. Cho hai tam.gide ABC, A’B’C’ theo thi-ty & trong hai mdt phéng P, Q
m3 giao-tuyén 15 A. Gis.s¢ BC cst B'C' 6 a; AC c&t A’C" & B; AB cit
AB’ ¢ 7.
1. Co6 thé ndi gi vé ba diem &, 8,7 ?
2. Chitng-t6 ring AA*, BB’ cing & trong mét mat phing va thudrng ¢t nhau.
3. Ching-t réng AA’, BB’, CC' thudng dbng-qui.

TOAN

Cho mét gée tam-dién Oxyz. Trén Ox, ngwdi ta 18y hai di&m
A, A'. Trén Oy, ngudi ta 18y hai diém B, B’. Trén Oz, ngud-i ta 18y
hai digm C, C".

1. Chirng-td réng BC va B'C’ thwd'ng cit nhau tai mét di€m «;
CA va C'A’ thwirng edt nhau tai mét digm g; AB va A'B’ thwong cit
nhau tai mét diém v,

2. Chirng-~td rdng a; G, v la ba di&ém théng hang,

BAI GlAl
1. Sy trong.giao cia BC va B’C",
Hai dudng thing BC va B'C’ ciing & trong mit phing yOz. Vi
thg, thwing thuwérng ching cit nhau tai mot didm a. Pic-biét, ching cb
.the song-song v&i nhau.

[Diing dinh-ly Thalés d3 hoc & lop (o)
Pé¢-Tam thi ta biét ring: digu-kién dt cd \
va dit 4 BC song-song véi B'C’ 1 : 3
OB _ 0‘9] B
OB oOcC s
Ly-luan twong-ty, ta biét ring CA
vd C'A’ thudng cit nhau tai mét ditm g; ¢ 5
AIE va A'B’ thudong cit nhau tai mét Hinh 10
digm 7.

9. Sy thing hang ®6,7.

Ta col hai mit phing phin-biét (ABC) vi (A'B'C’).

Duong thing BC ¢ hai diém. B, C & trén m3t (ABC): nén né
hoin-todn & trén mit d6. = 12 mgt didm cla duwdng thing BC nén «
thudc vio mit (ABC).
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Pudng thing B'C' o hat didm B', C' & trén mjt (A'B'C’) nén né
hoin-todn & trén mit 46, a 3 mét di¥m cia dudng thing B'C' nén a
thudc vio mit (A'B'C’).

Nhur thé, « 13 mét di¥m chung cia hal mit phing phin-biét
(ABC) v (A'B'CY).

Twong-tir, 8 vd 7 cling 13 shitng diém chung ctia hai mit dé.

Ba di¥m a, 8, ¥ cing & trén giso-tuyén cha hai mjt phing phin-
biét ; do 46, chiing thing hing vé&i nhau.



Pwong thing song-song

2. 1. DINH.NGHIA.

Hal dwdng thdng dwoe gol 14 song-song khi ching ciing & trong
mdt mit phing va khdng ¢é di¥m nao chung.

Nho dinh-nghia 46, ta biét ring hai duwong thing song-song ob
the dinh duroc mét mit phing. P8 13 cdch thi tr 4 dinh mét mit
phing ngodi ba cich 43 néi & bAl s5 1.

2. 9. VI-TRI Ti.D0l CUA HAI BUO'NG THANG TRONG KHONG.GIAN.

Hai dwdng thing trong khéng-gian o6 thE o6 médt trong nhitng vi-
trf tI-d8i sau :

— Bit-ky (tire la khong cung & trong mgt mét phdng).

— Cit nhau — Song-song véi nhau — Tring nhau.

Hai dwdng thing trong mift phdng b thd : hojc cit nhau, hoic song-
song véi nhau, hojc trang nhau.

9. 3. DJHH.LY.

T mdt di¥m 18y & ngodi mét dwdng thdng, cé th® ké moét
dwong thdng song-song vél dudng dé va echi mdt thél.

Pi¥m O vi dudng thing D dinh dwgc mit
phing P. Trong P, tir O ta cb tht k¢ mét dudng
thing song-song v&i D vi theo dinh-d¢ Euclide,
ta chi k& diregc mét thail. Hinb 11

- Trong thyc-hanh, ta cin nhé ring: O va D & trong P, néu tir O,
ta ké D’ song-song vé! D thi D’ hodn-toAn ndm trong P.

9. 4. D|NH.LY,

Cé hal dwéng thing song-song, mit phdng ndo cit dwdng no
thi eéit cd dwdmg kia, )
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Gii-str hai dudng thing D;, D, song-song voi nhau vi mijt phing
P citD; & A, Ta phii chirng-minh ring
P cit D,. Dy va D, dinh duwgc moét mdt
phing Q, khic P. P, Q ¢6 d&m A chung,
nén cé giso-tuyén Ax:Ax & trong P, Ax
ciing & trong Q. Theo mét dinh-ly & hinh
hoc phing, rng-dung vio mit phing Q,
Ax d3 citD; phai cit ¢ D, tai mdt diem
B. P4 1i ditm chung cia D, vd P,

D, vaP khong cdn diem chung ndo nira vit Néu Dy vA P odn
mdt didm chung thir nhi, thi D, nim trong P. Nhw thé, P, Q tring
nhau vi Dy ciing nim trong P, didu 46 trai voi gia-thiét.

2 5. DINH.LY.

Hai dwd'ng thiing eing song-song véi mot dwong thw ba ‘thi.
song-song vé&i nhau. '

Gid-sir hai dudng thing D; va D, cing song-song v&i duwdng
thing D3.

2) Ta hay ching-minh réng D; va D, cing &
trén mot mat phiing. Ta Iy mdt ¢itm O & trén D;.
Goi P 1a mjt dinh béi D, va O. Néu P cit D, thl
Dy citluén Dy (2. 4.). Cit Dy thi P cit luén Dy P
chtra D; dong-théi cit D,. Vé-y | Vay P phil’
chtra D,, '

Hioh 13 . {;) Ta hay cl;\'rng-minh réng D; va D, khong

’ 6 di€m chung. Néu D; vi D, c$ mét ditm chung M
~thi tir M, ta c6-th® k& hai dwon N s
v, g g song-song viyri Dy, Va-1y (2. 3.).

"Tém 1i, Dy vA D, ciing tron : '
. Tém 1y, Dy va D, £ mot mit phing vi khéng cé ditm
¢hung. Theo dinh-nghia, ‘ching song-song vé&i nhaf e ’

2. 6. DINH.LY.

Khi hail mat phing two'ng-giao 13n-

song-song thl;glao-tuyén cla ehiing song- ot dung hat duéng thitg-

song vé1 hal dwdng thing a6
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Coi hai durdrng thing song-song Dy, D,

Gii-str mit phing P chéa Dy, mit
phing Q chira Dy ; P vaQ cit nhau theo
dudng A (h 14).

Ta hiy chirng-minh ring A song-song
v&t Dy (hodc Dy),

Liy mat ditm O trén A, r61 k¢ Ox song-
song v&i Dy ; nhir thé, Ox cling song-song Hinh. 14
véi Dy (2.5.). O & trén P, Ox song-song vél Dy nén Ox & trén P. O &
trén Q, Ox song-song v&i Dy nén Ox & trén Q. Do 46 Ox 13 duing
thing chung cho P v3 Q. Ox ching qua 13 glao-tuyén A viy.

BAlI TAP

2. 1. Cho hei dvdng thdng Dy, Dy vé hai dwdng thdng bSt-ky Dy, D4 Hdy v& mft
duvirng thdng gép cd bén dudng dd.

2. 2. Cho hei dudng thing D1, Dy vé mét didm O. Cd thd ndi g} va giso-tuyln cia
hei myt phlng (O, D1) vé (O, Dy) ? C6 viec gi xdy ra khi D1, Dq ddng-qui

holic song-song ?

2, 3, Cd hai dvdng thdng D1, Dq blit-kp, ¢S thd ndo v& dwoc hai diedrng thing Dy,
D4 song song nhau vd dya vio Dy, Dy khéng ?

2. 4. Cho mét hinh té.dign ABCD. Theo thi-ty, goi trung-didm cts AB, BC, CD
DA, AC,BD I3 M, N, P, Q, R, S.
1, MNPQ la hinh gt ? Dudng chéo ra seo?
2. RQSN i kinh g1 ? Dudng chéo ra sao ?
Kat.lugn g v& ba dopn MP, NQ. RS ?
Phét-bidu mdt tinh.-cdch cbe hlnh té-dign.



Géc ctia hai dwong thing

3. 1. DINH.LY.
Hai gée eé nhirng canh song-song eung chiSu thi bdng nhau.
Gid-str hai géc xOy vi ulv cb cank Ox 13 Iz song-song ciing chidy,
canh Oy vi It song-song cing chidu.

Trén Ox, Iu, ta Bin-lrot iy OA = IB. A .z
Trén Oy, Iv, ta lin-lrot lay OC =1ID. (o) AC P
Tir-gidc OIBA I mét hinh binh-hinh [ |
(hal canh d8i OA, IO song-song va bing. B ',:’
nhau). Suy ra AB song-song vi bing OI : = BN "
tirong-ty, CD song-song v bing OI. Suy I D
ra: AB song-song vi bing CD. Hink 15

‘Do d6, ABDC 1A mét hinh binh-hanh va AC = BD.
Hai tam-gisc OAC, IBD bing nhau theo tredng-hep thir ba,

N —~
Suy ra xOy = uly.

3.2 HELUAN 1.
Hal gée cé nhing eanh song-song trél chidu, thi bdng nhau.

3.3. HE.LUAN 9

Hal gée e6 nhirng canh song-song, mét ddi cing chidu, mdt
déi tréi chidu thi by nhau.

3. 4. DINH.NGHIA.

1.. Gée eda hal dudng théng trong khéng-gian 1a mét trong
b¥n gée ho'p bdi hai dwdng thing lan-lwgt. song-song vdsi chuing,

Phét-xufit tir mdt didm khong déc-sdc (Nuwgd ta thwdng chon
gée nhor;,
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Col hal duwdng bit-ky Dy, Da, Ly mét 4i8m O ndo d6 rdi tir O
k¢ Ay, A, song-song v&i Dy, Dy theo thir-ty (h. /6).

Géc a hay goc 4 gol 13 géc cia Dy, Dy, Ta thudrng chon géc nhon a,

Néu O xe-djch ra chd khic, thl tr}-s8 clia /

a khéng 4381 (theo dinh-ly trén). - D, '
2. Hal duwdng thdng dwge gol la tryr >

gino khi gée clia chung 1a gée vudng. = ;‘S.___.._A
Hal dwdng théng dwec got 1a thdng (.

khl chung ciit nhau thanh gée vudng. b,

3. 5. DINH.LY. Hinh 16

C4 hal dwdrng thiing song-song, dudng thdng: ndo trire-glao
vél dwdrng thé nhilt thl cang trire-glao v&l dwdng the nhl,

x Gii-str D; va D, song-song va D, tryc-glao

v&l Dy. Ta phidi chirng-minh ring D, tryc-glao
D véi Dy, Tir mdt didm O 1y trén Dy, ta k& Ox
' D, song-song vé& Dy, nhir thé Ox cling song-song véi
Op~ Dy D, (2.5.). VI D, va.Dytryc-glao véi nhau nén géc
DyOx 12 géc vubng. D6 cing chinh 13 gbe c&a D,
va Da-
Hinh 17 Viy Dy triwc-glao véi Dy
BAI TAP
8, 1. Cho mét hinh to.dién ABCD. Gol M, N, L I8 trung-didm cis nhirng epnh BC,
AD, AC.

1. Léy M lam dinh, v& gdc cia MN va AB.
2, Lsy N lam dinh, v8 gde cia MN va CD.

3. Ching-minh rhing = didu-kién Bt cévd- &0 d& cho nhing gde trdn biing
nhov 18 AB = CD.

4. Muén cho MLN I8 mot tem.-gléc vuOng gdc vi cin (dink L) cdn nhiong
Jidu-kign g1 ?



Pwong thing va mit phang
song-song

4. 1. D|NH.NGHiA.

Mot dudng thing dugee goi la song-
song vé&i méi mat phing khi né khong co
dlém nao chung véi mat phing dé.

Mot mit phing va mét dwong thing
cé the cé ba vi-tri ti-d8i sau ndy : mit phing
chira dwong thing, cit dudong thing hay
song-song v&i dwong thing (2. 6.). Hink 18

4. 2. DINH.LY THUAN.

Khi mét duwdng thiing song-song véi mét mat phing thi né
song-song véi moét dwirng thing dwng trong mit phing dé.

Gid-st dwdng thing D song-song v&i
mit phing P. Ta liy mot didm O trong P

D 6l k& Ox song-song v&i D. P vi Ox cb
diém O chung. Mét trong hai diu sau day

phii x3y ra: Hojc B P cft Ox & O, hojc 13
P chira Ox.

Néu P cit Ox thiP ot ludn & D
Hinh 19 (2. 4.). diku &6 trsi voi gia-thiét,

Cl-ﬁ con mét trudng-hop ma ta phii nhin: P chira Ox. Nhu thé
12 D 43 song-song v&i Ox, mét dudng thing & trong P.

4.3. CHU.Y.

&t y ﬁl:E nffsi ri: 8 : khl D song-song vé1 P, ndu tir mdt didm O
rong P, ta ké dwdng ox song-song vé1 D thi Ox ni
todn trong P. x ndim hoan~
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4. 4. DINH. LY PAO.

Khi mét dwirng thing & ngodi mdt mit phﬁng v song-song
véi mot dwong Zing dung trong mét mait phéng d6 thi né song~
song véi mat phdng dé.

Gid-str dwngD & ngodi mit P, v D song-song véi mdt dudng D’
dyng trong P. D va D' djnh dwoc mdt
mit phing Q. D’ 14 giao-tuyén cda P,
Q. NZu D cit P thi giao-ditm nim trén
D', nhw thé nghia 3 D va D' cit nhau,
dleu d6 trai véi gia-thiét.

Viy D khong th? cit P. N6i khic
di, D song-song v&i P. Hiah 20

4. 5. CHUY.

C6 thE néiring: khi D song-song véi P; ‘ndu mbt mat phdng
chira D va cét P theo D* thi D song-song véi D,

Diéu ndy hay du-qrc ding trong cic bai toin,

4. 6. PHAT.BIEU DPOC.NHAT.

Bi€u-ki¢n it eé va di d&¢ mét dudng thdng song-song véi mét
mat phing la ;: Puwdng d6 & ngodi mat phidng va song-song véi mt,
‘dwdng thing dung trong mat phéng.

4. 7. DINH.LY.

Kbl mdt mat phing song-song véi glao-tuy#n ciia - hal - mit
phiing cho séin va c4t hai mat dé thi hai giao-tuy&n mé1 phal song~
song véi nhau,

Ta coi hai mitphing P, Q m3 giso-tuyén
13 A. Gii-sir mjt phing R song-song v6i A v
" cit P, Q theo dwdng Dy, D,. Ta hiy chirng-

minh ring D4 vi-Dz song-song vl nhau.
A song-song véi R3P chira A v3 P R

theo Dy, nén D, song-song véi A (4 5)
Hinbh 21 Twong-ty, Dy song-song vén A

Viy Dy va D, song-song v&i nhau vi cﬂmg song-song véi A (2. 5.),
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. 8. DINH.LY. _
e MMI; dwéng thing va mdt mat phéng song-~song chén trén hal
cétﬂtuy;é'n song-song nhirng doan biing nhau. |
Gii-sir dwing D song-song v&i mit P(h 22); v'i 'A s?ng-séng
vol A Gid-sée D, P cit A & A, B; vaD, P &t A' & A", B’ Tahiy
chirng-minh AB = A'B’. -
A va A’ dinh dugc mot mit phing Q. Glao-tuyén cia Q va P b
BB'. Ta c6 AA’ song-song v&i BB' (4. 5.).

Ti-gisc ABB'A’ 12 mdt hinh binh-hanh, vl c6 cic canh 441 song-
song d8i mot. Do 46 AB = A'B.

Hinh 22 Hinh 23

4.9. DINH.LY.

Tir mdt di¥m, ta cé the vé duw¢'e mot mat phding song-song véi
hal dwd'ng béit-ky va chi mdt thél.

Ta col hal duwdng bit-ky Dy, Dy va mét diem O.

Tir O (h. 23), ta k& Oy song-song vél D, vi ké Ox song-song vol
D,. Ox, Oy dinh dugc mot mit phing ddc-nhit P,

- P chira Oy nén song-song véi Dy; P chira Ox nén song-song véi’
. D2 (40 4-).

4. 10.- MOT CACH PHAT.SINH MAT PHANG.

_ KhI'mdt'dwdng thdng D dwa vdo mdt
duwdng Ay vd song-song véd mdt duwong A,
(At khdng song-song vél A, thi D phét-sinh
ra'mdt miit phing. Pé 12 mit phlng chira
Ax v song.- song FV“, Na (Xem Ipi dopn sdl
1.9, v8 1:10). - : Hinh 24
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BAI TAP

4.1, C6 hei mst phing cht nhau P, Q vé mt dikm O. Hiy vé mpt dwréng thing di
qua O vé song-song véi cd P lin Q. '

4.2. Cho haimit phing P. Q, giso-tuyén I A. Mét mt phing lru-dgng. R cét Pvd
Q theo Dy, Dy,
1. Név R song-song véi A thi D1, Da ra sao?
2. Néu D1 song-song véi Dy thi D1 6 song.song v&i A khéng ?
3. Néu D1 song-song véi A thi Dy cé song-song véi Dy khéng ?

4. 3. Cho hai mjt phing c#t nhau P, Q, vi hei duéng thing bit-ky Dy, Do.

1. Hay v& mét diréng thdng dya véo D1 vé song-song véi cé P lin Q ; cé bao
nhiéu dudrng nhe thé ?

2. Hay va& mét diedrng thing diys véo D vé song.song véi cé P 18n Q ; cé boo
nhiéu dirdrng nhe th&?

3. Hsy v& mgt dudng thdng diyes véo D1 D3 va song-song vé&i P, Q.

4. 4. Cho hai nra dvong thdng bét ky Ax, By.

1. Qua B, ta v& dudrng Bx’ song-song v&i Ax. Dinh vitrf eis Ax d6i v&i mit
phdng x’By (mé ta goi I3 P).

2. Mgt didm M lvu-dng trén Ax. Mt didm N lru-dsng trén By. Dudng
song-song vé&i AB ké tir M cBt-P & M’, Quy-tich cia M’. Chiéng-td M’N song-song
véi mét phm:rng_ e8-dinh khi AM = BN.

3. Vincho AM = BN, t'im qup-tich trung-diém coa M'N vé frung-diém
cts MN.

4. 5. Cho mét hinh té-dign ABCD. G{t né bing mét m¥t phdng song-song véi hai
conh d6i AB vi CD. Chdng-td ring thi€t-dign li mot hinh blnh-hanh, Thiét-
dién 46 cé thd 13 hinh chd-ohft duvpe khéng ?

4. 6. Cho mét hinh td-dign ABCD, trong dé AB tryc-gino véi CD. Cho biét

AB = CD = AC = ». Ly mft didm M trén AC. Dt AM=x. T M, v&
mét mt phng P song.song véi AB vi CD. P cit té-dign theo hinh gi ? Tinh dign-
tich S cta thitt-dién theo a vd x.(Tink x d2 cho § =m3 (m 13 mot dogni cho sin).

"TOAN

Hal dwdng thing blit-k D vk D' ciit mft miit phing P tal A, A’
theo thir-ty. Gol A la mft dwdng thdng lwu-ddng song-song véd
P, ckt D va D' & M, M’ theo thir-tir.
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1. Chirng-minh riing gino-tuyén cla mit phiing P vél hal mit
phing (D, A} vA (D', A) 1A hai duwd'ng song-song.

2. Tir M, ngwii ta ké dwdng song-song véi D N6 et P & N,
Tim quy-tich chia dwirng thdng MN. Tim quy-tich cda diEm N,

3, Dinh A d& cho doan MM* ngén nht. Dink A d& cho doan
MM’ ¢é dd dai d cho siin.

BAI GIAI
1. Glao-tuy®n cha mit phing P véi hel mét phing (D, A) va (D', A)

Hai miit phing (D, A) va P c6 mét digm
chung A; vi th¥, ching c6 giao-ti¥p Au.

Mit (D, A) chira A, thE ma A song-song
véi P theo gia-thiét, cho nén glao-tuyén
cia mit (D, A) véi P song-song véi A,

Viy Au song-song véi A. Hinh 25

Cht’rng—mihh twong-ty, ta biét ring giao-
tuyén A'v cla hai mit (D' A) vaP song-song
véi A,

Auvd A'v cing song-song v&éi A, nén
ching song-song véi nhau. '

Chi.y. Cé th® nél ring: P song-song
véi glao-tuyén A ecda hal mat (D, A) va
(D% A) va P cét hal m#t dé, nén glao-tuydn
Hih 17 Au, A'v song-song véi nhau.

9. Quy-tich cia durdng thing MN.

Pudng thing MN dira vio dwing thing c8-dinh D v2 lic nio cilng
song-song v&i D' (ta nél ring phirong clia MN khéng dd1). Viy MN gy
nén myt phing 7 : 46 12 mje phing chira D vi song-song v&i D',

Quy-tich cia N.

N 1 di¥m chung ciahal mjt phing P vi n : N n¥m trén giao-tuyén
x'Ax ¢ta hal m¥%t P va = 46, Khi M vach nén 3 durb-ng D thi N vach
ntn i dutrng x'Ax : 46 13 qu-tich clia N,



27

3. Cach dinh duedng A d& cho M'M ngén nhét.

Vi ta ludn ludn 6 MM’ = A'N nén didu-kign dt ¢6 vd du d& cho
MM’ ngin nhit 13 A’'N ngin nhit

Ta ha A’H thing géc v&i x’'Ax. A’'H 13 vi-tri cia A'N i@ng véi
ri-s8 cyre-titu ca AN,

Cé N, tatim ra M bing cich vé ti N
diwdng song-song véi D' : giao-didm cita D
voi dwirng méi ké 46 12 M, Biét M, ta suy
ra M’ bing cich vé dudrng song-song v&i NA':
giao-di¥dm clta D’ v&i duwdng méi k¢ 86 13 P
M'. M'M 1i duéng A phii tim. Hinh 27

Céch djnh deong A dé cho MM’ =d. Ta hiy vé N sao cho
A'N = d. Muén th, trong mit P, tavé vong tron V tim A’, bén-
kinh d. Giao-di®m cita V vad x’Ax 1a ditm N phii tim. C6 N, ta suy
ra M va M’ nhir d3 néi & trén.

Néu d > A'H, bii todn cb hai lod gial.
Néu d = A'H, N & H, bai toin cb mét 1o glai.
. Néu d > A'H, bii toin vé-nghiém.




M:it phing song-song

5. 1. DINH.NGHIA.

Hal mat phdng duwgc goi 1 song-song khi ching khéng ¢6é diE¢m
nao chung. -

Hai mijt phing c6 tht c5 ba vi-tri ti-d8i sau miy: trang nhay,
hoic song-song v&i nhau, hojc cit nhau (h. 29).

7
@D

5. 9. DINH.LY THUAN.

N&u hal mat phing song-song vé1 nhau thi mét no chira hal
dudng thing dbng-qul, song-song vét mit kia,

Gii.str hai mjt phing P, Q song-song véi

ix
ahau. Trong P, ké hal dwong dbng-qui Ox, 1;><
Oy. Néu Ox cit Q thi didm chung 46 vira & O ~v

trong P, vira & trong Q. Nher th¢ B P, Q
ct nhau, didu 46 trdi véi gii-thiée | Vay Ox -
khdng thE cit Q, Néi khic &1, né song-song - véq
Q. Twong-ty, Oy song-song véi Q. Hink 30
5.3. CHUY.
Ta ciing n6i dwoc ring: .khi hai mat phdng song-song véi

nhay thi miit phidng no ehira hal dudng thdng ddng-qul, song-song
vé1 hal dwdng thing ddng-qul cda mit kiay,
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5. 4. DINH.LY DAO.

Cé hal mat phing, n¥u mdt myt chira hai durdng ‘thdng ddng-
fqu! song-song véd mit kin thl hal mit phing 46 song-song véi nhau,

Gli-sir P chira hal dwdng ddng-qul Ox, Oy cung song-song vél Q.
Ta phil chirng-minh rling P, Q khéng 8 didm chung.

Gid-sir P cit Q theo glao-tuyén MN.
Pchita Ox vh cit Q thee MN, Suy ra Ox 0
song-song véi MN (4. 5.). P

P chira Oy vy cit Q theo MN. Suy ['—'
ra Oy song-song vé&i MN (4. 5.). o}

Nhu thé 1h tir mge 81dm O, ta k& duec M
hai duwirng song-song véd MN, V8-1y | (2.3.). Hinh 20
Viy P, Q khong th? ¢4 mdt giso-tuyén MN. Nél khic di, ching seag-
song véi nhau

3. 5. PHAT.BIEU DOCNHAT.

DiSu-ki¢n dt cé va al d¥ hal mjt phdng song-song vé4 nhau
18 1 mjt ng chira hal dwdng thdng ding-qul song-song vél mit kia,

5. 6. DINH.LY.

Tir mt di¥m & ngodl mit mit phlng. nguwdr ta od tht_ vé mit
mat phdng song-song vél mit a6 vi chlimét thel.

Col ddm O & ngod myt phing Q. Muén cd mit P qua O vi
song-song v&l Q thita vE O'x' vk O & treng Q3 ¥ k¢ Ox, Oy song-
song véi O'x', O'y' theo thir-ty, Ox, Oy dinh dugc mdt mit P. P
song-song ‘v&1 Q theo dinh-lj dio & trén,

Ngodl P ra, khdng cén mit phing ndo

khic &l qua O vd song-song v& Q. Thyt
. viy, gid-sik c6 mot mat phdng P' khdc P

cling & qua O vd cling song-song vé{ Q. Néu

P’ khong chira Ox thi né phil alt Ox. Do
dé, no cit ludn O'x’ tho b ot Q (2. 4.)

Hinh 32 Aldu nky trdl vél gld-thibt,
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Viy bit budc P’ phil chira Ox. Tuong-ty, P chira Oy.

P’ chita ca Ox lin Oy, nhw thé 13 né trong véi P. N6 khic di, P
14 mit phing ddc-nhit 41 qua O vi song-song véi Q.

5. 7. DINH.LY.

Quy-tich nhirng dwdng thing phdt-xufit tir mdt diltm O va
song-song véi mét mit phing P la mat phing Q dl qua O va
song-song vél P.

1. Té&t cd nhitng duwerng thidng phdt-xudt tir O vd song-song véi P
déu & trong Q.

Goi Ox, Oy 12 hal dudng song-song vél P, Ching dinh duwoc mét
mjt phing ¢i qua O va song-song véiP. Vi € ring qua O chi o4 mot
mijt phing song-song véi P, nén mjt phing xOp 46 chinh 13 mijt phing
Q. Néi khic dt, Ox, Oy nim trong Q.

2. B#t cir dwirng Oz ndo & trong Q

ciing song-song véi P.
Hal mjt phing P, Q d3 song-song

81, ching khéng o6 ditm nio chung. Oz -

& trong Q, viy Oz khéng cit P mi ciing

khdng nim trong P, ntn Oz song-song vé1 P. ‘Hinh 33

5. 8. MOT CACH PHAT.SINH MAT PHANG.

Col mjt ai¥m c8-dinh O & ngodl mdt mat phlng cb-dinh P. N&u
mét dudng thAng lwu-déng nhirng ludn ludn qua O va song-song
vél P thl né phit-sinh ra mdt myt phing dé 14 mit Q qua O vad
song-song ,Vé’l P. (Coi lpl dopn 1.9., 1.10. va 4.10.),

5. 9. DINH.LY.

.Ntu hel mgt Phéng cang song-song vé1 mét’ mit phang thit ba
thl ehiing song-song vé&1 nhau, .



Gla-str hal m3jt phing P, Q cing song-
song v&i R. Néu P, Q c6 mét didm chung
O thi tir O, d3 c6 nhitng hai mit phing P,
Q khie nhau va song-song v&i R. Pidu nay
tedi véi dinh-ly trén (5. 6.). Viy P, Q khéng
the c6 dim nio chung duoc. Néi khic di,
ching song-song v&i nhau.

ms}

Hinh 34

5. 10. DINH.LY.

Cé hai miat phdng song-song, mat nao cdt mot thi cdt cd hal
va hal giao-tuyén song-song véd nhau.

a) Gii-str hai mit phing P, Q song-song vé nhau v m#f phing R
cit P theo AB; ta hiy chirng-minh ring R cit Q.

Ttén AB, ta iy mot &itm O. Néu
R khéng cit Q thi R song-song v&#i Q.
Nhu thé 12 tir mot ditm O, ta cb thd v&
dwge hai mit phing khic nhau cing
song-song v&i Q, Va-ly (5. 6.).

Vay R vid Q Lkhéng thd song-song
véi nhau duge. Ching phil cit nhau.
Ta gol glao-tuyén 13 MN.

b) Bay gi¢ ta chirng-minh AB song-
song véi MN, AB vi MN cing & trong R vi Bin-lwgt. & trong P, Q
(hai m3t song-song) nén khéng o6 ditm ndo chung, vi nfu chiing cé ditm
chung thi P vd Q c6 di¥m chung, tril gii-thiét ! Nhw thé, ‘theo dinh-
nghia, AB v2 MN song-song véi nhau (ciing & trong R vd khéng o
4i¥m ndo chung).

Hinh 35

BAl TAP

5. 1. Cho m¢t digm O, mpt dud-ng thidng D va mpt mit phlng P. Hiy v& mpt dudng
théng di qus O, dira vé D vad song-song véri P.

8. 2, Cho hal mit phing song-song P, Q. Trong P, cd mjt tam-gibe ABC. Trong Q,
¢6 mpt tem.gidc DEF,
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1. Ve giao-tuyén ciia hai mat phdng P, ADF vs cie hai myt phéng Q. BCE.
2. Ve giso-tuydn cia hai m¥t phdng ADF, BCE,

5, 3. Cho mét hinh tir-dign OABC trong dé OA = OB = OC. Ve dvdng phan.gide
ngodi cua nhitng géc AOB, BOC, COA. Chirng-minh rdng ba dwéng 46 eing
& trong mét mdt phing.

5. 4, Cho ba nira drdng thing song-song cdng chitu Ax, By. Cz khéng eing & trong
m¢t m3t phing. Trén Ax, ldy didm M ; trén By, lgy didm N ; trén Cz, I8y didm
P sao cho AM = BN = CP.

1. Chirng-té ring mit phéng (MNP) song.song vé&i mét myt phdng c8-dinh.

2. Tim quy-tich cia trung-didm cée cal;h vé cie trong-tam tem.gisc MNP.

8. 8. Hai hinh vuéng ABCD. ABEF eé canh AB.cbung vé khéng eing & trong mft.
mit phdng. ’

1. Cé tht néi gi vé hai mat phdng DAF vi CBE?
BM 1
2. Irén doan BD, I8y dibm M sso cho B_D= 3 Trén dopn AE, 18y diédm N

N 2
380 cho i—A = '3— Nhing durdrng song-song véi AB, ké t- M, N, Iin.lupt c8t AD,

AF tpi M’, N’. So.sénh M’, N’ v&i FD vé d§ dii v phrong hiréng. Chirng-minh ring
MN song-song véi myt phing DFEC,

TOAN

Cho hal nira dudng thdng bit-ky c3-dinh Ax, By. Mdt dudng
thdng D hru-ddng ciit Ax, By & M, N,

1. Lam th¥ ndo v& dwg'e mit mit phing P chiva By va song-song,
vél Ax ® Tir M, ké dwdng song-song vérl AB, né cdt P & M’. Tim
quy-tich cda M".

2. Gol I, J Ia trung-di¥m cla MN, M'N. So-sénh ha! vecto
IJ va AB.
3. Tim qu{-tich cda I va ctia J khi AM = BN;

. 4. Ching-td rdng mat phdng MM'N song-song vél mét mat
phédng c8-d|nh ¢védn gid-sir AM = BN),
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BAl GlAI

1. Céach vé mat phing P chira By va song-song vél Ax

Tir mot diem & teén By —
thi-dy 1A diém B — ta vé Bx'
song-song v&i Ax. By va Bx’
dinh dwoc mijt phing P. Ax
song-song v&i P vind song-song
véi mot Aduodong thing nim
trong P.

Quy-tich cia M".

Ax vi Bx' song-song vé&i
nhau, chiing diah du't_ré mot mit
phing Q. Giao-tuyén cia P vi
Q 1a Bx". Hinh 36

Pudng song-song véri AB, k& tir M, nim hodn-todn trong Q. Khi
duwong 46 cit P & M’ thi M’ nim trén giao-tuyén Bx' clia P v Q.

Khi M vach nén nira dudng thing Ax tht M" vach nén nira
dudng thing Bx', song-song cung chidu véi Ax. Bx' 13 qui-tich clia M'.
92 Vigc so-séanh hel vecto [T ﬁ.

Trong tam-giic MM'lN,I vi J I3 trung-di¥m clia hal canh NM' v2
NM. Vi thé, ta

i = MM

Tir-gidc AMM’'B 12 mot hinh binh-hinh vl né c6 cic canh song-song
ddi mét. Do 496, ta cb

MM’ — AB
Viy thi = A_ZB

Néu ta goi O 13 trung-didm clia AB thi ta cb
OB=1j
Ditu 46 t3 ring BJIO 13 mét hinh binh-hdnh,
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3. Quy-tich cia J khi AM = BN.

Khi AM = BN thi AM = BM'. Tam-gidc BM'N 12 mét tam-giic
cin mi diy 13 M'N. Quy-tich cia J — trung-diéin canh ddy M'N — Ia
ntra dwong thing Bi, phin-giic trong cla géc cé-dinh yBx'.

Quy.tich coa 1. T2 43 biét BJIO 13 mét hinh binh-hanh. Hail
didm O, B c8-dinh. Khi J vach nén nlra duong thing Bt thi I vach nén
nira dudng thing Oz song-song Ling chidu voi Bt

— —_— - N
(Cin-c& vio hé-thirc Ji = BO, t2 cé thé nodi ring Oz 1i hinh t'nh-
tién cia Be, trong phép tinh-tién theo veLio c3-dinh B—E)).
4. Phwong cia mat phing (MM'N).

Trong tzm-gidc cin M’BN (binh 13 B), diy M'N lru-déng ~hung
bao gi& cing song-song v&i phin-giic ngodi Bu cda gée x'By. Géc x'By
c8-dinh nén Bu ciing cS-dinh.

Coi hai rfnit phing ABu va MM’N, Ta biét AB song-song v&i MM’
va Bu song-song véi M'N.,

Viy mit c8-dinh ABu song-song v&i mit MM'N vi mit thir nhit,
chira hai dwong thing déng-qui song-song véi mit thir ohi,

TOAN

Cho mot tir-gide phidng ABCD. Hai eanh AB. CD eiit nhau tal E.
Hai canh AD, BC ciit nhau tal F. Gol S la mdt di¥m & ngodi mat
phéng cla ti-glde, Mot mit phding P cit cée dwirng thing SA, SB,
SC, SD tal I, J, K, L theo thi-ty.

1. Ching-minh ring 1 «Bi8u-kién &t c6 va di d8 cho IJ song-
song véi KL 1a 1 P song-song vé1 SE»,

Tim didu-ki¢n #t c6 va dd d¥ cho IL song-song véi JK,

2. Chirng-tdé riing c6 vo-s8 mgt phéng P Idm cho ti~-gide IJKL
thanh mét hinh binh-hanh,
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BAI GIAI

1. Didu-kign &t cb va dia dé cho IJ song.song vél KL.

Ta coi hai mit phing SAB v SCD. Ching o6 hali &i¥m chung 3 S
vA E, cho nén glao-tuyén ctia ching 13 SE, P cit hal mjt phing SAE,
SDE theo glao-tuyén IJ va KL.

S
E ll
ST
] L
Hinh 37 Hinh 38

a) Néu P song-song véi SE thi hai dudrng IJ v KL song-song véi
nhau. ’ i

b) DPio lal, gli-sir IJ va4 KL song-song v&i nhau, ta hiy chirng-
minh ring P song-song vél SE. '

Hal mit phing SDE, SAE lin-lugt chira hai duwdng song-song IJ
vd KL, v2 cit nhau theo dwdng SE nén SE song-song vé&i IJ, KL.

SE song-song véi IJ, mot dudng nim trong P nén SE song-song
v&i P.

Két-ludn ; «didu-kign 8t c6 va di && cho IJ song-song v&l KL LA:
P song-song véi SEn. Chirng-minh tuong-ty ta biét ring: «di®u-kign
dt ¢6 va 42 @t cho IL song-song véi JK 13: P song-song véi SF.

2. Nhirng mit phdng P &ng vél nhirng binh-hanh 1JKL.

Di¥u-kign 4t cd va di cho tir-glic IJKL tr& thinh hinh binh-hinh
12 : IJ song-song vé&i KL vd IL song-song véi JK.

Nhw thé, P phii song-song vél SE vi SF, Né1 khic &1, P phii song-
song v&i mit phing SFE. Ta tim duwge v6-36 mit phing P song-song
véi mjt SFE, nghia 1A ta c¢6 v8-38 mjt phing P 1dm cho tir-giic IJKL
tré thinh mét high binh-hanh, "



Tinh-chat lu’q’191g‘ ctia nhirng
“mit phang song-song

6. 1. DINH.LY. '
Hai mat phidng song-song chin trén hai cat-tuyén song-song
nhirng doan biing nhau.
Coi hai mit phing song-song P, Q v2 hai duong thing song-song
D, D'. Gii-st D cit P, Q lin-luwot & A, B
vi D’ ¢it P, Q Bin-lwot & C, D.

Ta phai chirng-minh ring AB = CD (h. 39).
D va D’ dinh droc mit phing R; R cit P, Q
lin-lwot theo hai giao-tuyén AC, BD ; AC song-
song véi BD (5. 10).

Xét tir-gidc ABDC. N6 c6 AB song-song
véi DC theo gia-thiét, vi AC song-song véi
BD. Viy ABDC 12 mét hinh binh-hianh. Suy ra:
AB — CD. Hinh 39

6. 9. DINH.LY THUAN,

Nhi¢u mé&t phdng song-song dinh trén
hai cit-tuyén nhirng doan twong-irng t-1é.

Hai cit-tuyén A’ vi A" cit ba mit phing
song-song P, Q, R tai ABC, DEF (h. 40).

Ta phii chérng-minh ring o — BC
DE _ EF
Tir D, k¢ A” song-song véi A, A" cit hal
mitQ, R& E', F

Tacs AB = DE' vA BC — E'F’ theo dinh-
Hink 40 ly trén,

) .
*  Tinh-chst lvgng I3 tinh.chét néi-vé dg dai,
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Hai dwong thing A’ vi A’ dinh dwoc mét mie phe’mgr S. Giao-tuyén
clia S véi hai mit phing song-song Q,R 13 EE’ va FF'. Trong tam-gidc
DFF’, EE' va FF' song-song v&i nhaa (5. 10.) Dinh-ly Thalés cho t3 :

DE' EF
DE  EF
Do d6 : 613 = BE
DE EF
Néu A, A’ dwoce dinh-hudng thi ta viét
AB _ BC
DE EF

Dinh-ly trén diy dwoc goi 1a dinh-1¥ Thalds trong khéong-gian.

6. 3. DINH.LY DAO.

N&u nhiéu duwo'ng thing dwa trén hai edt-tuyén va dinh trén dé
nhirng doan twong-irng ti-1é thi chung ta elng song-song véi mot
mat phing,

Ba dudng thing AD, BE, CF duwa- trén hai cit-tuyén A va A’
(h. 41.) Gia-s§y.ta b : '

|
u|;|

)
m||w|
Sl

Ta hiy chirng-minh ririg AD, BE, CF cdng song-song v&i mot
mit phing.

Liy mdt 4i8m O khdng &3c-sic. K¢ Ox song-song véi AD, vi Oy
song-song vé&i BE. AD va BE cing song-song véi mit = dinh bdi Ox,
Oy. Ta hiy chirng-minh ring CF ciing song-song v6i mjt phing 7 dé.

Xét mit P chira AD va song-song véin ; m3t Q chira BE vi song-
song véi @ ; mjt R chira C vA song-song véi m. Rcit A’ & F'; theo

o4 AB__ BC '
d -1y thuidn ta c6: _ =
tab-1y ) DE EF'

So-sinh vé&l1 gli-thiée thi né
EF = EF'; do 46, F’.thung véi F.

Vi CF’ song-song v&i = nén CF
song-song voi .

Tém lai, AD, BE, CF cung song-.
song v&i mit phing m,
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BAl TAP
6. 1. Cho mét didm O & ngodi mbt mgt phdng P. N&i O véi mét didm M hru-dgng
& trong P.

1. Tim quy-thch trung-ditm cis doan oM.
2. Tim qup-tich cia diém chia doan OM theo mét ti-sé cho sin k.

6. 2. Cho hoi mt phing song-song P va Q. M li mét diém lru-dong .& trong P;
N 15 mét dikm lru-déng & trong Q. Tim quy-tich cba didm chis dogn MN
theo ti-s6 cho s3n k.

6. 3. Cho ba ntra dudng thdng Ox, Oy. Oz khéng cing & trong mt mit phing.
Mot m3t phing co-dinh P cit ching & A, B, C. Mit myt phdng fru-déng Q
c3t ching & A°, B’. C’. Gii.str Q song-song véi P.

1. Ching-t6 rdng hai tam-gidc ABC va A’B’C’ ding-dang véi nhav.

2, Tim quy-tich trung-didm céc cenh v# quip-tich trpng-tam cda tem-gibc
A’B’C’ khi Q lru-déng ms vin song-song v&i P.

6. 4. Bén mjt phdng khéc nhau P, Q. R. S cing chite mét dedng thing A.

Hai dwdrng thing song-song D1, Do cst b6n mit d6 6 A, B, C, D vi A" B’
C, D', Gid-st ABCD I3 mgt hing ditm digu-hoe. Chingtd rdng A'B'C'D’ cing
I8 mét héng didm didu.hde.

TOAN

. Hal dwdng thdng biit-ky Dy, D, c8-dinh cdt mat phdng cS-djnh
P tal A va B. Gof O 1a di¥m & trén AB v chia AB theo ti-s8 dgt-s8 k

oA
(OTB =k )- Mit dudng thing A Iwu-déng, né song-song véi P vad

et Dy, Dy & M, N theo thi-tw. Gol 1 1A di3m chla dogn MN theo
ti-s8 dal-s8 k ('__"':k )
: N
1. C6th¥nélgl v& ba ddng AM, OL, BN ¢ Suy ra ring I ndm
trén mjt miit phdng e3-djnh x. LAm thé nao dinh rd duwgen?

2. Chirng-td rdng I hru-déng & trén mdt dwdng thing ed-dinh
dyrng trong . )
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BAl GlAl
1. Nhanxét vc ba dudng AM, Ol, BN.

Ta coi ba duong thing AM, OI, BN
va hai cit-tuyén AOB, MIN. Theo gia thiét,
ta cb:

@_ — _E_ —k
OB IN
Theo dinh-ly dio cia dinh-1y Thales Hink 42
trong khong-gian ta biét : AM, OI, BN cing song-song véi mot mit
phing. Ta hiy tim cich dinh mit phing dé.

Tir O, ta vé hai dudng Ox, Oy song-song véi Dy, D, theo thia-tir.
Mit phing xOy 1A mit phing song-song véi ci hai duwdng Dy vi Ds.
Nhu thé, duvdng Ol ciling phai song-song véi mit xOy, nhung OI lal
¢5 ditm O nim trong mijt 46, vy OI hodn-todn nim trong mit xOy.

Di¥m O vi hai dudng Dy, D, déu c5-dinh, nén Ox, Oy ciing cf-
dinh. Do 46, mjt phing xOy ciing ¢3-dinh, Dé chinh 13 mjt phing =
mi ta phai tim.

Tém lai, I nim trong mit phing cS-dinh = (x &1 qua O vi song-
song v&i Dy, Dy).

2. Puwong cS.djnh trén dé cbé diém I.
Ta ké NS song-song véi BO, va MR song-song v&i AO.

Hai duéng NS vi MR cung song-song véi AB nén song-song v&i
nhau, chiing dinh dirgc mét mit phing Q. Mit Q chira NS va NM, thé
mi NS v3 NM song-song v&i P, nén mjt Q song-song v&i mit P (m3t
thir nhit chira hai dvwdng ddng-qul song-spng véi mit thir nhi).

MN cit SR tal ditm I'.

Coi hai tam-glic I'MR vi I'NS. Ching 13 hai tam-giic ddng-dang
(tredng-hop 1) Ta suy ra:

TM _ MR _ A0 _ OA _

— = e = —— = k
I'N NS BO 0

o
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IM

Thé ma =k
_ IN
Viy I' triing v&i L
Ciing nhd hai tam-gidc ddng-dang néi trén, ta biét ring: -% =k

Khi mit Q lru-ddng mi vin song-song véi P, thi né cit mjt =«

theo nhing giao-tuy€n RS song-song v&i nhau (RS lic ndo ciing song-

song v&i giao-tuyén clia P va x),

dudng thing A di qua O (dinh-1y v¢ Hinh

Vi —II_I;— =k, nénInim trén mot

hoc phing). Hinh 43



Puong thing va mit phing
thing géc

7. 1. DINH.LY MO DAU.

Kbi mét dwong thing théing géc véi hal duwiong théing déng-~qui
clia mdt mat phing thl né thing gée véi moi dudng thidng dung
trong mit phing dé va di qua chén né.

Gi-stt z'Oz thing géc véi hai duwdng
thing ddng-qui Ox, Oy cfia m3t phing P. Goi
Ot 12 mdt dudng bit-ky nim trong P. Ta hiy

chirng-minh za = 900.

Oz khéng nim trong P duwgc, vi néu né
& trong P thi tai O o6 nhirng hai dudng Ox
Oy thing géc v&i Oz, Ditu d6 khéng thE cb
duoc & trong Hinh-hoc phing. B bujc O:z
phal it P. Hinh 44

Ta k& mét cht-tuyén cit Ox, Oy, Ot tai A, B, C. Trén 2z, ta thiy
OM = ON.

Trong tam-glic MBN, BO vira 1A trung-tuyén vira 13 dudng cao.
Viy né 1A mdt tam-giic cin, dinh 13 B, vd BM = BN ; trong-ty, MAN
12 mét tam-gidc cin vd AM = AN. Hai tam-gide MAB vi NAB bing
nhau theo trirrng-hop thir ba. Liy AB ldm ban-l¢, quay tam-giic MAB
cho tring véi NAB thi M t6i tring véi N. Do 46 CM = CN,

Tam-gidic CMN c6 hai canh bing nhau 13 mét tam-giic cin, OC
43 1 trung-tuyén phit-xuit tir dinh O, vdy né ciing 13 duing cao. Suy

ra za = 909, tirc 1 2’0z thing géc véi Ot
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7. 2. DINH.NGHIA.

Mdt dudng théng dwere goi 1a thdng gée vai mot mat phéing
khi né trirc-giao véi moi dudng thiing dwng trong mit phéng dé,

7. 3. DINH.LY THUAN.

Khi mot dwirng théng thdng géc véri mot mit phing _thi"nd true
glao vé hal duéng thidng déng-qui eta mat do.

Khi dirong thing z'z thing goc voi mét mit phing P thi, theo
dinh-nghia, né trwc-giao véi moi duong thing & trong P, trong s§ d6 ta
c6 the ke hai duong thing déng-qui Ox, Oy.

7. 4. DINH.LY DAO.

Khi métdwdng thdng trwe-glao vé1 hal dwdng déng-qul eda
mét mét phidng thiné true-giao véi mel dwédng thing eha mat dé
(nghia la né thing géc véi mit dé),

Gild-str D tryc-giao véri hai durdng ddng-qui
Ox, Oy cta m3t P, Goi A 1a mét dudng thing
bit-ky ciia P. Ta hiy chirng-minh ring D tryc-
giao vé&i A.

Tir O, ta ké Oz song-song véi D, va Ot song-
song v&i A, BE chirng-minh D tryc-glao véi A,
ta chi vi¢c ching-minh Oz thing géc véi Ot. Hinh 45

D tryc-giao véi Oz, Oy. Thé md Oz song-song v&i D. Viy Oz
thing géc v&i Ox, Oy.

Theo dinh-lf m& diu, Oz thing géc véi Ot. Suy ra D tryc-glao
vol A.

7. 5. PHAT.BIEU DOCNHAT.
Diéu-kién &t ¢é va dii 42 cho mét duwrdng thiing th&ng géc véd mdt

mat phidng 1a: né trwe-glao vé1 hal dwdng théng d8ng-qul cia
mit dé. ’

7. 6. HE.LUAN 1.

Khl m{t duwdng thing trye-glao vé1 hal canh edia mét tam-gldc
thl né trire-glao vél canh thir ba (4. 46 )
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7. 7. HE.LUAN 9.

C6 hai mit phing song-song, duwdng thing nao thing gée véi
mot thi thing gée véi ed hal.

Gii-sir mit P song-song v&i mit Q, va D thing géc v&i P, Vi P
song-song voi Q, nén trong D

P & hai dudng ddog-qui D 53
O - .

x, Oy [n-lrgt song-song [ >.<, P
v&i  hai duwomg dong - qui 'A
O'x’, Oy cia Q. D thing B&S c \%’Q'
géc véi P, nén D trycgiao - 'y
vol Ox. Oy (7. 3.). Suy ra,
D trye-giao véi O'x’, Oy, Hinh 46 Hinh 47
Theo djnh-1y dio trén (7. 4.) thi D thing géc véi Q.

7.8 HELUAN 3.
C6 hai dwong thing song-song ; mit phiing nio thing gée véil
mét thi thing gée vérl ed hai.
Gii-sir D, D' song-song véi nhau va D
D D' thing géc v&i P. Nhu thé, D trye-giao v&i hai
dudng dong-qui Ox, Oy ciia P.
Vi D song-song v6i D nén D' ciing trire-
giao vé&i hai dwromg thing dong-qui Ox, Oy cia
P. Do 46, D’ thing géc v&i P (7. 4.).
(Dpec-gia c6 the hpc ngay ¢ diy dinhy ba
Hich 49 dwrdng thi3ng géc & cudi bai s6 9).

BAI TAP

7. 1. Hpi dodng thing D1, D2 cing & trong mt m¥t phdng P vi cing tryec-giso
w6 mit duwdng thing D. Bi& rdng D khéng thdng géc v&i P, ching-minh rdng
Dy v D3 songsong v&i nhau.

7. 2. Cho mit mt phdng P. Trong mat dé, kb hai doedrng thdng déng-qui Ox, Oy.

Goi Q b mit miit phing thing géc véi Ox. Gpi R i mpt myt phidng thing
géc voi Oy. Ching-minh ring Q v R phli ct nhsu, vd giso-tuyén cta ching
thing gde wi P. -
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7. 3. Trong mdt mdt phing P. v mGt vong trdn didng kinh AB. Trén dudng thing
gbec v6i P ké tir A, 13y inét diém S. Trén vong tron, lay méat diém M. Chéng.

minh rbng SM thdng gdc véi MB.

7. 4. Cho mpt hinh to dign ABCD, trong d6 CA = CB == DA == DB. Goi lJ I3
dwérng néi trung-didm cia hai canh AB v3 CD.Goi M, N, P fin-lrot 13 trung.
di&m cée conh CA, CB AD. Chirng-minh ring 1] théng géc véi mit phdng MNP.

7. 5. Cho métlam.gise ABC vuéng géc & A. Trén dwdng théng gdc véi mit phbng
ABC ké to B, 18y mét didm D. Hp BA’ thing gdc véi DA, va BC’ thing gée
véi DC, Chirng-minh rdng :
1. BA’ tryc.giso véi AC.

2, BA’C’ 1s m¢t tam-gidc vudng gde tgi A",

7. 8. Cho mét tam.gléc AOB. [rén cfu'&nq thdng géc x’Ox ké tir O véi myt phéng

OAB, nguoi ta 18y mét diém C. Ha AD thdng gdc véi OB va hg AM théng
gde v6i BC. MD cdt x’Ox tai N. Chiing-minh ring nhitng cdp duong thing AH va
CN), (AN va BC), (AC va BN) tryc.giso v&i nhau. (xem bai todn duwéi dsy).

TOAN

Cho m{t tam-gide ABC, Trén dwdng x'x thdng géc véi mat
ABC tal A, nguwdl ta I8y mit dalim M. N&i MB, MC. Ha BD, BE lin
Iwrg't thiing gée vé1 AC, MC. Gol glao-digm eda ED vé1 x’x 14 N,

1. NhéAn-xét gi vé phwong cla MN va BC ¢

2, Chirng-td riing MC thdng gée vé1 mat phdng BEN. Suy ra
mdt nhdn-xét v¥ phuwong cia MC va BN,

3. Dnh rd vi-trl clia D d8l vé1 tam-gide MCN, Nhéan-xét gl vé
phuong ela MD vd CN ? Chirng-td riing NC thdng géc véi mat
phéng DMB, Suy ra rdng CN trwec-glao vé1 BM,

BAI GlAI

1. Phuong ola MN va BC.

MN thing gbéc v&i mit phing ABC theo
gid-thiét, cho nén MN tryc-glao vél mol duwdng
thing n¥m trong mt 46. N4i ritng ra. MN
trye-giao véi BC.

Ta biét théem ring MN cling tryc-giao
v&él BD, va MN thing géc véi AD, AC,
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2 Vitri cba MC d3i v4i mat phing BEN.

BD trigc-giao véi MN (theo cdu 1) va thing géc véi AC, nén BD
thing géc véi mit MNC dinh béi hai dwdng ddng-qui MN va AC. Do
d6, BD tryc-glao véi MC, mét duwdng thing nim trong mit MCN,

MC thing géc véi BE (theo gii-thiét), vira tryc-giao véi BD
{theo chirng-minh trén), nén MC thing géc véi mit phing BEN (hay
BED) dinh bdi hai duéng ddng-qui BE, BD.

Ta suy ra ring MC tryc-gizo vél BN, mdt dudng thing nim
trong mit BEN,

3. Vj-tri cia D & trong tam-giac MCN.

Trong tam-gidic MCN, hai dwdng cao CA vd NE cit nhau tzi D;
nhr thé, D 1A tryc-tAm cta tam-giic d6.

Pherong cia MD va CN.

Trong tam-gidic MCN, D 43 1i tryc-tim, MD 1 duéng cao thi ba,
cho nén MD phai ithing véi CN.

Sy tryc.glao cia CN va BM.

Theo chirng-minh trurée, ta biét BD thing géc v&i mit MCN; do
46, BD tryc-giao v&i NC.

NC vira thing géc véi MD, vira trirc-giao yézi BD; nén NC tryec-
giao v&#i BM, canh thir ba clia tam-gisic DMB.



Puwong thing va mat phing
thing goc

8. 1. DINH.LY.
Tir mét di¥m, ngud ta cé thé vé moét mat phiéing thing géc vé&i
mat dwirng théng cho sfn va chl mbt thél.

Cho mét di¥m O vi mot dudng thing D, ta hiy tim cich vé mijt
phing P thing géc v&i.D tai O,

® Truwirng-hep 0 & trén D (k. 50),

a) Qua D, ta v& hay mijt phing khic
nhau Q, R. Trong Q ké Ox thing géc v&i D.
Trong R, ké Oy thing géc v&i D. Ox, Oy
dinh dugcmét mit P, D thing géc véi P vl
n6 thing gbe vé&i hai dwdng 4dng-qui cita P,

b) Ta hdy chirng-minh ring P 13 mijt
phing d6c-nhit. Gla-sir ¢6 mdt mjt phing
thir nhi P’ cung thing géc véi D tal O, Giao-
tuyén ciia P’ va Q 13 Ox'. Trong Q, Ox va
Ox' ciing thing géc véi D tal O nén ching
trang nhau, Giao-tuyén cia P’ v&1 R12 Oy,
Twong-ty, Oy va Oy’ trung nhau, Do dé,
P’ trang v&i P. Hinh 51

® Trudng-hgp O & ngodl D (h, 5/),

Qua O, ta v& D’ song-song véi D, myt phing P ndo 41 thing géc
vél D' tal O thi ciing thing géc v&i D (7.8.). Ta rut tredng-hop ndy
vé trirong hop trén,

8.9 HE-LUAN,

Khi hal mat phéng cing thdng vé! médt dwirng thdng thi
chiing song-song vél nhau, 4 ¢ ¢
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Gli-sir hal mit phing P vd Q cung thing géc vél duwing thing
D. Ta phil ching-minh ring P, Q song-song véi nhau,

NMéu P va Q c6 mdt &i¥m chung O, thl tir D
O, ta cé nhitng hal mit phing thing gdc vél P
. Di¥u ndy trdi véi dinh-ly teén, Viy P va Q [ ;
khiong ¢6 di8m ndo chung. Néi khic di, ching ,O
song-song v&! nhau (so.sénh véi s 7. 7.. /_ 1 Q

8. 3. DINH.LY.

Quy-tich nhirng dudrng thdng phét-xulit
tir mét digm O va thiing gée vél mot dwirng Hinh 52
théing x'Ox cho sén 1a mat phdng P thing géc vél x’x tal O,

I. Bdt cir dudng thdng ndo thdng géc véi x'x tgi O clng ndm
trong P. '

Goi Ou, Ov 12 hal dirong thing géc véi
x'x (h.53). Ching dinh dwrgc mét mit phing
thing géc vél x'x tal O. Vi 1&ching tal O chi
c6 mdét mit phing ddc-nhit thing géc véy
x'x cho nén mijt (uOv) chinh 12 mit phing
P. Né1 khic di, Ou, Ov nim trong P.

2. Bét cir d&wryng Ot ndo ndm trong P
Hinh 53 cilng thdng géc véi x'x.

Vi x’x d3 thing géc v&i P tal O nén x'x thing géc v&i mol dudng
nim trong P va &l qua O, trong s§ iy c6 duéng Ot

8 4. DINH.LY.

Quyi-tich nhirng dwdng thdng phat-xulit tir mdt didm O va tryre-
glao véi mot dirrng thdng D cho sdn 1a mat phing Pdl qua O va
thdng géc véi D,

Tir O, ta k¢ dudrng x'x song-song vl I.u D
D. Bit cir dirdng OA ndo qua O vi thing
géc vél x'x cling trgc-glao vél D; va ddo ’J/A ef
1al, bt cir dudng nio qua O vi trye-glao wirl Ol_ V-
D cling thing géc véi x'x. Vi thé, thay vi E' '
tim qu§-tich nhirng duréng OA tryc-glao véi T.t

D, ta & tim quf-tich nhitng dudng OA
thing géc vél x'x. Hinh 54
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3, & trén, thl qui’—tich 46 13 mit ph"ms P f-hing gée

Theo dinh-ly 8. P ciing thing géc v&i D vi D

vél x'x tal O. P di thing géc vél x'x thi
song song v&i x'x (7. 8).

8. 5. MOT CACH PHAT.SINH MAT PHANG.

Coi mét didm c8-dinh O & ngoal mét dudng thing ¢8-dinh D, Ntu
mét dudng thing chuyin-dong nhirng ludn ludn qua O vi teye-glao vél
D thi né phit-sinh ra mét mjt phing : 46 13 mit P qua O va thing géc
vél D (col laisé6 1.9, 1.10., 4. [0. va 5. 8.).

8. 6. DINM.LY.

Pl8u-kién &t c6 va di d& cho hal dwdng thdng trye-glao véd
nhau la: dudng no & trong mét mat phing thdng géc vél dwirng kia,

a) Gia-str D tryc-glao véi Ox. Tir &idm O trén Ox, ta véE mjt
phing P thing géc v&i D. P 1a quy-tich cta nhirng dwdng thing di qua O
vd tryc-giao véi D, Ox 13 mét trong nhirng
dudng d6 nén Ox nim trong trong P. D

b) Gli-str duirng thing Ox nim trong
mit phing P, vi P thing géc véi dudng thing
D. Theo dinh-nghia v& duwing thing va mjt
phing thing géc thi D tryrc-giao véi Ox.

8. 7. BINH.LY. Hink S5

Tir mét diém, ngudl ta cé th¥ ké dwge mdt dudn
g thdng thing
géc véi mét mat phdng cho sin vA chi mét thol,

Coi mgt di¥m O va mét mijt phing P. Ta.
hiy tm cich ve dudng thiog di qua O vi
thing géc véi P,

® Truw¥ng-hep O & trong P,

a) Trong P, ta ké mébt dué’nmg'b‘b

ky Ox 131 v& myt phing Q thing géc wéi-Ox
Hink 56 tal O (h. 56). -

Gol glao-tuyén cfia Q va p 1d Oy. Trong Q, k¢ duwdng Oz thing
géc v61 Oy, Oz & trong Q, nen O thing géc v&i Oy, Tém 14, Oth5n8
B¢ véi hai dwimg ddng-qui Ox, Oy cla P, ntn O tidag gée 764 P.
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b} Ta hiy chirng-minh ring Oz 13 dwing déc-nhit. Gii-sir o6
mdt dudong thing Oz’ cing thing géc véi P
tai O, Néu Oz via Oz dbng-qui thi ching
dinh duec mét mit phing R ; giao-tuyén clia
Rva P 1a Ot (h. 57). ’

Oz thing géc véi P nén Oz thing gbéc

Hinh 57 véi Ot 3 Oz’ thing gbéc véi P nén Oz thing

géc v&i Ot. Trong mit phing R, cb nhiing hai diréng thing Oz va Oz’

ciing thiag géc véi Ot. Ditu 46 vo-ly ! Viy bé budc ta phii nhin ring

Oz tring v&i Oz. Néi khic di, Oz 13 dudng thing ddc-nhit thing géc
v&iP tai O,

¢ Truang-hgp O & ngoai mit phing P.
Ta rat trrdng-hop ndy vé tredng-hop trén:
Qua O, vé mit phing P’ song-song v&i P
(h. 58) 151 k¢ duong thing D thing géc véi P
D 43 thing véi P’ thi cing thing géc
véi P (7. 7.).
8. 8. HE.LUAN.

Kh! hal dwdng thidng cang thiing gée véri
mét mét phlng thi ehiing song-song vél nhau. Hinh 58

Gii-sir hai dudng thing D va D’ cing thing
géc v&i mit phing P (h. 59). Goi giao-ditm cla
D’ véi P13 O, Tir O ké A song-song véi D,
nht the A thing géc v&i P (7. 8.). Tir O, chi c6
mét dudng thing A4dc-nhit thing géc véi P.
Viy A trung véi D'. Do 46, D’ song-song v&i D.

BAI TAP

8. 1. Cho mpt hinh vudng ABCD. Trén dvérng thdng géc véi mit phdng hinh vuéng
ké tr A vd C, ngudi ta I3n-lrot I3y nhirng dibm A’ va C’. Chiong-minh rng
dudng chée BD tryc-gizo véi AT,
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8, 2. Cho mpt digm O & ngodi mét dwong thang D« Goi P 15 mét myt phéng lru.
déng di qua D. Ha OH thdng gdc véi mit phing.
1. Tim quy-tich cda dvéng thing OH

2, Tim quptich cia H.
3. Dinh mat phing P bict OH = d (d Id mét doan dii cho sén).

8. 3. ABC I3 mét tam.gisc cb.dinh vuéng gdc & C. S 15 mét didm lru-dfng trén
dvdng x"Ax thdng.goe véi mat phing ABC.
1. Ching-t6 réng céc mit cla t¢-dign SABC li nhing tam.-gidc vudng gécs
2. Gpi D 15 chsn drdng cao AD cia tam.giéc SAB. Coi F I3 chan dudng
cao AF cba tam.gide SAC. Tim quy-tich céa D vé F khi S lwu.dgng trén x xe
3. Chobng-minh ring AF thing géc véi mit phing SBC.
4. Ching.minh ring ndm diém A, B, C, D, F ndm trén mot hinh clu.

5. Chirng-minh réng DE thdng gdc véi SB va AF.

TOAN

Cho mdt hinh vudng ABCD, canh 12 a. Ké x'Ax thdng gée vél
mit phdng cba hinh vuéng. Trén x'x, ta 18y mdt di¢m M. Ha Al
AH, AJ thdng géc lin-lwg't véi MB, MC, MD.

1. Chirng-td réing Al, Ad trwe-giao vél MC.
‘Suy ra rdng Al, AH, Ad cing ndm trong mét miit phéng.
2, Quy-tich eda I, H, d khi M lu-u-déng trén dwing thing x'Ax.

3. Nhéan-xét gi v& géc AIC, AdC ? Chli'ng-tb ring bdy ditm
A, B, C,'D, H, I, J, & trén mdt hinh cilu,

BAl GIAl
1. Al tryc. gjao véi MC,

x'Ax thing g6c véi mit phing cia hinh vudng ABCD nén.né thing
g6c véi AB, AC vaA tryre-giao véi CB, CD.

Al thing géc véi MB theo gli-thibt
va tryc-glao véi CB, nén Al thing géc véi
mjt phing MBC dinh bdi hal dudng
thing d5ng-qui MB, MC, Ta suy ra Al
trirc-glao véi MC va Al thing géc véi IC

(A/IE'= 909). Ching-minh twong-ty, ta
b AJ trge-giao véi MC (v2 A] thing géc

véi JC : AJC = 900),
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Al, AH, AJ cdng & trong m8t mét phing.

Ba dwing thing Al, AH, A] cung phit-xuit tir A, cing trye-glao
vét MC (nél rieng, AH thing géc v&i MC theo gii-thiét), Vi thé, ba
dudng d6 cing nim trong mit phing P, di qua A va thing gbc véi
MC tai H.

2. OUVA“Ch céa H.

Ta biét AHC = 900, Pidm H nhin doan AC c8-dinh dwél mot gbc
vudng, vi ludn ludn nim trong mit phing c&-dinh (C, x'Ax). Khi M
vach nén durdng thing x'x, thi H vach nén vong tron dudng kinh AC
dyng trong mit phing (Cx'x). Pé 12 quy-tich clia H.

Quy.tich cua 1.

Ta biét BIA = 900. Ditm I nhin doan AB c8-djnh duél mét géc
vudng, vi ludn ludn nim trong mit phing cé-dinh (B, x' Ax), Khi M
vach nén duréng thing x'x, thl I vach nén vdng tedn Siwrdmg kinh AB
dyng trong mit phing (Bx'x). Pé 1a quy-tich clia I

Tuong-ty, ta tim ra quy-tich cta J.

3. Hinh cdu qua bay diém A,B,C,D,H.1J.

Biy di¥m nél trén khdng cing & trong mot mit phhg (trir khi M
& A: lic 46 ba 8itm I, H, J-déu & A).

o~ o~ ~ A~ A
Ta o6 ABC = ADC = AHC = AIC = AJC = 900. Nim
dim B,D, I, H, ] Fﬁng nhin doagn AC duédimdt mdt gdc vudng, nén
chiong nim trén hinh ciu mi dudng kinh 13 AC.



Poan thing goc va doan xién

9. 1. DINH.LY THUAN.

Tir mbt diém & ngodi mot mé&t phing.
cée doan xién ddi véi mét dé:

1. Doan thing géc ngéin hon méi doan xién.

2. Néu chan hai doan xién eéch déu chan doan théng Qéc
thi hai doan xi¢n dé bing nhau.

3. Trong hai doan xlén, doan nao cé chan & xa chén doan thing
géc hon thi doan dé dai hon.

Goi OH 1a dudng thing géc voi mit
phing P v2 OA, OB, OC 1A nhitng doan
xién.

J. ‘Tam-giic vudng géc OHA cho ta:
OH < OA.

2. Gid-sir HA = HB. Xét hai tam-gidc
vudng gbc OHA, OHB, Ching c6 HA =HB
theo gii-thiét va OH chung. Viy ching
bing nhau. Suy ra: 9A = OB. Hink 67

3. Gi-sir HC > HA. Ta phii chirng-minh : OC > OA. Liy trén
HC mét diém A’ d& cho HA' = HA. Theo phin 2, ta c6 OA = OA".
Trong mit phing OHC, doan OC c6 chin C & xa H hon chin cia OA”.
Viy OC > OA’. Do 46 OC > OA.

ta ké doan thdng gée va

0

9. 2. BINH.LY DAO.

N&i mdt diEm & ngoal mdt mat phing vé1 nhi¥u di¥m cla mat
phing dé, ta ¢6 vd-s8 doan thing: ’ !

1. Trong t&t cd nhirng doan ma ta cé thi twdng- ra
doan ngéin nhét 12 doan thdng gée vl mat phing. ng-tu'e'ng ra,

2. N¥u hai doan x1&n biing nhau, th
chédn dwdng thidng gée. s thi chan cda ching céch déu
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3. N&u hai doan xién khéng b#ng nhau, thi chin cda doan dai
hon phdi & xa chan dwdng thing gée hon.

{. Gid-sir doan OH 13 doan ngin nhit trong tit ci cic doan ma
ta c6 the twdng-tirgng ra, OH phii 12 doan thing géc véi P; néu khéng
ta cé the tim ra mdt doan thing géc véi P, ngin hon OH theo dinh-
ly thuin. Diéu d6 vb-1y vi ta d3 coi OH la ngin nhit roi.

2. Néu OA — OB thi ta khong tht c6 HA £ HB, vi theo dinh-ly
thuin, didu-kién HA -« HB s& lam cho OA £ OB, trii gid-thi¢t [ Viy

ta phii c6 HA — HB.
ov
1
P
Hl
" H

1. Khoang-cdch tir mét digm téi mét Hink '62
mat phing la chidu dai cta doan thiéng
gée ké tir di¥m &y té&i mat phing (h. 62).

2. Khodng-edch gitra mét duwirng
thiing va mot mat phing song-song la

chisu dai cua doan thiing géc véii duérng
thdng va mit phﬁng (h. 62).
3. Khodng-esch giira hal mit phing
song-song lad chiéu dai cdia doan thdng
goc vl cd hai mat dé (b 63). ° Hinh 63

3. Néu OC > OA thi ta khéng thé cé
HC £ HA, vi theo dinh-1y thuin, ditu-kién ?
HC £ HA s& lm cho OC £ OA, trii gia-
thiét, Viy ta phii c6 HC > HA,

9. 3. D|NH.NNHiA. H

9.4. QUY.TICH NHU'NG DIEM CACH DEU HAI DIEM A, B.

Ta ¢6 hai di®m c3-dinh A, B, Goi O 1A trung-dim cia doan
AB (h. 64).

!. Né&u MA=MB, thi MAB 13 mdt tam-giic cin; trung-tuyén MO
ciing 13 dwringcao. MO hin 13 phdi & trong mit phing P thing géc véi
AB t3i O. Viy didm M ndo cdch di¥u A v& B ciing phdi & trong P,
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2. NéuM trong P thi MO vira 13 dudng &0, vira 13 trung-tuyén

ciia tam-gisc MAB. Suy ra MAB 12 mét tam-

gidc cin &inh M, tacld MA = MB. \V@y

4i3m néo & trong P ciing cach dtn Ava B.
Mit P thing gbc voi doan AB tal trung-

ditm ctia AB: P duoc gol 12 mdjt trung-iryc

ctia AB. a
DINH.LY.

Y 0 hal
Quy-tich nhirng ditm céch déu ‘
ditm A, Bla mattrung-trwe cia doan AB. Hinkh 64

9.5 QUY.TiCH NHUNG plEM CACH DEU BA DIEMA. B, C KHONG
THANG HANG.

Ta o ba ditm ci-dinh A, B, C khong thing hing. Goi M 1 mit
&itm & trong khong-glan. N&i MA, MB, MC va ha MH thing géc v&l
mjt phing ABC. .
Theo &jnh-lj thuin vé doan thing géc
M vidoanxlén,néutaob HA:I{B:HC
\ thi ta ciing 6 MH = MB = MC.

. Theo djnh-lj dio v dozn thinggécvi
H Q dogn xitn, nfs ta o6 MA = MB = MC, thi

|  Tém lai, didu-kign &t cé va d& 4% cho
Hinh 65 MA = MB = MC 12 HA = HB = HC.

H chinh 13 tim vdng trdn ngoal-titp clia tam-gidc ABC, Quf-tich cua
ditm M — cich d8u ba di¥m A, B, C — 13 durdng thing D thing géc

v&i mit cia vong trdn ABC tal tim ciia vdng 46, D goi 12 cla
tron ABC. 85 Pe B I e

OINH.LY.

Quj-tich nhirng di¥m cdch dBu ba dl
hang 13 truc cda vdng trén ABC, ¥ A B, C khing thing

9. 6: DINH.LY BA DUONG THANG GOC.

Mét mat phing P duyng dwirn,
ae voy B ol ST . g g thing CD. Gol x'x 1& dwdng thidng
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») DINH.LY THUAN. N&u tir mét didm
M trén duwdrng x’Ax, ta ha MH théng géc vl
CD thl AH cang théing géc vél CD,

CH thing géc véi MH tryc-giao véi
MA, nén CH thing géc vél AH, canh thir ba
cta tam-gldc MAH.

b) DINH.LY DAO. Néu -ta hg AH théng
géc v&l CD va n8] H véi bt et digm M nao
& trén x’Ax, thl MH théng géc véi CD. Hink 66

CH thing g6c véi AH va tryc-glao vél MA, nén CH thing géc véi
MH, canh th(r ba ciia tam-gidic MAH.

BAI TAP

9. 1. Th& ndo 13 khodngscéch t&r mét d18m (&7 mot mst phng ? Tim quyp.tich nhong
didm ma khodng-clch t&i mét mpt phdng P I3 hBng-s8 d.

9. 2. Cho hal mdt phdng P1. P2 vé hei dopn d1, da. Tim quytich nhéng didm M,
bist rBng khodng.céch tir M t61 P1 13 d1, vd khodng.céch ttr M 16i P2 13 da.

9, 3. Cho hal didm A, B vd mPt mit phdng P. Tim qup-tich nhéing di8m dyng trong
P vd céch J&u A, B.

9. 4. Cho hai didm A, B. Gol P lé mpt m¥t phlng di qua trung.didm O cia dopn

AB. Chéng-minh riing khodng.céch ttr A vd B (61 P bing nhau (ta ndil : A vé
B céch ddu P). Ung-dyng : V& mét mit phBng chia mdt dudng thdng D vd céeh
du hal didm A, B cho sbn,

8. 5. Cho hal didm cb.dinh A, B vd mdt dudng thing D. Hay tim trén D mst didm
C d¥ cho tam-giéc CAB I3 tam-gléc cén dinh C.

9. 6. Ddu bal nhir trén, nhung they cbu “duédrng thng Ds blng cbu *vdng trén V y

9. 7. Cho ba didm A, B, C khéng thing hing vd mat mit phdng P. Hy Um trénP
mpt didm O 44 cd thd dong O lam tém mét hinh cbu di qus A, 8, C.

9. 8. Cho mot didm O & ngodl mit phing P. Tim quytich cis ehén nhiing dogin
xidn OM, bist rbng OM = hing-s8.
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mit phdng P. [frong P, c6 mét dudng

9. 9. Cho mgt diém O & ngodi mét
dinh A. Ha OM thdng géc v&i D vé OH

thing D quay quanh mét diém co-
thing gdc véi P.
1. Ching-minh rng HMA la mét gde vudng. Suy ra quy-tich cia M.

2. Dinh vj-tri cta D d& cho doan OM ngdn nhdt hojc dai nhat.

TOAN

Cho hai dwirng théng x'Ax va y'By trwe-glao, Poan thing AB
thing gée véri x’x va y'y. Mt digm € lwu-déng trén x'x vad mot
di¥m D lwru-dong trén Y'Y Ta dit AB=1a, CD=d @, d 14 nhirng
h#ing~sd va'd > a)

1. Lam cach ndo vé dwee mit phéing P chira By va song-song
v&l x'x 2 Nhén-xét gi vé AB va P?

2. Ha CC’ thing gée véi P. Tam-glic C'BD ra sao? Chirng-td
ring AC? + BD2 va AD2 + BC? 12 nhirng héng-sd, '

3, Chirng-td ring cosin e¢la géc nhon cia hel dudng thing AB,
CD 13 mdt héing-sb. )

4, Chirng-td riing trung-di&m I cia CD ndm trén mit trung-
trye ciia doan CD. Tinh khodng-c¢ich OI (O 1A trung-di8m ciia AB).
Suy ra qui-tich cia I kbl C, D lru-déng trén x’x, y'y theo thir-tw.

BAl GlAI

1. Céch vé mit phing P.

Tt di¥m B, ta vé dirdng thing z'Bz song-
song v&l x'Ax.

2’z vay'y dinh dwoyemit phing P, o 1Id
mijt phing chira By v3 song-song véi x'x, Ta
nl:;an-xét ring AB 13 dudng thing géc chung
.cia x'x, 2'z; v3 2'z, ¥'y thing géc véd nhau.

V]-tri cia AB d&5 véi P,

Hinh 67

AB thing géc vé&i y'y v3 2z cho ne :
. n AB thin
Phing dinh bdi hai dwdng ddng-qui y'y, z'z). g goc v&l P (mit
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2. Tri-s5 ciia AC2 + BD2 va AD? + BC2

CA thing géc vél AB vA trige-giao véi BD nén CA thing géc véi
AD, canh thr ba cia tam-giic ABD.

Tuong-ty, CB thing goc véi BD,

Ding hai tam-giidc vudng CAD, ABD ta cb

AC? = 4 — AD?

BD? - AD? __ ¢
Viy AC? + BD? = d% — a? (= hing-s8).
Diing hai tam-giic vudng ABD, CBD ta cb

AD? = ¢* + BD?

BC? = ¢ — BD?
Suy ra AD? 4 BC? = a® + d? (= hing-sd).
3. Gbec cua AB va CD.

Khi ta ha CC' thing géc v&l P thl CC' song-song v&i AB. C' nim
trén z'z.

Tir-glic ACC'B 12 mét hinh chir-nhjt.
Ta biét CC’ song-song vél AB, vi CC' = a. Géc nhon clia AB va
CD B a — C'CD. Trong tam-giic vudng géc C'CD, ta cb

4. | & trén mit trung-trye che AB.

Ta d3 biét DBC 13 mit tam-glic vudng géc tal B.-Vi thé, trung-
tuyén BI bing nira canh huy¥a CD :
CD d
Bl = - =
. 2 2
CA thing géc véi AB, vA tryc-glao vél BD, nén CA thing géc véi
AD (canh thir ba ciia tam-glic ABD). Néi-khic di, CAD 12 m{t tam-giic

vudng géc tal A. Do 46:

ar= P_ 4
2 2
d

I cich du A va B, nén I nim trén mjt trung-tryc = cla doan AB.
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Trl.25 cde dogn Ol
Trong tam-giic vudng géc AOI, ta cb

OI? = A2 _ AQ? = (_d_)’_ (i); #—d
2 2 4

Suy ra Ol = '/‘F;' a* (= hing-sé r).

Quy-tich cta I,
Quy-tich cia I 1a vong trdn tim O, bin-kinh r = ‘/‘Fz— a , nim

trong mit phing =,
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Goéc nhi-dién

10. 1. D|NH.NGHIA.

Nhi-dién hay gée nhj-dién 1a hinh hg'p b&l hal nira méat phlng
phét-xufit tir mit dwirng thédng.

MA| nira mjt phing goi I3 mét m@t clia nhi-dién, dwdrng thing chung
gol 12 canh clia nhj-dién. Trong hinh 68, ta c6 nhj-di¢n (P, AB, Q).
Hal nhi-dié¢n bdng nhau B hai nhil-dién cé thE chdng khit 1én nhau.

10. 2 GOC PHANG.

Liy mét &i¥m O trén canh AB. Trong mitP,
k¢ Ox thing g6c vél AB, Trong mjt Q, k& Oy
thing géc v&l AB, ;C')\y gol B géc phing cia
nhj-dién.

Cé th? tim géc phing cia nhi-di¢n bing cich
sau nay: cit nhi-di¢n bing mdt mjt phing thing
géc v&i AB. Hinh 68

Ta nén nhé ring vi-tri ditm O khong nh-hwéng dén s§ do ciia géc
phing : Hai géc xOp va x'0’y’ bing nhau vl c6 canh song-song cung
chidu.

10.3. NH|.DIEN KE NHAU.
Hal nhj-di¢n k8 nhau la Lal nh}-di¢n c6
: canh chung, mdt mét chung va &hal bén cia
: mit chung.
(P, AB, Q) v (Q, AB, R) 13 hai nhj-di¢n
k& nhau (h 69).

Q Muin cdng hal nhi-dién thl ngudi ta
Hinh 69 dit ching thénh nhj-dién k#é nhau.
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Nhj-di¢n (P, AB, R) trong hinh 69 12 'tdng cia hai nhj-diin
(P, AB,Q) V?“ (Q, AB, R).
10. 4. SO.SANH HA! NH|.DIEN.

Muén so-sanh hai nhi-dién, ta dat chiing sau cho ¢é canh chung,
mdt mit chung va ching & v ciing mét bén cha mét chung dé.

Trong hinh 69, ta so-sinh hai nhi-di¢n (P, AB, R) va (P, AB, Q),
ta dwgc hldu cia ching 1A nhi-dién (Q, AB, R).
10. 5. DINH.LY.

Khl hal nhi-dién biing nhau thi géc phdng clia ching béing nhau
va ddo lai.

. Khi hal nhj-dién bing nhau thi ching chdng khit va géc phing
ciing chdng khit.

2. Gla-sir hai nhj-dién cb géc phing bing nhau. Ta cb the dit cho
hal géc phing 46 chdng khit. Canh clia hal nhj-di¢n phdi tring nhau vi
ching cing thing géc v&l mijit cia géc phing tal mét dilm. Nhe thé,
hal nhi-di¢n chdng khit duec.

10. 6. PHEP DO NH|.DIEN.

Pt do nhj-dién, ta phil chon don.vi.

Ngudi ta chon don-vi nhj-di¢n nhiw sau: 18y doe'n-v{ nhj-di¢n 1A
nh{-dién ma géc phdng bdng do'n-v| géc (tire la géc vudng).

Mt nhi-dién mi gée vq&ng gol 12 mét nhi-dign vudng.
Géc vubng chia thidh 90 phin bing nhau, m3i phin 12 mat géc 1°.

Nhj-dién vudng chia thinh 90 phin bing nhau, méi phin 1A mat
nhj-di¢n 1o, '

‘Nhi-dién 10 c6 géc phing 13 géc 1o,
Nhi-dién 23015'46" cb gbc phing 13 géé 230]5'46",

Xem thé: S8 do nh|-di¢n biding 88 do géc phing ciia né (nén nhé:
ta khong nél «nhi-dién bing géc phing,, ta chi nél t&i ¢ s do» theél),
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10. 7. MAT PHANG PHAN.GIAC CUA MOT NH|.DIEN,

Mat phan-gide elia mdt nhi-dign 12 nira mit phng phét-xusit
tir eanh nhj-dién va chla nhj-dién 1dm hai phién bdng nhau.

Liy mot di¥m M trén mjt phan-glic R caa
nhi-dién (P, AB, Q) 'r5i ha MH, MK thing géc lin
lwot v&i P va Q. MH vid MK tryc-glao véi AB.
Ching dinh duwoc mdt mit phing thing gée v&i
AB tai O. Nhy thé HOK 1A géc phing ciia nhj-
di¢n (P, AB, Q). OM 13 durdng phin-gidc ciia géc

Py ~~ ~~
HOK, vi hal géc MOH, MOK bing nhau,
Suy ra MH = MK, nghia 14 M cdch d¥u
hai mdt cua nhi-dign. Hinh 70

Ddo lgi, néu MH = MK thi OM 12 dwrdng phin-gic ciia gbe HOK.
Suy ra: OM nim trén mit phin-gidc R cta nhj-dién (P, AB, Q), nghia
13 M & trén mdt phdn-gidc cia nhj-di¢n. Viy ta cb

DINH.LY.

Mit phan-gldc cla mdt nh{-dién Ja quy~tich nhirng dig¢m ndm
trong nhi-dién va edch déu hal mat cia nhj-dlén dé.

BAI TAP

10. 1. Cho ba doan OA, OB, OC thing géc nhau déi mét (ta nél OABC I8 mpt tam.
dién ba gée vudng). Cho bidt OA = OB = OC. Tinh s& do cia nhi.dign
(0, AB, C). :

10. 2. Cho m{t géc vudng xéy. Ngudi ta ké mét dudrng thidng Oz khéng diyng trong
mit phdng xOy. Gée cia Oz véi méi dedng Ox, Oy 13 600, Tinh 38 do cie
nhj.dign (x, Oz, y) (hBy vé mdt gbe phing cie nhj-dién).

10. 3. Cho m¢t tam.gisc déu ABC, cenh la a. Trén duvdng thdng gdc véi mit phlng
ABC ké tbr tém O cia vong trén ABC, ngudvita I8y mét didm S. Hay tinh OS

380 cho 38 do cla nhj-dign (S, AB, C) I3 600.

10. 4. Trong mét mit phing P, cé mot hlnh thoi ABQD cpnh 18 a. Cho DB = 23}/_3.

Tir tém dGi-xing O céa hinh thol, ngudri ta ké dudng thdng géc vél P, trén
46 15y mét didm S sao cho SB = SD = a. Chirng.minh réng :
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L~

1, ASC = 90Qe,

2. SC tryc-giso véi BD,

3. Nhl.dién (B, SA, D) Is m¢t nhi-dign vuéng gdc.

TOAN

Cho mét hinh tir-dién ddu ABCD, canh Ia a.Gol I, J 1A trung-
di¥m ectia AB va CD,

1. Chirng-td riing €Ib 1a mét gée phdng cia nh|-dién (AB).

2. Chirng-té ring mit (ABJ) 1& mit phan-glde cia nh|-dién (AB)
déng-the 12 mat trung-tryc cia doan CD.

3., Tinh 88 do cta nhi-dlén (AB).

BAl GlAl

1. Géc phing cia nh|.dign (AB).

Trong t;m-giic d¢éu ABC, trung-
tuyén CI d0ng-thdd 3 duémg cao: CI
thing géc v&i AB,

Tuwong-ty, DI thing géc vél AB.
Mt phing CID thing géc vé&i cunh AB
cita nhj-di¢n (C, AB, D) vi cit nhi-ditn
thinh géc CID cho nenC/l:\Dhgéc phing
cua nhj-dién &6, Chirng-minh turong-ty,
ta biét AJB 12 géc phing ciia nhi-dién (CD) Hinh 71

L R Mi_t phan.gléc cée nhl-di§n (AB) vd mit trung.tryc cha dogn CD.
Ta s C1=DI =°"T3 Nhu th tam-glic CID lim mt tam.-giic

¢in, dinh B L Trung-tuyfn IJ dbng-thdi B phin-giic cia géc CID.

Mjt phan-glic clia mét nhi-dita ob tht dinh bing canh ciia nhi-dign
vA dudng phin-giic cia mét géc phing, & diy, m¥t phin-giic cla nhj-
ditn (AB) drgc dinh bd1 AB v IJ. Viy mjt (AB]) chinh W m¥t phin-
gléc ciia nhi-ditn (AB). '
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Ba ditm A, B, ] khong thing hing. Ching cich ¢y hai ditm C vi

D (AT = AD, BC = BD, JC = JD). Vay mjt (AB]) i m}t trung-tryc
cua doan CD.

3. So do cua nhji-dign (AB).

Ta dit CID = 2a, Trong tam-giic cdu CID, IJ 1A tryc d8i-xirng,
ta cé 6\11 = ]fB = a,

Trong tam-glic vudng géc IJC, tacs;

)~

Ta suy ra a o~ 35015' vi CID = 2 a = 70030'.



11
M:it phing thing géc

11. 1. PINH-NGHIA.
Hai matphiing dwge goi 1a thing gée khi chiing tao nén mét nh|-
dién vuoéng.

Di-nhién ba nhi-dién con lai ciing vudng géc ci. Vi thé ta néi
dirge: hal mit phing thing géc tao nén bén nhj-dién vudng (h. 72).

Didu-kidn 8t cé va di 4% cho mdt nhi-dign vudng 1 : géc phing
ctia né vudng. Vi thé mudn chirng-minh ring hai mit phing thing géc
véi nhau thi ta 6 the chirng-minh ring géc phing cfia mét trong bén
nhj-di¢n do chiing tao nén 13 mdt goc vudng.

11. 2. DINH.LY THUAN,

Khl hai mat phéng thing géc vél nhau thi mat no chira mét
dudng thdng thdng gée vél mit kia.

Col hal mjt phing thing géc
P, Q miglao-tuyén 13 D (k. 72). Ta
h3y ching-minh ring P chira mét
dudng thing gée véi Q.

Liy mot didm O trén D, ZQZ

Trong P, vé OA thing véi géc D.
Trong Q, vé OB thing véi géc D.

Nhe th, AOB 1A mét géc phing P
clia nhj-di¢n vudng (P, Q). Do dé
S
AOB = 900, Hinh 72

OA thing géc v¢i D v2 OB; thé ma D v OB B hal dwdmg thing
dbng-qui & trong Q ; Viy OA thing géc véi Q,

Tuwong-ty, OB thing g6c véi P,
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11. 3. DINH.LY -PAO.

€6 hai mat phing, n€u mét no chira mét dwd'ng thﬁng _thing
goe v&i mit kia thi hai mat dé thﬁng géc vl nhau.

Gid-sit mit P chira dudng thing OA, va OA thing géc véi mit Q
tai O (h. 72). Ta hdy chirng-minh ring P vi Q thing géc v&i nhau.

Goi giso-tuyén cita P, Q 1A D (O nim trén D). Trong Q, ta vé OB
thing géc vé&i D.

OA thing géc véi Q, nén OA thing géc véi OB: AOB = 900.

OA, OB thing géc véi D vi & trong P, Q theo thir-ty. Viy AOB
12 mét géc phing clia nhi-di¢n (P, Q).

AOB 13 géc vuéng, nén nhi-dién (P, Q) A nhi-dién vudng, N6i khic
di, P thing géc v&i Q.

1.3, pHAT.mEu DOCNHAT.

 Pidu-kién ét e va dk d€ cho hai mit phing thdng géc véi nhau
jas mat no ehita mdt dwdng thing thing qée véri mdat kia. .

11. 5. HE.LUAN 1.

C6 hai mit phdng thdng géc, ndu tir mdt diém trong mét thi
nh8t, ta ké dwdng thiing gée vél mat thi nhi, thi dwdng dé hoan~
todn ndm trong mit thir nhit

Cé hai mit phing thing géc P, Q. Liy mdt didm A trong P, ké AO
thing géc véi gizo-tuyén Dctia P, Q (h. 73).
Theo dtu-kién 3t o8, AO thing géc voi Q.
ThE m3} ta biét ring tir mot didm A, chi kd
&irgc mét durdng thing thing géc véi mit
Q théi. Vay néu tir A, ta ké dudng thing
thing géc v&i Q, thi né nim trong P.

" Ta ciing c6 th néi didu sau ndy: Cé hal
miit phdng thdng géc. N8u tir mdt di¥m
ctia mat thir nhét, ta k¢ dedng théng
gée vél glao-tuyén thl dworng dé théng
gée vél mét thir nhi.
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11. 6. HELUAN 2
¥hl hal m&i phéng cAt nhau cung thding gé¢ val mdt mat thée'

ba, thi glao-tuydn cla chiing cing thdng géc v&1 mat thir ba dé,

GiA-sir hai mgt P, Q cing thing g véi mit R (h. 74). Gol glao-
tuyén ciia P, Q 12 D, Ta hiy chirng-minh ting D thing géc v&i R,

Liy mot ditm A trén D, ké Ax thing géc voi R. Theo hé-lujn
trén, Ax phii nim trong P, vi phii nim
trong Q. Nhur thé Ax chinh 13D, Ax 83 thing
géc vol R nén D thing géc véi R,

11. 7. HE.LUAN 3,

Qua mét dwirng théng khéng théng
gée vél mdt mat phéing, ngudrl ta eb thd R
vé dirg'e mdt mat phing thdng gée vél
mét d6, va chl mbt {hdi. Hinh 74
Col dudng thing D v mitP, Liy mét ditm M trén Drdl ha MM’
thing g6c v&i P. Hai dudng thing ddng-qul
D vd MM’ dinh dwrgc mdt mit phing Q.
Theo ditu-ldén di thl P thing géc véi Q.

Néu M loru-dong tréen D thl MM’ cling

P lru-ddng, nhung phirong cda MM' khéng

1 dd1 (46 1a phuong thing géc v&i P). Do 46

mjt Q khéng 481, N6l khic di, Q 1A mjt
Hinh 75 phing ddc nhit m3 ta v dwgc,

Néu D thlng géc véi P tht bdi todn vo-dinh : ta cé vo-sB mdt phﬁng
chita D vé thing géc véi P,

11. 8. DINH.LY.

Cé hal mat phdng song-song, mit phdng nao théng gée vé&l mat
thé nhét thl efing thdng gée v&l mét thir nhi,

Col hai mjtphing song-song P, Q vi mdt mjt R thing géc véi P
(h. 76). Trong R, ta c6ta vé dwoc dwdng D thing géc véi P (11.2)

Nhu thé né cling thing géc vél Q. R chaa dudog D thing gée vél Q
nén R thing géc vél Q (11, 3.).
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Ché.y. Khing cé dink-ly ddo, nghia
12 khing ¢d dinh-ly ndy «Khi hai mit cing R
thdng gbc v&i mdt mit thir ba thi ching D
song-song vé&i nhau ”,

Sy that thi: «Khi hai mjt cing thing ‘ ' o
géc véi mdt mit thir ba thi giao-tuyén cha /_

ching — néu o6 — thing géc véi mite thir |
ba dé».
11.9. DINH.LY THUAN. Hinh 76

Khl mdt dwing thing va mdt mit phiing cing thing géc vél
mét mat ph&ng thi chung song-song véi nhau.

'Gia-str drong thing D v mijt phing P
cing thing géc v&i m3t Q (k. 77). Trong P, ta
vé dwrocmot dudng thing D’ thing géc véi Q
(11.2) ; D vaD’ ciing thing géc v&i Q nén song-
song vé&i nhau,

D song-song v&i D’ ; thé ma D’ lai & trong
Hink 77 mjt P, nén D song-song v&i P (4. 4).

11. 10. DINH.LY DAO.

C6 mdt dwong thdng va mét mit phing song-song, méit phéing
nédothing géc vél dudrng théng thl ciing thiing gée vé1 mat phing.

Coi durring thing D vd mijt phing P song-song gii-sir; mijt phing
Q thing géc v&i D. Ta hiy chirng-minh Q thing géc v&i P.
Vi D song-song v&i P nén trong P, ta vé dwgc mdt dwdng D' song-
song v61 D, Q 43 thing géc v&i D thi cling thing géc véi D' (7.8).
Mit P chira ‘D', thé m3 D' thing géc véoi Q Vay P thing géc;’
véi Q (11.3). '
BAI TAP

11. 1. Cho mét té-dién OABC. Ba gde d' Oddy vuéng, OA = OB = OC-—- a. Gol
I I8 trung.didm cia BC.

Ch(mg té BC thing gdc véi mygt (OAI), Nhin-xét-gl v hal m#t ph!ng A8C;
A0l ? '
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2. Duwéng cao CD cia tam.gisc ABC cit Al & 'K. ]Chz?ng-td AB thing g¢d
véi mat (ODC), vd hai mit ODC, ABC théng gdc v&i nhau.
2. Chongté OK thing gde v&i (ABC). Tink OK vé dign-tich tam-gibc ABC

theo a.

11. 2. Cho mét hinh to-dién d2u SABC. canh fa 2. Goi H f3 tryretim cia ABC, AH
cit BC ¢ D. »
1. Ching.1d BC, AS tryc-giso v&i nhau 15 hai m3t phing ASD, BSC théng

géc véi nhau.

2, Goi Kl trung-ditm cia SA, chiétngtd DK I3 dirdng thing thing gde
chung cta AS, BC.

3. Tinh AH, HS, DK vé dién.tich tam.gie BKC theo a.

o~
4. Dinh trén HS mét didm O sao cho BOC = 900. Nhin-xét gi vé tem-
dign OABC ?

11. 3. Cho hai tam.gidc can ACD, BCD khéng cing ndm trong mét mjt phéng, déy.
chung I3 CD = 2x, cée eynh khéc dbi bing a.

1. 'Goi I, I I3 trung-di¥m AB vd CD, chéng-té ring 1] thing gée véi AB, CD.
2. Tamugisc ACD c6 dinh, tam-giéc BCD quay quanh CD, Quy-tich cia didm A

3. Gid.st- hei mit chire hai tam-gide thing gde nhau. Tinh AB, 1J. Dinh dim
ehch d&u bén diém A, B, C, D, i

\11. 4. Trong mét mat .phSng P, cho mét vang O dvdng kinh AB = 2s. LBy mit diy
cung BC = . Trén dudng thing ké tr A véi mit P, ngudvi te ISy AS=2s.

1. Chitng-té rdng hai mit phdng SCB, SCA thing géc véi nheu. .
2. Hp AD théng géc véi SC, vd AE thing gée vé&i SB. Ching-td riing hai

mit phing SCB vé ADE théng géc véi nhau. Chiéng-té Aﬁ = 900, Tinh céc conh
eda tam.gidc ADE theo »,

3. Dinh givo.ditm I cia DE v6i P. Tinh IB. Chirng-18 Al tiSp-xte véivong O.

11. 5. Tr;oni‘m:f maht‘ph&;'g‘ P. cho mét véng tron O dwdng kinh AB. G(;i Ax li
nira duong thing thing gée véimit P. Trén Ax, i C
Trén véng trdn, ngudi ta Isy mft didm M, " Axe raudite Iy mit dibm

1. Cheng-t3 : .
té-dign CAMB ?"’ BM théng gdc véi CM. Nhfn.xst gl vd céc mit cia hinh

2. Hp AH thing géc v6i CB ; AK i i
thdng gbc véi mit phdng CMB, vs o 161 CM, Chtmmanioh drm &8

v hinh to-gikc HKMB ? CB thing géc voi mit phng AKH. Nhin-xét !



J. A MB cd-&inh. C lru-déng trén Ax. Nim qup-tich cda Kvi H.
4. A, B, Cc8.dinh. M lvu.déng trénvong O. Tim quy-tich cda dwirng thing
AK vacta K,

5. A, B, Ccd-dinh. M lru-déing trén vong O. Tim vj-tef coa M d8 cho thd-
tich cda hinh thép CAMB cyrerdii.

TOAN

Cho hai nira dwdng thing trye-giao Ax, By. AB thing gde véil
hai duwdng dé, Trén Ax, ta 1y mdt dogan AM = x. Trén By, ta lfy
mt dogn BN = y. Gld-sir MN = x + y. Bat AB = a.

1. Dinh vi-tri c¢ta Ax d8i vé&l mit phing (ABy) Tim hé-thie
glitra x, y va a.
2. Hal mit phdng (ABx) va (ABy) ¢ thing gée v&l nhau khdng?

3. Trén dogn MN, ta 18y di¥m H vé&] MH = x. Hy HI thidng gée
vé1 mit phdng (ABy). Tinh Hl. Tinh HJ, khodng cdch t H té1 mit
phing (ABx).

4. Chitng-td rdng H ndm trong mdt mit phing ofi-dinh khi
x, y thay asi.

BAl GIAI
1. Vitrl cia Ax d81 v&i m§t phing (ABy).
Ax thing géc v&1 AB vi tryrc-giso
véd By (theo gii-thiét), nén Ax thing
géc vél mit phing ABy, dinh bd1 hal
drdng ddng-qui AB vi By.
Ta suy ra ring Ax thing géc vé&i
AN mét duvdng nim trong mit (ABy).
Né&i khic 4i, MAN 1A tam-giic vubng
géc & A,

Hé-thie gitra X, ¥y W & Hinh 78

Trong tam-gidc vudng-géc MAN, dinh-1} Pythagore cho ta :
MN! = AM? + AN?
Nhung AN? = AB? + BN?
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Cho néu MN2 — AM? + AB? + BN?
hay la x+=x*+d+y )

a2
Ta suyra 2xy =a trc A xy= )

9. Vi.tri ti-d6i ciia hai mst phdng (ABx) va (ABy).

Mit phing (ABx) chira Ax, Thé ma2 Ax thing géc véi mjt phing
(ABy). Viy mjt (ABx) thing géc v&i mit (ABy).

Twong-ty, ta cing néi dirge ring : mit (MAN) thing géc véi mit
(ABy), giao-tuyén 13 AN.
3. Trj-s6 cea dogn HI.

Vi mit (MAN) thing géc véi mit (ABy), nén khi taha HI thing
géc v&i m3t (ABy) thi HI hodn-todn nim trong mit NMA, vA I nim
trén AN,

Hal tam-gi4c d5ng-dang NHI vA NMA cho ta :

HL_NH o HL_ Ly
MA N x x4y
Do d6 HI = X7

x+y

Tri-»6 cia dogn HI.

Ta ha HJ thing géc véi mjt (ABx). Twong-ty nhir & phin trén,
ta biét J nim trén MB. '

Hai tam-giic ddng-dang MH]J vi MNB cho ta:
H] MH

HJ x
= o hgy )

NBCOMN Ty Tirsy
Do 46 Hi = XY

) I+y
4. H & trén mdt mit phing oS.dinh.

Tabiét Hl= Hj=_¥
’ x+y
Bidu d6 5 ring H 'cich 8% hay mjt (ABy) (AB H pim
_ . v e d ’ y). Viy Hn
tren mﬁt pm-ﬁécca'dm Cﬁin]ll—dien vuang géc (‘x' AB'y).
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Sw chiéu mét duwong thing_

12. 1. DINH.NGHIA.

Hinh chiu thdng géc (hay trwe-glao) cila diém A xudng mat
phing P 13 chan dwdng thing géc Aa ha tir A xudng P (h. 79).

© P goi 13 m{t chifu. Aa gol 13 duwirng
A iy dnh. Néu khéng o6 gl nhim lin, ta cb
[ tht thay danh-tir chinh chiu thing géc?

» bing «hinh chi€u».
> ' Néu A & ngodi P thl A khing tring
‘- ! véia. Néua & trén P thi A tring vél e
Mot ditm A chi cé mét hinh chiéu a.

Hink 79 Nhung mét ditm a cia P 13 hinh chiéu ciia
v8-s8 ditm A vi nhitng di¥m A 46 nim trén duwdng ax thing géc véi P.

Hinh chifu cia mpt dwirng cong 1& quy-tich Kink chidu -cia mpi dim
ctta dirorng cong dd. '

12. 9. DINH.LY.

Hinh chidu clia mdt dwing thing
xudng mdt mat phing thwdmng thudng
12 mbt dwirng thing. ' '

Coi mjt duwdng thing dinh béi hai
ditm A, B. Gid-sir mit chiéu P khéng thing

| ;
ad
géc v&ri AB, Hinh 80

- Liy mot &i2m C trén AB, hinh chifu ciia A, B, C lin-lwgt 12 g,b, .

Aa vi Bb dinh dwgc mét mit phing Q thing géc vél P. Vi thé,
dudng thing Cc nim trén Q. Do 46, ¢ nim trén ab.

P 4 ¢ n
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Bay giv liy mét didm n trén ab. Pudng thing géc nx véi P, ki
tir n, phi nim trong mit Q, Ce v3 nx song- song. Trong Q, Ccdi &t
AB nén nx phai cit AB tai N.

Nhu viy n 13 hinh chiéu cua N.

Xem th?, bit-ctr ditm C nio cba AB ciing chiéu thinh mét didm ¢
cia ab, va bit-ctr didm n ndo cla ab cing 1A hinh chiu cia mét di¥m
N ldy teén AB.

Viy : hinh chiéu clia mét dudng thing thuong 13 mét dudng thing,

Khi AB song-song v&i P thi nd song-song véi hinh chi#u clia né.

Khi AB thing géc véi P thi hinh chiéu cia duwong A chi 3 mét
8i¥m, 46 13 trurong-hop riéng.,

19. 3. DINH.LY.

Hinh chi#u eiia hal dudng thing song-song xudng mét mit
phing thwdng thudng 13 hai dudrng thing song-song,

Coi hai dudng thing song-song AB va CD -
khéng thing géc véi mit chigu P (h. 8/). Goi A/' D
hinh chiéu cfia hai dwémg thing dé 13 ab va cd. : i
Coi hai mjt AaBb va CcDd. Chiing song- P I '
song v&i nhau vi mit no chira hai dudrng thing -’,,—H— i P
ddng-qui song-song v&i hai dudng thing dong- - —¢n,—g"—
qul cya mjt kia (AB song-song véi CD; Aa
song-song véi Ce). Hioh 81

P cit hal mjt song-song 46 theo haj giao-tuyén ab vi ad, Viy abva
¢d song-song véi nhau,

KhlABviCDcﬁngt.hinggécvé'iPthihinhchli da chii it
lai 13 hai di¥m, d6 13 trirdng-hop rieng. U ona e
(Nén chi-Y rirng dinh-1y ddo khéng diing).
12. 4. CHO.Y..

Cé mit da-glic phdng m2 ditn-tich 1A of, Dem chity
| . 6 Tubng mot
mit phing, ta dugc mot da-gidc méd md ditn-tich 13 d»."c:ffﬁ":i
phing cia nhj-dign nhon hop bdi mit da-glic v mit chiu,
“Ta cb cbng-thire:

S =S, cos a
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BAl TAP

12. 1. Mudn chigu mét hinh tem.giéc ABC xubng mdt mit phing th! phdl Idm ths

ndo ? Ching.mink rlng hinh chifu cds mt tam.gibc ABC xulng hal mit
s0ug-song thi bing nhau.

12. 2, Cho mpt mit phdng ndm ngang H, trén d6 c6 mpt didm A’, Col A’ nhw hinh
chibu cua mét didm A xuéng H, Bitt A’ tht c6 tim thsy A khéng ? Bikt
A'A =2+ 2 (i don-vi) th cé tim thsy A khéng ? (LEy chidu dworng tir di6i 18n trén).

12. 3. Cho mét hinh binh-hanh ABCD vi mgt mpt phdng P. Ching-minh ring hinh
chibu cda hinh binh-hinh 46 xubng P thudng thedng I8 mt Mnh binh-hank
A'B’C'D’. Chdng-minh ring AA’ + CC’ = BB’ + DD’

12, 4, Cho mt géec vubng ABC, v mdt myt phing P. Gid.s¥ cenb BA song.song véi P
1. Cd thd ndi gt v@ duvéng BA vd hinh chifu B'A’cis né subng P?

2, Chdng-mink ring B’A’ thing gdo v&i mit phdng ABC’C? (€’ I3 hinh
chifu cta C xu8ng P), Suy ra ring A’B’C’ I8 mdt gde vudng.

12, 5. Cho m¢t tam.gléc cn ABC (AB = AC). Ké dvdng cao AH. Gol P i mpt
mit phing chde AH. Chisu thdng B vé C xubng P thinh B’C’. So-sénh
8B’ va CC*. Tam-gléc AB'C’ cd phdl I3 tam-glda cin khdng ?

12. 6, 1. Cho mdt gde vudng xOy. Mt dogn CD cd chidu dal khéng I ld 2d.
C chyy trén Ox; D ohgy trén Oy. TIm qup-tich trung-didm [ eds CD.

2, Cho hal nire dudng thing trye-glao Ax, By 1 AB 13 dogn thing gde chung,
dit AB =u, M6t didm C chey trdn Ax; mot didm D chey trén By, cho bit CD = 2l
(dopn khdng d31). Nim quy-tich trung-didm | cds CD (nén chibu xubng m#t trung-
trung tryc AB).

TOAN

Cho m¢t hinh vudng ABCD & trong mdt m§t P, K& bn nira
dudng thing cing & v mdt phia ela mat ABCD va thing gée véi
mit ABCD, Myt mit phdng Q cdt b8n dwdng 46 & A’ B’ C' D' (A’ vrng
vél A V.V,

7. A’B'C'D' 1A hinh g1 ?

Chirng-td réing AA* + CC' = BB’ 4 DD'.
I 2. Gld-s* AA’ = BB, A’'B'C'D’ 1A hinh g1®
3. Gid-sr AA’ = CC", chirng-minh ring A'B'C'D’ ld hinh thel,



BAl GiAl

1. Hinhtinh cie tigibe A'B°C'D’.

B4n duirng AA’, BB’, CC’, DD’ cing
thing gbc v&i mit phing P nén song-song
véi nhau,

Coi hai m3t phing AA’D'D v BB’ C'C
chfing song-song véi nhau vi mit no cb
chtrahai dudng thing ddng-qui song-song
v&i hai udng thing déng-qui cia mjt kia
(AA’ song-song v&i BB’ ; AD song-song v&i ok 82
BC, cznh cisa hinh vubng).

M3t Q cit hai mjt song-song néi trén theo hai giso-tuyén A'D’ vi
B'C’, né¢n A’D’ song-song vé&i B’C’.
Twong-ty, A’B’ song-song voi D'C’,

Tt-gidc AB'C'D’ cb cic cgnh song-song 441 mét, nn nd 1A mit
hinh binh-hinh,

Héthdec AA° + CC' =BB’ 4 DD".

Goi O, O’ 1A dm d8i-xéng cia hinh vudng ABCD vi cda hinh
binh-hanh A'B'C'D’.

Trong hinh thang AA'C’C, OO’ 1A &4y trung-binh cho nén :
00'=M' + CC'

)

Trong hinh thang BB'D'D, OO’ 3 diy trung-binh cho nén :
BF + DD’
oo =2 + (V)]

So-sénh hal hi-thérc (1) va(2),ta o6 ;
AA’' + CC' = BB’ + DD
2 Hinhtinh cha tir-gibc AB'CD’ ki AA’ = BR".

Khi AA’ = BB’ thi A'B’ song-song véi AB, BB’ thing géc véi mijt
P ntn BB’ thing géc véi AB, mit dudng trong P.
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AB vira thing géc v&i BC, vira thing géc véi BB, nén AB thing
géc v&i mit phing BB'CC’ dinh b&i hai dudng ddng-qui BCva BB'.

Suy ra AB trgc-glao véi B'C'.
Thé mi A'B' song-song véi AB.
Vi thé A'B’ thing géc véi B'C'.

Hinh binh-hinh A'B'C'D’ c6 mét géc vudng (A'B'C’ = 900) nén.
16 13 mét hinh chir-nhat, '

3. Hinh-tinh ciia tér-giéc A‘B‘C'D” khi AA’ = CC".

Khi AA’ = CC’' thi A'C’ song-song véi AC tirc 13 O'C' song-song
véi OC. Theo gii-thiét thi CC’ thing géc véi P. VI OO’ song-song véi
CC' nén OO’ ciing thing géc véi P, Do 46, OO’ thing géc véi OC.

OC vira thing géc véi OOQ', vira thing géc vél OB (tinh-chit
dudng chéo ciia hinh vudng) nén OC thing géc v&i mit phing BOO’,
tire 13 m3t phing BOO'P', ’

Ta suy ra rﬁng OC tryc-giao vél O'B',
Thé¢ mi O'C’' song-song véi OC, nén Q'C' thing géc vél O'B"

Hinh binh-hinh A'B'C'D c6 hal duidng chéo thing géc nhau, viy né
1A mdt hinh thol.



13

Géc cia mot dirong thing
va mét mat phang

13. 1. DINH.NGHIA,

Géc cha mot dwong thing va mot mit phéing la géc nhon tao
‘béi dworng d6 va hinh chigu clia né xudng mit phing.

Trwrdng-hop riéng 1. NEu dwdng.D song-song vél mét P thi

gbe cia D va P la 0o,

Trrdrng-hop riéng 2. Néu dwang D théng gée vél miat P thi
hinh chi¥u ctia D 12 mdt digm ; tuy nhién, ta ¢ nél ;: Géc ella D va
P 1a 900, vi D thing goc v&i mol dwdng thlng & trong P dI qua
chén né,

13. 2. DINH.LY.

Géc cita mdt dudng thing va mét mit phéng thi nhd hon gée
cla dwirng thing dé vél biit ¢ duwdng ndo ké trong mit phing
khdng song-song véi hinh chidu elia dwd'ng nél trén,

Dudng thing D cit mjt phing P tai O.
Liy mot diem A trén D, rbi ha AH
thing géc véi P,

Goid 1a mdt dudng thing bit ky trong
P vi khéng song-song v&i hinh chiéu OH
cia D.

Gé6c nhon AE)\H =aligécclaDvip,

Hinh 83

K¢ Ox song-song vél d, Ox dyng trong P. H
. Ha AK thing géc v&i
Ox. Géc nhon AOK = g 13 géc cia D v3 d, 88

Tay hiy chirng-minh ring & < g.
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Hai tam-giic vudng géc AOH vi AOK cho ta:
sina — ;AE H B = £.
OA OA

Nhung vi AH < AK (doan thing géc va doan xitn &8 véi mit
phing P) nén ta suy ra:
AH < AKX
OA OA
hay sin @ < sif g
(= v3 g 12 hai géc nhon). Do d6 a < B
Chi-{. tga =p gol la dd dde etia D 48l véi P.

13.3. UNG.DUNG.

Céch tinh chl3u dal hinh chldu eda mdt doan xudng mét mit
phing.

Mét doan AB chifu xudng mit phing
P thinh A'B’. Goi géc cita durdmg thing AB
voi mit P12 a. Ta hiy tinh A'B’ theo AB
vi a (h. 84).

Ha AH thing géc v&i BB'. Tam-giic
vudng géc AHB cho ta:

AH=AB.cosa

: H,
Nhwng AH= A'B' (chi-nhjt AHB'A") inh 84
nén A'B'=AB.cos =
BAI TAP

. P la mpt m3t phlng chéa Oy md khéng chéa Ox,
ot g,;: Zf,‘ :ﬁ;%ﬁ% viat:hi&’:z xuéng P thinh A’. Trén Oy, t» Iy
mt didm B sso cho OB = OA’, PR

So.sénh hai tamegibc AOB vé AOA’, K& -lufn gi v& hai gbe AOB, AOCA’? Nm
loi dinh-lg 48 hoc trong bél.
, Ta ké dudrng phén.gléc Oz eia.gde
1 j:: O,J’;'i: f::t :?‘yn: 5’:;'9",:' gzp::nz:Zgrgk v&i P. Goi A I3 mét didm &
trong Q. ChirngA8 ring dwdng OA tao v6i Ox, Oy nhing géc bling nheu.
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13. 3. Cho mét tam-gide déu ABC. Mjt mat phdng P chia BC nheng khéng chéa
A. Cis.s¢- hink chigu cos ABC I3 mét tam-gisc A’BC vudng gdc & A’. Hay
tinh géc cta duing cao AH va cda canh AC v&i mit P.

13, 4. Cho m¢t hinh vudng ABCD mé cenh I3 a. Trén duedng thing géc v&i mit
hinh vuéng ké 1o A, ta 13y dogn AS bing AB.

1. Tinh géc cia §8, SC, SD v&i mjt hinh vudng.
2. Tinh dign-ttich todn-phin cia hinh thsp SABCD (theo a).

TOAN

Trong mdt mat phing P, cho mdt géc xOy. Gol Oz la mdt nira
dudong thing phéat-xufit tir O vd khéng ndm trong P, Trén Oz, ta
18y mot diém A. Chi¥u thdng diém A xudng mat P thanh A’, xudng
Ox thanh M, xudng Oy thanh N.

1. Tinh tri-s8 ciia m3i géc OMA', ONA"
2. Cho bi#ét x02 — Y0z = a (x Ia mft gée nhon),
Ching-td ring OA’ 1 duwirng phidn-glic clagée {6}.

3. Van cho ;ay = {.\Oz = a (2 nhon) va cho thém x/ay=90°.
Gol gée clia dwdng thidng Oz véi mat P 1A 8. Ching-td réng.
cos S =v2.co8 a

Khi a = @00 thi 8 1A bao nhléu ?

BAl ClAI
1+ Trl-48 cdse mdl gbc OMA’, ONA’.

AA’ thing géc véi mit phing P
nén AA’' tryc-glao vél mol dudmng thing
dyng trong P. N6i ritng ra, AA' tryc
glao v&i OM, ON va thing géc véi OA'.

OM vira thing géc véi AM, vira
tryc-glao vél AA’ nén OM  thing géc
v&1 A’M, canh thir ba ciia tam-giic AA'M.

Hinh 85
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M khéc i, géc OMA’ 13 mét géc vudng.

~~
Tuwong-ty, géc ONA' cling 1A mdt géc vudng,

$. Durdng phln.gibc cia gbe ﬂ)\y.

Coi hai tam-gi4c vudng géc AOM vi AOH. Chéng ¢6 canh huyén

OA chung vA géc nhon & O bing nhau (xOz — yOr theo gii-thit).
Viy ching bing nhau v3 ta suy ra OM = ON.

Coi hai tam-gidc vudng géc A'OM v3 A'ON. Ching o8 canh huyén
OA' chung vd OM = ON, Viy chdng bing nhau vi t2 suy ra

N N
MOA' = NOA’,
Do 46, OA’ 13 dirdmg phin-gidc trong cia géc xOy.
3. Hé-thirc gire @ va 4.

Géo ctia dudng OA vé&i mit P 13 géc nhon hop, béi OA va hinh
chitu OA’ cia né xudng P. Viy AOA’ = a.

Trong tam-giic vudng géc AOA’, ta &5 :

cos B = 9-9—"
OA
Trong tam-giic vudng géc AOM, ta cb:
cos a =O—NI—
OA
Suy ra msﬁ:%:%:%f.
cos a OA OA OM

' Theo gii-thiét thi 0y = 900. Tir-glic phlag OMA'N o6 ba géc
vudng & O, M. N v hai canh lién-ti€p bling nhau, nén né 12 mét hinh
vudng va ta suy ra

OA’ = OMV2



80

cos g _ OA’ ___OM\’2_=‘/2"
cos « OM OM

A2 cos 8 = vy2. cos &
Khia = 600 thi cosa = 1/2, do d6:

Viy

cos B =\/i —|—=‘/_2=OOS 450,
2 2

6 13 géc nhon, ta suy ra g = 450,



Phép doéi-xirng

14. 1. DINH.NGHIA.
1, PHEP DOI-XU'NG QUA MQT BIEM,
Cho mét didm c8-dinh O. Goi M 1a mét digm bit-ky. N&i MO réi
kéo dii mot doan OM’ = MO (h. 86).
M’ goi 1 didm déi-xitng clia M qua tdm O. O 1A tam déi - xing.
Hai di€ém M, M' goi 12 d8i-xirng nhau qua tAm O khi O 1a trung-
diém cda doan MM’,

NEéu M vach nén mot hinh (F) thi M vach nén mot hinh (F). (F")
goi 1A hinh déi-xitng ciia (F) qua tim O.

F
) D
M
o
M H
M /
(F)
(F)
Hink 86

2. PHEP BOI-XUNG QUA MOT TRYC.
Cho mdt dwdng thing c3-dinh D. Goi M 1A mét diem bit-ky. Ha
MH thing géc v&i D rdi kéo ddi MH mét doan HM' = MH (k. 86).
M’ goi B dilm ddi-xing cia M qua truc D. D 12 true dd1-xitng.
Hal diém M, M’ gol 1a d8i-xirng nhau qua truc D khi D 1a dudng
trung-tryc eda doan MM’.
Néy M vach nén méthinh (F thi M’ vach nén mgt hinh (F'). (F')
goi 12 hinh d8i-xirng cha (F) qua tryc D,
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3. PHEP POI-XIYNG QUA MOT MAT PHANG.

Cho mét mit phing cd-dinh P. Goi M 12 mot di®m bit-ky. Ha MH
thing géc véi P rbi kéo dii mét doan HM' = MH (h. 86).

M’ goi la didm di-xibng cia M qua mit P ; P goi 13 mat d3i-xdng.

Hai dim M, M’ goi 12 d8i-xirng nhau qua mét phing Pkhi P la
mit trung-trwe cta doan MM’

Néw M vach nén mét hinh (F) thi M’ vach nén mdt hinh (F). (F)
goi 13 hinh déi-xi#ng ciia (F) qua m3t P.

14. . DIEM KEP CUA PHEP DOLXUNG.
Trong mdi phép d8i-xirng &1 ndi teén, néu M’ tring véi M thi ta
néi ring M ld mgt didm kép.
Trong ﬁhép d8i-xtrng qua ditm O, chi c6 O 13 di¥m kép mai théi.
Trong phép d8i-xtrng qua truc D, c6 v6-s8 didm kép nim trén D.
Trong phép d8i-xirng qua mit P, c6 v6-s8 diém kép nim trén P.

14. 3. HINH DOLXUNG NHAU.

Nhitng didu ta néi sau ddy c6 gii-tri trong Hinh-hoc khdng-gian:

1. Hai hinh ddi-xtrng nhau qua mét di¥m khéng thé chéng khit
1&n nhal dwge, '

D3 khéng chdng khit, ching khdng dugc col 13 bing nhau. Coi hai
tir-di-n ABCD va AB'C'D’ d8i-xirng
nhau qua A, ching o cic phin-tir
bing nhau (canh, géc, mit wv.v...)
nhung khing the chéng khit 12n nhav
duoec.

2. Hai hinh 48i-x@ng nhau qua
mét true ¢é thé chdng khit 1&n nhau
duge.

Thit viy, ngudi ta cd tht 42 (F)
chéng khit lén (F’) bing mdt phép
quay 1800 quanh truc dSi-xing. Hwh 87

3. Haf hinh d8i-xirng nhau gqua mdt mat phdng khdng chidng
khit 1én nihau dwgre. '

Thi-dy : Qua mjt guwong phing, hinh clia tay tedl 1 tay phii,
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14. 4. TAM, TRUC, MAT BOLXUNG CUA MOT HINH.

7. Khi thwe-hién phép ddi-xirng qua mdt di¥m O, ma hinh (F)
bi&n ngay thanh chinh né thi ta néi réng (F) phdn diém O lam tAm
ddi-xing.

Thi-du: T4m ctia mbt hinh ciu 13 tim d8i-xirng cla cia hinh d6.

2. Khi thwe-hién phép ddi-xirng qua mét dwang thing D, ma
hinh (F) bi$n ngay thanh chinh né thl ta néi ring (F) nhdn dwing
thdng D lam true ddi-xirng.

Thi-dy : Pudng cao ciia mt tam-gidc cin 13 tryc ddi-xirng cia tam-
giic dé.

3. Khi thwe-hién phép d8i-xi¥*ng qua mét mat phéng P, ma hinh
(F) bién ngay thanh chinh né thi ta néi réng (F) nhdn mit phdng P
lam mét ddi-xing.

Thi-dy: Mt phin-giic cia mot nhi-di¢n 13 m3t ddl-xirng cha nhi-
dién dé.

BAl TAP
14, 1. C"qu-ng—minh réng diém dGi-xirng cla tryc-tdm H cda mét tam-gide ABC qua
céc canh thi & trén vdng ngoaitiép véi tam.gise dds
Coi O 13 tam véng, R 13 bsn-kinh vong, A" I3 déi-xing cts H qua BC. Ching.-
minh ring : OH2 = R2 + HA X HA",

14, 2, Cho mét tam-dign ba gdc vudng Sxvze Ct tem-dign bdng mét mat phng thi
dvoc mét thigt-dign tam-gise ABC. Chigu thdng diém S xuéng mi#t ABC
thanh H. Chéng-minh rdng :

1. H Is tryc-tim cda tam-giﬁc ABC.
1 1 1 1

ZsmTsm T et osa

14. 3, Cho m@t hinh vuéng ABCD, cpnh s. Trén duéng thing gécvéi mit phing
ABCD, ké tir A, Isy AS = a. Coi hinh thép SABCD,
1. Ching-16 réng SAC s mat phdng d6i-xing cia hinh thép SABCD.
2. Ching-13 rng céc mit SAD, SAB, SHC, SOC Is nhitng tem-giée vubng gdc
3. . Tinh dign-tich todn.phdn eia hinh thép SABCD.
4, Tinh 38 Jq cta hai nhi-dign conh (AB) vs canh (SC).
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14. 4 1 Cho mét hirk tir-cign ABCD, trong ds AB=CD, AC = 8D. so_d,,,,

rai tem.gréc AGC, BCD. So-sinh bei tam-gide ABC, ACD. Goi I, 1 i trong.
Giim eia AD, BC. C6 the ndi gi v& hai tam-gidc BCI, ADI ?

Gée csa 1 véi AD va BC I3 beo akiéu ? .

2. Cho mét deanl). Trén mt crong thdng gbc véi 1] ké tr I, Iy IA=ID,
Trén mpt €udmg thing goc voil) ké t&r . 15y JC = JB.

Gis s AD khéng song-song v&i BC. Ching-to rsng AB= CD v AC=8D
bing céch ding sy déi-ximg qua mot duong thing. N
14. 5. Cho m¢t i.--dién SABC, trong dé SA= SB = SC=ava ASB =90",

S~ —~

ASC = CSB = 60°.

1. Tink coc cnh cta tam-gise ABC.

2. Chingto ring SC vi AB tryc-givo v&i nhau.

3. Twm nhing mjt trung-trec ciia AB va SC. Tim nhirng m§t dGi-xing ca bé-
dign SA3C. -

4. Tim nittrye dGi-ximg cda te-dign SABC.

TOAN
Cho hai tam-gide cAn MAB, PAB, ddy chung 12 AB = 2a, chifu

eao 1a Ml = P| = x. S§ do nhj-dién (M, AB. P) 12 600,

1. Chirng-td ring AB va PM truwre-giso véi nhau, Goi J la trung-
ditm eciia PM, chirng-to ring IJ thing gée véi AB, MP, va 1J 1A true.
ddi-xirng elin hinh tir-dién ABMP,

Tinh 1J theo x.

2. Tinh theo a vax, thd-tich elda khdi tir-ditn ABMP vA vé
dwrimng bidu-dién sir bign-thidn: clia' thi-tich dé khi x thay 43t
(a khong 46%).

3. Tim mdt gée phing ela nhj-dién (A, MP, B). Tinh x theo.a
d¥ eho s doeuia dién d6 — 14 900,

— 1A 600,

_Trong tredmg-hop s3 do ciia nhi-dién nél trén 12 809, im thm
hinh ellu ngoai-ti¥p elia tir-dién ABMP, '

BAI GIAI
1. Phwong cka AB i PM.

AB thing géc véi hai canh PI v2 MI ciia tam-gisc PIM, nn AB
tryrc-giao véi PM, canh thér ba cia tam-gise d6.



85

Ciing viAB thing géc véi mit phing PIM nén AB thing géc véi I,

mot dudng nim trong mit dé va
di qua I. PIM 13 mét tam-giic cin
dinh I, trung-tuyén 1] déng-thei 1a
dudng cao, nghia 13 IJ thing géc
vé&i PM.

Tém Iai, IJ 1d doan thing géc
chung vi dwong trung-tryc chung
cita AB va PM.

Tryc d&i .- xrng cia tir-dign
ABMP.

IJ 1A trung-true ctia doan PM;
nhue thé, P va M d8i-ximg vél
nhau qua dwong IJ,

IJ ciing 13 trupg-tryc cla doan AB ; nhe thé, A vA B d8i-xing

véi nhau qua dudng IJ.

Vay, IJ 13 tryc d8i-xirng cia tir-di¢n ABMP.

Cha.thich. Ttr-di¢n ABMP cdn c6 hai mit d8i-xérng 13 PIM va AJB.

Trj.s6 cia 1J.

PIM 12 mét géc phing cia nhi-dign (M, AB, P). Vi thé ta ob

BIM — 600 (theo gii-thiét, s8 do clia nhj-dién B 600). PIM 13 mt
tam-giic cdn, nay cd mét géc bing géc 600, nén né thinh mdt. tam-giic

déu mai canh 1A x, Suy ra

1J—xv3
2

9 Thétich cie khdi ABMP.
The-tich o ciia khdi AIMP 13 :
|

o= Al x de (PIM) [dt: dién-tich]

_ 1 a3 _aV3

3 4 12

The-tich € cia khél ABMP 1A <Y = 2a.

tirc 1A ay— V3 _ ay3
6 6
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D6 12 mdt hdm-s8 bic hai cta x. Khi x bién-thién tir 0 dén + oo,
thi €? déng-bitn tir 0 dén + oo.

Duing bibu-difn 13 mot nira parabol nhw & trong dd-thj say day,

3. Géc phdng cia nhj-dign (A, MP, B).

Hai tam-gidc cin PAB, MAB bing nhau,
canh diy 13 AB = 2q, cic canh cdn lai la
PA=MA=PB= MB: ‘/02 -+ xz.

Trong tam-giic cin PBM, (dinh B), trung-
tuyén BJ ciing 13 dudng cao, nghia L2 BJ

thing géc BM. Tuwong-tw, AJ] thing géc
véi BM, N

Nhu thé géc B/IJ\A 12 mét géc phing cha
nhi-di¢n (A, MP, B). Hink 89
o C as e oS AB , !
Mét didu-kign &t cé va dide BJA=9001a JT — = (doag  tam.
. 2
gléc cin AJB) tirc 1a:
x\/ 3—
2
Mét di¥u-ki¢n dt cé va dit dd B]A = 600-1A1] = AB‘/j (dllng tam-
glic d¥u AJB) tic 13 ; R
xV3
2
T8m cite hinh ciu (que b6n diim ABMP).
Ta goi O 13 trung-di¥m ciia doan IJ,

IJ i trung-tryc clla AB va
OP = OM.

Hai tam-gisc vudng
Ol = 0J.

Ta‘suyra OA = Op
Nhwr the thi OA = 0B = Op = OM

2ay3

=a suy ra X =

=av3 suyra g 2a

PM.O & tén I] nén OA= OB w

gc OIA va OJP bing nhau viIA — g — JPva

vg}o chinh 12 tim cda hink oy DE0M-tiép clia tir-dien ABMP,
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TOAN

Mit duoug thing x'x thing gée vii mét mit phidng P e3-dinh
tai di®m S eb-dinh. Trong P, ¢6 mét duing thdng e5-dinh y'y khéng
qua S. Ta coi gée vuéng dinh S quay quanh S vd nim trong P. Hai
canh cla gée dé cdt y'y tai B. C

1. Gol A1 mot dism e3-dinh trén x'x. C6 nhan-xét gi v& hinh
tam-dién SABC ¢ Chirng-td ring :

AB! + AC2 — BC? la mot hing-s8.

2. Ha SH thing gée véi mat phing ABC. Ching-minh ring H
13 true-tAm eda tam-gilac ABC.

3. Goi B' vi C ld chan phirng dwdmng cao ké tir B va € elda tam-
"gide ABC. Quy-tich cda B. C, ’

4. Goi K 13 di¥m dbi-xing ela H qua y'y: K c6 ndm trén vong
ABC khong ? Quy-tich cia tdm vdng ABC,

BAI GIAI

1. Hinh-tinh cda tam-giéc SABC.

AS thing géc véi mit phing P
tai S nén AS thing géc voi SB, SC
(hai dudng thing nim trong P 2 &
qua S). BSC = 900 theo gii-thiét.

Ta suy ra ring SABC B mét tam-

di¢n ba géc vudng.
Bidu-thic AB? + AC — BCY
Ap-dyng dinh-ly Pythagore vio ba Hich 90

tam-giic vudng géc ASB, ASC, BSC, tach:
AB? — AS? + SB?
AC!= AS? 4 sC?
BC? = AS?* + SC?
Do d6AB?® 4 AC® —BC? = 2 AS? (= hing-sf).
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2. Teyctdm cia tem-gisc ABC.

Khi ta ha SH thing véi mit phing ABC thi H 13 43m c8-djah
(vi S, A va y'y c8-dinh), Ta hiy ¢hérng-minh ring H 13 tryge-tim cia
tam-giac ABC.

SH thing géc véi (ABC) nén SH tryc-giao véi BC.

AS thing gdc véi (SBC) rién AS tryrc-giao véi BC.

BC vira tryc-giao vol SH, vira trirc-giao véi AS, nén BC thing
géc v&i mit phing ASH (dinh bdi hai duwdng dong-qui AS, SH) tal mét
di¥m mi tagoi 12 A,

Do d6, BC thing géc véi AH (hay AA')., Néi khic &, AH 12 mét
duwdng cao cla tam-gidc ABC,

Ta nél CH, cit AB & C'. Chirng-minh giéng trén, ta biét ring CH
(hay CC') 1 mét dwing cao ciia tam-gidic ABC,

H 13 glao-di®m ciia hai dwdng cao trong tam-giic ABC, neA HB
trye-tdm cfia ABC,

3. Quy.tich cia B’ va C'.

Trong mjt phing Ay'y, hai di¥m B’ vi C' nhin dogn AH cS-dinh
duél mdt goc vudng. Qu¥-tich chung ciia B va C' 1A vong trdn duwdng
kinh AH dyng trong mit phing Ay'y. '

Ta nén nhjn-xét ring khi C tién t64 A’ thl B tién
C' tién t&i A, vi B’ tién t&1 H. : ra xa vé-cye,

40. Vl'tr‘ cta K.
Ta goi K 13 4im dSi-xirhg cua

H qua BC (trc 13 qua y'y). Ta o
A~ ~
By = A (g6c nhon ¢6 canh thing géc),
S~

By = B; (88l-x&ng qua »'y). Suy 'ra
B, = A; Té-gldc chéo BKAC o6 hal
géc "d81 bing nhay, viy né ndl-tiép
dirge trong mit vong trdn. N6I khiec 4,
vdng trdn O &l qua A, B, C ciing phii
8l qua K, '

Hinh 91



89

Quy.tich cia O.
A vi H cé-dinh, y'y cling c8-dinh.
K 12 di¥m d6i-xirng cia H qua J'y nén cing c3-dinh.

Vang tron O luu-d9ng trong mit phing Ay'y vi qua hal 4i¥m c6-
dinh A,K. O cich d&u A vi K nén qui-tich cia O 12 dudng trung-tryc
clta doan AK, dyng trong mit phing Ay'y.
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Hinh ling-truy

15. 1. DINH.NGHIA.

1. Mat lang-tru 12 mat gay nén b&i mét duong thing A chuy&n-
dong theo hai diéu-kién :

— A song-song vé&i mot phwong d.

— A dwa vao mét da-giac phéing (G).

Mit phing cia (G) téc ABCDE
khéng chita d v2 khong song-song véi d.

A goi 1A dwérng sinh. (G) goi 12 duérng
chu#n.

Nhitng dwong nhur AA’ goi 13 canh.

Nhirng gidi nhe (AA', BB') goi 12 mdt.

2. Ding mot mit phing khéng song-
song v&i d 48 cit mit ling-tru thi dwoc
mpbt thigt-dién phing. Hinh 02

Dang mét mit phing thing géec véi d 48 cit mit ling-tru thi duwoc
mot thidt-dien thing.

3. Hinh ling-tru la ed-th& giéi-han béi mét mit lang-tru va hal
thiét-dién phing song-song. :

Hai thiét-dién goi 13 ddy. M&i mdt bén 13 mét hinh binh-hiah.
Nhitng doan nhu AA’ goi 1A canh bén.

Khoang-tich gitra hai diy gol 12 chidn cao.

4. Hinh lang-try ddng 14 mét hinh ling-tru trong dé edc eanh
b4n thidng gée v&i day. Méf mit bén la mét hinh ehir-nhat.

‘5. Hinh léng-try d&u 12 mdt hinh lang-tru dirng trong dé ddy
12 mot hinh da-gidce 18] déu. Cde mit bén 13 nhirng hinh chir-nhat
bing nhau. ’ :
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6. Hinh lang-tru cut la mét cd-th& giéi-han béi mét mat lang-
tru va hai thiét-dién phing khong song-song. Méi mat bén la mdt
hinh thang (d6i khi 1a tam-giac).

Hinh 93
15. 2. DINH.LY.

Hai thiZt-dién phdng song-song ecGa mét mit ling-tru 12 hal
da-giic béing nhau,

Cic canh bén nhu AA’, BB'... bing nhau vi ching 1a nhirng doan
song-song chin béi hai mit phing song-song (h. 92).

Do d6, cic mit nhw ABB’A 1 nnikng hinh binh-hinh. Suy ra
AB = A'B', BC = B'C’ v.v...

N N

H:i gé¢c nhuy ABC va A'B'C’ v.v... ¢4 canh song-song cing chitu
nén bing nhau.

Do d6, hai da-giic ABCDE vi A'B'C'D’E' bing nhau vl né cic
canh bing nhau 46i mot, k& nhitng géc bing nhau ddi mét,

Ta c6 the mang hinh ABCDE d¢n chdng khit v&i hinh A'B'C'D’E’
bing phép tinh-tién theo vector AA'. :
15. 3. HE.LUAN.

Hal thlét-dién thdng ela moét mat ling-tru 1& hal da-gide
bing nhau.

Thit vy, hai thiét-dign thing it phii song-song.
Hai thiét-dién thing song-song phii bing nhau theo dijnh-1y trén.

15. 4. DINH.LY.

Dién-tich xung-quanh cia mét hinh lang-try biing tich-sé mdt
canh bén v&l chu-vi mot thiét-di¢n théng.
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Col hinh liag-try ABCDE A'B'C'D’E’, gel thift-dién thing 13
MNPQR. Nhitng doan nhue MN thing géc v&ri canh bén AA", BB v.v..,
Ta rach hinh ling-try theo canh bén AA’ rdi gidl ra trén m{t mit phing.
Nhu thé goi 1A khai-tritn b& mit xung-quanh cda hinh ling-try.

Di¢n-tich xung-quanh cha hinh ling-tey bing tdng-s8 dign-tich
phirng hinh binh-hanh nhw ABB'A’,

Hinh 94a - Hinh 94b

Gol chidu dAl cegnh béa AA' 1A g, dién-tich xung-quanh ot
hinh Bing-try 1A : = S Gla

Sg=a.MN +a.NP +a.PQ+a.QR +4a.RM

= a(MN + NP +PQ + QR + RM) =a X (chu-vi MNPQR)
Gol chu-vi clia thift-ditn thing 12 ¢, ta dwoe: |
dlq =a.e

15. 5. HELUAN.

‘Khi ta glip m¥t hinh 18ng-try ddng th céch tinh dign-tich xung-quanh rit dornegidn :

Dlén-tich xung-quanh cia hinh lan
g-trp dirng bl - _
vi déy véi-chidu dil mdt egnh bén (tiio ehlgu ello? ng teh-s8 ehu

BAI TAP

18. 1. Coi mft mit lingtry md dwdng chudn I3 hi
nh binh.hinh -
‘phing P clt bn conh bén cda. mit ling-try tai A DD ABCD. Mjt mit

1. Chdng-1d ring A’B’G’D’ li bén di
cda hinh binh.hdnh niy ld O’, n dink cda mét hinh b)"h.h."h‘ Fa g0l tim

2.. Gol tém ce hinh binh-hinh ABCD i
00° i ol ot e it gt 18 O, C6 th¥ ndi g1 3 phrong cda
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15. 2. Cho mpt hinh vuéng ABCD. Ti» ede dinh, ké nhitng duérng thing gée véi mit

cta hinh vuéng. Nhir thé, ta dwgc mt mat ling-try (L). Trén DA, kéo d3i v@
phia A, léy mét doan Al = a, Trén CB, kéo dsi vé B, Iy mét dopn BJ = be
Mot mzt phéng 1 cét (L) theo mét tié.gise A1B1C1Dy (bén chir 6 ¢ng véi bbn chir
ABCD theo thir-tyr).

1. A1B1C1Dy I3 hink gi ?
AA1 BBy

2. Ching-minh ring
a b

3. Goi tri.s6 chung cda hai ti-s6 d6 Ia k, gid-se AB =1, tinh céc canh
cia tir-gidc A1B1C101.

15. 3. Cho mét hinh lingtry diéng, ddy tem.gifc ABC A’B'C’. Cho biét
AB = AC =1, BC = V3, AA’=8BB’'=CC’ = 3. Trén BB’, isy dogn
BD = x (x < 3). Trén CC’, I3y doan CE=1y (y < 3).

1. Tinh theo x v3 y nhirng cenh cia tam.gisc ADE.
11
2, Gidostr x = T, tinh y d8 cho tam-gidc ADE vuéng géc & E.

3. xvdykhéng djc-sic, im hi-thibe gia x, y dé cho tam-gide ADE vudng
gée & A. Tinh y theo x ; x ¢6 thd bién-thién trong khodng nio ?

TOAN

Nguwiri ta col mdt miit ling-try L. Khl né céit biing = mét mat
phéing P thing g6e véi ede eanh bén thi thigt-dién 12 mét hinh chir
nhat ABCD, canh 1a AB = 2a, AD= a,

1. Mbt mat phing Q chira AB cdt mit ling-tru L theo mot hinh
ABC'D’. Chirng-td hinh dé 14 méthinh ehir-nhat. Tinh CC’d¥ cho hinh
chir-nhat d6 1a hinh vudng,

2. MOt mat phiing R dl qua A céit méit ling-tru L theo hinh
AB'C’'D'. AB'C'D’ 12 hinh gi? Nguwdd ta Iy cing mét chl¥u dwong
cho céde canh 'bén eda L. Bl#t ring CC’ —x, héy tinh BB’ va DD’ khi
AB'C'D’ 1a'mdt hinh thol. Binh x d¥ hinh thol AB'C'D’ nim hdn v
mét bén cta phingP.
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BAI CIAI

1. Hinh-tinh cla tir-giac ABC'D"

Hai mit phing ADD* vi BCC' song-song véi nhau vi mjt no chira
hai dirdng thing ddng-qui song-song o' c
v&l mit kia : AD song-song v&l BC
DD’ song-song vé&i CC,

Mit phdng Q cit hai mjt song- c
song néi trén, nén hai glao-tuyén AD’,
BC’ song-song véi nhau. A B

Hon nira, mit phing Q chira AB Hinh 95

vi AB song-song vél mit phing
DCC'D'. Q cit mijt 46 theo dudng
D'C’, nén D'C’ song-song vé&i AB.

Tir-gldc ABC'D' cé nhirng canh
song-song ddl mot, né 1A mét hinh
binh-hinh,

AB thing géc véi BC vi trye-
glao v&i CC' nén AB thing géc vé&i

Hinh 96 BC’, canh thir ba cia tam-glic BCC'.

Hinh binh-hinh ABC'D’ ¢6 mét géc vudng, nén né 12 mét hinh

chir-nhit,

Mét chidu cda ch@-nhit A AB =
2a, chidu kia 13 BC’. Mét didu-kign 4t
¢6 vé di d¢ hinh chit-nhit ABC'D’ tré
thanh hinh vudng 12 BC' = 2a,

Tam-glic vudnggéec BCC' cho ta:
CC’' = V/BC? — BC?

=V4a® — @ =a V3
2. Hinh.-tinh ciis té.giac AB‘C°'D’.

Hal mjt bén déi-di¢n clia mit ing-try L thi song-song vé1 nhau.
Khi m¥t phing R cit hal mjt song-song 44, ta dwgc hal glao-tuyén song-
song AD' va B'C’. Twemg-ty, AB’ v2 D'C' song-song vél nhau (k. 96).
Ti-glic AB'C'D’ 13 mot hinh binh-hinh,

Q

O v

Hinh 97
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Yiah BB’ va DD"

Ta d3t BB"' =y, DD’ =z Ta ldy chitu duong trén cic canh
bén coa mit ling-try nhu & trong hinh 96 vi ta gli-sir CC' =x >0
cho tién (viéc chon x > 0 hodn-todn tdy thudc vio y-kién cfia ching ta
vi ta ¢6 quyén chon chitu duwong). K& B'H thing géc véi CC".

Trong bit cir trirdng-hep vE nio (B’ cliing phia véi C' hojc khic
phia v&i C' d6i véi canh BC), ta cling c6:

BH=BC=a
i-_ﬁj:(?(—l' —CH=CC' —BB' =x -y
Suy ra: B'C2—=B'H? 4+ HC?=(x —y)? + a®
Ngoaf ra, ta c6:
AB'Z — AB? | BB? = 4a% | »?
Vi AB'C’D’ 12 hinh thol nén tacé AB’ = B'C’. Do 46 ta dweec:
(x —y)? + a® = 4a® 4y
x? — 2xy = 32°
x? — 3a® = 2xy

2 2
y _r—3a (v&l x = 0)
2x

Bing mit phép tinh twrong-ty, tach:
D'C'2 = 443 4 (x — 2)?
AD"? = ¢* 4+ 2
Vi AD' =D'C' nén
40 + (x — 2 =@ + 22
303 4 % — 2xz=0
2xz =23 + 3a5

2
z=‘ﬂ (vél x 2= 0)
2x
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Tri-s5 cba x dé cho hinh thoi AB'C'D" & v& mét bén clia mit phing P,
Ta d3 gid-stt x > 0.

x% 4+ 3a2

Thé ma DD — z = nén z> 0.

D’ 43 & cung phia véi C' 481 v&i mit P rdi, ta chi cdn cin didy.
kign :
2 _ 32
x2
tiec 13 ¢ x*—3a2>0
x> a]/3_

V& phuong-dién hinh-hoc, didm C’ phii & ngodi doan C,C; (nim
trén canh bén qua C cha L) dinh bdi CCy = CC,; = a}/3.

BB’ — >0




16

Hinh hép

16. 1. DINH.NGHIA.

1. Hinh hép (hay kh&i binh-hanh) 12 m{t hinh ling-try ma ddy
12 mét hinh binh-hanh.

Nhur viy hinh hép c6 6 mjt cing 13 hinh binh-hinh ci, mit ndo
cling dung 1am diy duwge.

—_———-t

i

]

{
————f--
1

]

!

i

7 ’
- 4

LT 7
hhding Ak chi nhdb

Hinh 98
2. Khi ddy thdng géc vél ede canh bén thi ta dwgee hinh hop
ding. Cac mit bén 14 nhirng hinh chir-nhét.

3. N&u hinh hdp dirng lal eé6 ddy chir-nhdt thi ta duwgre hinh
hdp chir-nhdt (hay khdl chir-nhat); 8 mit cang la hinh chir-nhat e,

4. Hinh lap-phwong 12 mdét hinh hép chir-nhdt ma 6 mit
12 8 hinh vudng,

16. 2. TINH.CHAT.

I. Hinh hép c6 12 canh chia 13m ba nhém : m3i nhém gbm o674
canh song-song vi bing nhau. _

2. Hinh hép c6 6 mjt chia 1Am ba nhém : mdi nhém gbm hai mjt
song-song vi bing nhau.

3. Hinh hdp 8 bén dwdng chéo cit nhau tai trung-i¥m “cda.
mdl dwdng. That vay (h. 99) :

Trong hinh binh-hinh ADGF, DF cit AG tal trung-dilm -cda
md{ dégn.
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Trong hinh binh-hanh BCHE, BH cit CE ti trung-&i¥m cla
mdi doan.

Trong hinh binh-hdnh DBFH, DF cit BH
tal trung-di¥m cia méi dogn.

Ta suy ra ring bén dudng chéo DF, AG,
BH, CE cit nhau tai trung-diém O cua ching.
O goi la tém ciia hinh hop. D6 12 tim d6i-xirng
cta hinh hép.

16. 3. DINH.LY.

Trong hinh hép chir-nhat, binh-phwo'ng

cda dwdng chéo bing téngesd binh-phwong cia ba chléu (did,
réng, ecao).

Hinh 99

Trong hinh tam-giic vudng géc HEF, ta cé:
HF? — EH? 4 EF?

D Cc
" \ Trong hinh tam-giic vudng géc DFH, ta ob:
i B DF? — DH? + HF?
|
L\ = DH? 4 EH? + EF?
1N e
i \\ Pyt DF = d, EF =8, FG =¢,
M Joe
_ /"\} 2 BF — q, ta duge
E 4 F PSR
Hink~100

Céng-thire trén ip-dyng vio hinh 1ip-phrong cho ta:
d’=a2+ a2+a2=302

hay d = a V3—

THE-TICH
caa Hinh h$p va Hinh ilng-tn;
16. 4. OON.V| THE.TICH.

Don-vi th¥-tich i th¥-tich cla hiuh 'l3p-phrong mi cynh bin
don-v} chidu dai. E § ‘
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Ny don-vi chitu dai 13 mét thl don-vi the-tich 13 thE-tich cda hinh
lap-phirong mi méj canh 13 | mét (goi tit 13 mét khéi).

16. 5. THE.TICH CUA HINH HQP CHU.NHAT.

Gia-sir ba chiéu (dii, rong, cao) cia hinh hép chit-nhjt 13 q,5,¢c
don-vi.

Ta c6 the chia chitu rong lAm a phin,
chiéu dai im b phin, va ta dugc (a.b) hinh
vudng, canh 1A mét don-vi.

I

l

]

c I
Chia chitu cao 1dm ¢ phin, 6i ké nhiing ﬁ@zf—;’.— L7~
mit phing song-song v&i diy, ta duwec ¢ -t
ting, m&i ting c6 (a . b) hinh lp-phuong,
viy hinh hop chira (a. b . ¢} hinh l3p-phuong.

1 1
. 1L TP TE T2
Néi khdc di : [z atia
Thé-tich cla hinh hép chir-nhat bing
tich-s& ba chiéu:

Hinh 101

W=a.b.c

16.5. CHU.Y,

Ta e6 thé vit V= (ab). ¢ va va nél: The-tich eda hinh hdp chir-
nhat bing tich-s§ dién-tich ddy v&i chidu eao.

Ta cdng-nhdn ring djnh-1y-trén vén ding khl s do ba chléu
13 phan-sé hay s8 vo-tl, '
16. 6. CONG.THUC BE TINH THE.TICH CUA HINH LANG.TRY.

Thé-tich ctia hinh ling-try biing tich-s8 dién-tich ddy véd chidu
cao hodic di¢n-tich mét thi¥t-dién thlng véi chidu dal mét eanh bén:

CU:@.B’:CJ’.;

@B : dien-tich diy of : dign-tich thit-dien thing
h+ chiéu c10 a: canh bén
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L¥i dgn 1 Khi hai hinh chdng khit lén nhau dwoe thl ta néi rhg
ching bdng nhau, Khi hai hinh c6 dién-tich bing nhau (hinh-hoc phing)
thi ta néi ring ching trong-dwong. Khi hai hinh c6 th3-tich bing nhau
(hinh-hoc khéng-gian) thl ta néi ring ching trong-duwong.

Hai hinh bing nhau chic-chin phai teong-dvong.

Hai hinh twong-dwong chwa chic di bing nhau.

BAl TAP

16. 1, Cho mpt hinh hip, goi didm ding-qui cia céc dudng chéo I8 O, Ching-minh
ring mot m3t phing di qua O bt hinh hép 46 theo mot hink binh-hénh hay

mét hinh lye-gide cd cée canh song.song déi mét.

16. 2. Cho mét hinh hsp ABCD A’B‘C'D". Trén hai 'canh AD va B’C’, I8y hei dopn
béng nhau nhrng nguroc chidu : AM = C'N, Chirng-minh ring MN di qua tsm

cias hinh hép.

16. 3. Chio mot hinh lip-phrong ABCD A’B’C’D’, Chitng-minh réng :
1. Duong. chéo AC’ di qua trong-tim cie hai tam.gisc BDA’ va CB'D’.
2. Hsi trong-tim d6 chia doagn AC’ I3m ba phdn b¥ng nhau.

16. 4. Cho m¢t hinh l8p.phurong. Tinh :
— géc ctio hai dvdrng chéo. ‘
— gbc cla mét dudng chéo véi mpt canh.
— gée cie mdt dudng chéo véi mét mit cia hinh Igp.phwong.

16. 8. Chom{t hinh hop ch@-nhit ABCD A’B’C’D’. Chidu déi céc canh bén AA’,
BB’, CC,” DD’ I3 h. Cho biétthém AB = s, AD = b.

1. Qua DD*, hy v& hai m3t phing DD'M’M v DD’'N’N sao cho hai mit dé
chia hinh hjp lém be ph3n twong-duvong. (Muén ve hai myt dé, hay tinh AM = x,
CN = y).

2. Tinh ti-s6 hai thé-tich MBNM‘B’N‘va MDNM’D’N",
3. Coinhj-dign cpnh MM’ c6 hai m#t Nn.lvot chte DD’ vs NN°. Nim hé-
théc gitre avd b dé cho nhj.dign dévuéng géc.
18. 6. Cho hai hinh chir-nhjt bing nheu ABCD va ABEF, AB — 8, AD= AF = b.
Hinh ABCD c6.dinh, hink ABEF quay quanh AB. ‘
1. " Chéngd ring CDFE: 18 mot hinh ch.nh§t. Qup-tink tm cte hink dé.
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2. CDFE c6 th I6n bing ABCD khéng 7 Tronj trudng-hop dé, tinh s8 do
cta gée nhj-dign canh AB va thé.tich khéi ABCDEF.

3. CDFE ¢ésthé dong-deng v&i ABCD H)ong ? Tm hé-thde gios a, b décho
dide d6 xdy ro duge. Cho bist thém a2 = b2V Z, tinh 8 do cis gée nhj.dién canh
AB vi thd.tich kh8i ABCDEF theo a.

16, 7. Cho mét hinh té-dign SABC trong 46 SA thdng géc véi mit ABC, va ABC
1& mft tam-gide deuv. Gis-si» SA = 28, AB = ».
1. Tinh dign.-tich todn-phdn cia hinh te.dign SABC.

2. Trén dopn SA, ta lfy mpt diém M.va 4§t AM = x. Mt phing di qua Mvé
song-song vé&i mdt ABC cdt SB, SC & N, P. MNP [é hinh gi ? Tinh chu-vi cia tem.
gidgc MNP,

3. Coi hinh lang-try dieng ‘mé mét mat ddy 18 MNP, chidqu cao I AM. Tioh
dign-tich xung-quenh y cia lang-try Efd. Bién.thiéncia y. Dwréng bidu-difn.
16. 8. Cho m¢t hinh lip-phrong ABCD A’B’C’D’ (AA’ Ié mét conh v.v..). Trén cnh-
AB, taisy m¢t diém E. Trén epnh DD’, ta I8y mpt didm F 48 eho AE = DF.
1. Chiéng-6 réng EF song-song v&i miit phdng A’D’BC.

2. Goil, 1, K, L1d trung-didm cia céc canh AA’, D'C’, CC-, AB. Chong.
minh rdng 1JKL 18 mét hinh ch&.nhét.

3. Tinh céc cpnh vé dirdrng chéo coa hinh chtr-nh§t d6. Tinh gée nhon cim hai
duwdng chéo.

16.9. Cho mgt hinh isng-try dirng ABCDEF, déy 1d hai tam-giéc ABC, DEF, cpnh

bén 13 AD, BE, CF. Gid.s» ABC = DEF = 900 vi 36 do clie nhi-di#n canh
AD 13 600, Chi&u cenh BE xubng m¥t ADCF thinh PQ. Tinh tl-38 thd.fich cbe hal
khéi ABPDEQ vi BECEPQ.

TOAN
Cho mét hich hdp chir-nhgt ABCDEFHI. Trung-dim elia EH 1
0. m{t dwrdrng chéo clia hinh hdp 1a DF.
4. Chimg-t> BO phal et DF tal mbt didm G.
2. Binh vi-tri cia G trong tam-gidc EBH.
3. Cho FB c8-dinhj FG = [ (hling-s8). Tim qui-tich oda D.
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BAl GIAI
B
1. Sy wrong-gieo ciia BO v DF. :\\
. AY
Trong hinh chi-nhit EFHI, hai A E v
dwong chéo EH, DI phidi cit nhau tai L-_\" _::213
trung-diém O. // ‘\T\\)é,’/’,_ -
/ N
Theo tinh-chit ciia hinh hdp chir- e O~._
nhit, ta biét DI song-song véi BF va E I
‘bing BF. Hinh 102

Ta suy ra BD song-song v&i FI v bing FI, tirc 13 BD song:song
v&i FO vi bing 2FO (DI = BF, BD = FI = 2FO).
Tir-gisc BDOF 13 mét hinh thang 184, hai duong chéo phil cde
nhau tai mét diem G; G & trén dogn BO.
2 Trong-tdm cia tam.gidc EBH.
Hai tam-gidic GBD va GOF d5ng-dang vé&i nhau, nén
GO _GF_OF _ 1
GB GD BD 2
Trong tam-giic EBH, BO 13 mét trung-tuyén, trén 46 cb G.
: x GO .
Ti-s8 3B = % to ring G 1A trong-tdm cia tam-gisc EBH,
3. Quy.tich eiia D.
Khi FB c3-dinh thi mit phing P chira ddy ABCD ciing c8-dinh.
Vi FG =1! nén FD = 3L

Ta 43t FB = a.

Theo tinh-chit cta hinh hdp chi-nhit, ta biét BF thing géc véi P;
do 46, BF thing géc v&i BD.

Trong tam-giic' FBD vudng géc & B, ta cb
BD? = FD? _ FB? — B2 — @2

Suyra  BD=VOR_2d (wil> %)
3

_ Quy-tich ciia D12 véng trén thm B, bin-kinh VIF—oT  dymg
trong P, ,
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Hinh thap

17. 1. GOC NHIEU MAT.

Coi mét da-gidic phing ABCD, vi mét diém S & ngodl mijt phing
cia da-giic. Nhitng ntra dudng
thing SA, SB... tao nén médt hinh
goi 13 gde da-dién hay gdc nhiéu S
mdt. Diem S goi 12 dinh. Géc BSC,
ASB,.. goi 13 mg:. SA, SB.. gol
12 canh.

Néu ABCD 1A da-gidc I5i thl
géc da-dign 13 mdt géc da-dign Iii.

Gée nhidu mat (hay géc da-
dié¢n) 12 hinh gay ra bédi mdt nira
dwd'ng thdng Sx phat-xult tir
mét ditm cd-dinh S va dwa vao
mot da-gige phding ABCD ma miit
phéng khéng chira S.

Sx gol 1a dwdng. sinh.

S gol 1a dinh. Hinh 103
Pa-gide ABCD gol 13 dwdng chulin.

Pon-gidn nhit trong cic géc da-didn 13 géc tam-dign hpp béi ba nira
dirirng thdng phét-xudt tir mpt didm, khong cing & trong mpt mit phéng,
d6i mgt lam thanh mgt géc Ibi. '

Géc tam-dién cdn gol ngin 13 tam-dign. Tam-dign ndo m& ba miit
&% 14 goc vubng thi goi la tam-dign ba géc vuéng.

17. 2. DINH.LY.

Khi cit mdt gée nhl_éu-mgt béng hal mat phing song-song thi
thiét-dién 12 hal da-gldéc ddng-deng) ti-s$ déng-deng béng t-sd
khodng c4ch -tir dinh té1 hal mat cit, ' B
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Goi ABCD, A'B'C'D' 1 hai thiét-dién phing song-song cia met
g&¢ nhitu mjt dinh S (h. 103). |
Goi H va H' 1a chin duwdng thing géc ha tir S xudng hai mit o,
Hai da-glic ABCD, A'B’C’'D’ cb cic géc bing nhau ddi mét, vi LS
canh song-song cing chitu. Thi-dy: AB song-song vél A'B', BC song-
—~
song véi B'C’ nén ABC = A'B'C'.
Hon nia, hal tam-gidc & trong méi mit — nhr SAB vd SA'B' —
ddng-dang véi nhau, nén ta b :

SA' A'B’ SB'_B'C'_SC'_ _ SH'

SA  AB SB BC s¢ "TSH

Suy ra A'_B'=_B'£=...=SE.
AB BC SH

Xem thé, hai da-giic ABCD, A'B'C'D’ 4 c6 nhirng géc bing nhay
k¢ nhirng canh ti-1¢, viy ching dbng-dang v&i nhau.

Chiy. Ti-s8 dign-tich cda hal da-gléc ddng-dang A'B'C'D’ va
ABCD béng binh-phwong cille i-s§ déng-dang.

17. 3. HiNH THAP.

Hinh thép 1d e3-th8 han-dinh bé1 mdt géc nhisdu mit vd mft
mit phdng cit tAt cd cde canh bén,

Trong hinh ‘104, ta o5 S S
hinh thip SABCDE. S goi
1a dinh, ABCDE gol 12 ddy, A -3¢
khadng cich SH tir dinh t41 B

ddy gol 1A chi¥a cao.

Cic mdt bén (nhe SAB,
SBC..) 13 nhirng tam-gidc A

D

thurdmg®, 7 [of
Don-glin nhit trong 8
dehinhthépuhinhthsp dsy Hmh 104

tam-giic ma ta gol 13 Aink té-dign hay khg; bgn m{.

* Chéy ring : Trong mot gée da-dign, mdi )
kiah thép, mdi myt bén I3 mbt tarm.gibc, moi mit 18 mt gée. Trong mdt
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i7. 4. KHOI BON MAT BEU HAY KHO! TU.DIEN piU.

Hinh (kh3i) tir-dién d2u, 12 mdt hinh thép déy tam-gléc trong db
1t ¢& edc canh dai biing nhau,

Nhir thé méi m¥t 13 mdt tam-giic deu (h. 105).

Cdch tinh chitu cao AH theo cgnh a
ctia hinh tir-dign déu ABCD.

A cich 48u ba 418m B, C, D, nén
khi ha AH thing géc v&i mit BCD thi
H cich &&u B, C, D.

K¢ chi®u cao BK cia tam-glic d&u
BCD:

BK — 93
2

H 12 tim cta vdng trdn ngoai-tidp
véi tam-gidc #48u2 BCD vi cfing 12 trong- Hinh 105
tim nén tacd:

BH=.2 BK = /3
3 3

Trong tam-giic vudng géc ABH, ta c6:
AH? = AB? _BH?=¢* — %’.’:%"’

Dodé  h=AH =# h_ a6

17.5. HINH THAP DRU.

MOt hinh thép dweee gol 1a hinh thép d8u, khis

— déy 1a mdt da-gldc 151 dBu,

— dinh ndm trén trye cda vdng ngosi-ti€p véd day.

Nhir thé cic cagnh bén dii bing nhau, cic mjt bén nhirng tam-giic
cin bing nhau. Chitu cao phit-xust tir dinh cia mdl mjt bén gol 13
trung-dogn cda hlnh thdp. ’
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17. 6. DIEN.TICH XUNG.QUANH CUA HiNH THAP DEU.
Dt cho gidn-tién, ta hiy gid-st ring hinh thip d€u SABCD o bén
mit bén. Gol mot canh ddy i ¢, trung-doan 1A a (h. 106 a).

Dién-tich c1a mot mjt bén 13 : ac.

NI—

Dién-tich xung-quanh cia hinh thip i 4 lin di¢n-tich mdt mje
bén, téc 12 ;

d=4l ac=—'—(4l.‘)ﬂ
2 2

Néu hinh thip déu o5 n mjt bén thi dién-tich xung-quanh s& B

d=%(nc)a

nc 13 chu-vi ddy.
Viy ta cb dinh-ly sau:

DINH.LY, Di¢n-tich xung-quanh cda hinh thép déu biing nira
tich-s8 chu-vi ddy vél trung-doan.

17. 7. KHAI. TRIEN B
MAT XUNG.QUANH.

Rach hinh thip ddu
theo m{t canh bén rdi gidi
b? mijt xung-quanh trén
m{t mit phing thi duwrge
mt hinh quat da-giéc ddu
(h. 106b).

17. 8. THE.TiCH.

Nguwdi ta ohimng -
minh rdng « Th8-tieh elia
mit hinh thép bing 1/38 Hinh 106 2
tich-s8 dign-tich ddy vé ehidu eao,
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" T:“ ta goi din-tich ddy 13 B va chitu ca0 & thi the-tich cda hinh
s 13

1
=5 B

Tir dinh-ly 46, ta suyra nhitng d8u zau:

1. Khl dinh eda m¢t hinh thdp xé-djch trén mdt mat phing
song-song vé&l ddy th¥-tich khéng ddl. l

Thit vy, OB va h khéng 41 nén Y khéng &b, tuy ring hinh-
dang cia hinh thip cé thay &b,

2. Coi hai hinh thip T, v T,, Di¢n-tich diy 3 @B,, B,. Chitu
cao 1A }l], hg.

Ta ob:
Q)1 = %. th‘ Qﬂ,:% @2112
Suy ra: _qi’. = @E
‘Uz Qghz
a) Néuh1=h2 thi ﬂl=_<3_!
@b, @B
B NewuBy = B, tn Dihs
Yy hy
C) Néu @1 = Qg va hl = ’lg Hinh 107
th Y, = Y,
Viy thl:

— Ti-s8 th8-tich hal hinh thép ma chi8u cao béng nhau thl biéing
tl-s8 dién-tich day.

— Ti-s8 thi¥-tich hal hinh thip ma ddy twong-dwoeng vél nhau
tht bing ti-s8 chlbu eao.

— Khl hal hinh thdp ¢é6 ddy twong-dwong va chidu eso bing
nhau thl ching twong-dwong vél nhau,
17.9. HINH THAP CVT.

Coi mdt hinh thip SABCDE. Cithinh thip dé bing mét mjt phing
song-song vé&l diy thi thiét-dign 12 mét hinh A'B'C'D'E'".



Khéi ABCDE A'B'C'D'E’ gei 1 mét
hinh thdp cut ¢d ddy song-song.

Khoing cich gifra ddy lém ABCDE
v3 ddy nhé A’B'C’D’E’ goi 1A chidu eao.

Néu SABCDE 12 hinh thip déu thi
ABCDE A'B'C’'D’E’ goi 14 hinh thdp cyt
deu,

Biy gitr cic mit bén 1A nhiing hinh
thang cdn bdng nhau, chidu cao cia mél
mijt bén goi 13 trung-dogn clia hinh thip
Hinh 108 cut ddu,

Ché.y. Hai hinh thip SA’B'C’'D'E’' via SABCDE trong hinh 108
goi 1A hai hinh thip d¥ng-dgng.
SA’ A'B SH’
i-s8 dong-d 13 — hay — hay —.
Tirsd dongdang b o hay S by o

Ti-sﬁlt}is-tﬂc.h biing tam-thira cta ti-s8 d3ng-dgng. ,

17. 10. DIEN.TICH XUNG.QUANH CUA
HINH THAP cyT biu.

BE mijt xung-quanh cia hinh thip cyt
d¥u gbm nhitu hinh thang cin bing nhay,

Goi ¢, ¢’ 1 hai cgnh 4iy, a 13 trung-
doan cda hinh thip cyt térc chidy cao ciia
hinh thang, dién-tich mét hinh thang 1A :

—2I~ (¢ + ¢') a.

Néu hinh thip cyt o5 n m3t ben thi
dign-tich xung-quanh clia né 14: Hinh 109
Cj,=nl_(‘:_+_"_,a=m:+m:'a §m:=chu-vi diy 1én
2 2 nc' = chy-vl diy nhd.
Vi th, ta o6 dinh-1y sau ndy:
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109

D|NH.LY. Dién-tich xung-quanh
cla hinh thép cut ddu, bidng tich-sd
trung-doan véi nira t3ng-sd chu-vi
haf day.

Chu-vi cia thit-didn cich d8u hai
diy bing nira tdng-s8 chu-vi hai diy, nén
ngirdi ta odn doc khic di dt dwroc he-
luin sau:

Di¢n-tich xung-quanh eiéia hinh
thép cut d&u, bing tich-s8 trung-doan
vél chu-vi cta thi¥t-dién esiech déu
haf d4y.

Khi khai-tritn bé m#§t xung-quanb
cia hinh thip cyt d8u bdn mit, ta o6
hiah 110.

17. 11. THE.TICH cOA HiINH THAP CUT.
Ta goi dién-tich hal d4y ciia hinh thip (b //la) &2 B, B’ va
chitu cao 13 h. Cdng-thirc 4 tinh th3-tich clia hinh thip cyt B :

=—;—h($+$'ﬁ-\’$@')

Hinh 1118
Chi.-tich.

Hinh - 111

S thi ta ob khdi thdp ct logi 2 (h. 111b). Lic 46, ta dong ocdng-thirc

sau ndy 42 tigh th¥-tich:

qy=_;_h((3+@—\@7)
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17. 12. THE.TiCH CUA HiNH LANG.TRU CUT DAY TAM.GIAC,

Ta coi mdt hinh ling-try cut, hai ddy '3 hai
tam-giic ABC, A'B'C', cic canh bén 12 AA’ = g
BB =b, CC’ =¢. Goi f 1a dign-tich cia thiét-
di2n thing, Thi-tich clia hinh ling-try cut ddy
tam-giic tinh bing cong-thirc:

b
@:%-dh+b+d=d§i?§

Cong-thirc 46 chi ding cho Ing-try cut ddy
tam-gidic thél. Néu gip lng-tryu cyt diy da-giic
thi ta phdi chia né ra lim nhidu Ling-tru cut diy
tam-glac, tinh thé-tich ciia riéng tirng khéi mdét,
el cing lal. Hinh 111c

BAI TAP

17. 1. Cho mét tam.gibe déu ABC cpnh I3 a, trye-tim I3 H. Trén dudng thdng gde
véimit ABC ké t&r H, t2 13y m¢pt didm S sa0 cho HS = a. Trén dogn HS,
ta coi mét didm M dinh boi HM = x.
1. So.sénh be dogn SA, $B, SC.
2. Tinh dign-tich todn.phln cia hinh thép SABC.
3. Tinh khodng céch tir M t6i SC v t6i BC.
4. Tinh x d2 cho didm M céch dau séu canh cis hinh thép SABC.

172, Cho motkhei td-dién by ABCD canh 3 . Goi P I3 mbt mat phing lru-dng
qus A vd song-song véi CD, Gi s P cMt hsi conh BC, BD & C’va D”,

1. Chéng-td rdng P chén mpt dvérng thidng cé-dinh.

2. Ching-td ring AC'D’ I3 m@t tam.gie cin vé tim  quptich chin-dvdrng
c20 ph#t-xult tir A cis tem.gife ein dé.

3. Dpt BC’= x. Tinhtheo a vd x tdng-+5 binh-phrong cée canh cia  tam.
gife AC’DY, Dinh x d2 cho 1ng.25 binh-phrong dd bdng m3 (m li mgt dogn cho
trrée). Bign-lufn theo m. B

17. 3. Cho mpt tem-gidc ddy ABC, chidu cao 1d AH = h. Trén dopn AH, ta Iy dopn

AH
AO = ‘3—. Tor Q, te ké dirdng thing gée vor mit ABC. Trén déts Ity
dosn OS =BC. Coi hinh thép SABC.

1. Chong-té ring AS tryc-giso v6i CB,
2. Tinh SH, SA, 8B, SC theo h.
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3. T mét diém ] Iy trén doan OH, ta vé mat phdng P song.song véi SO
vé BC. Chirng-t6 rng P cit hinh thép SABC theo m@t hink thang can MNQR. Dt
AJ = v, tinh dign-tich y cGa hinh thang cén d6 theo h vé x.

4. Ve dvong bidu.dibn sy bign.thién cla y khi J vach nén doen OH. .

17. 4. Trong mét mit phdng Q. coi gée xAy= 600, V& dopn AB = s thing gée
v&i Q. V@ BZ song-song cing chidu véi Ay, Trén Ax, I8y mot didm M, Trén
BZ, lay mét diém P. Dgt AM = x va gid-s¢ BP = 2x.
1. Tinh MP v thé.tich cés khéi thip ABMP theo a vi x.
2. Tinh x khi gée cia MP véi myt Q 1 600.
3. Tim quy-tich trung-didm cia dopn MP khi x thay déi.
4. Chéng-minh rng MP song-song véi mét mat phing cé-dinh khi x they doi

TOAN

Ngudi ta col mdt tir-dién ABCD, canh AD thdng gée vél mit
phing ABC va biing 4ajcdc canh ciia tam-gise ABC la ; AB = 3a.
AC = 4a; BC = Ba.

1. Chirng-minh rédng tam-dién dinh A e6 ba mat la ba gée

vudng,

2. Tinh theo a, dién-tich toan-ph#n va th¥-tieh efia tw-dién Hy.

3. Tinh chidu dal h eda duwdng cao ké tir dinh A, vad nghi¢m
lal réng ta c6 ;

1 _ 1 1 1
w= e " aa T am
BAI GlAI
1. Hinh-tinh cda tam-di¢n dinh A.
Vi DA thing géc véi b

mit ABC t.h%p gla-thiét, nén
DA thing géc véi AB, AC,
vi trye-giao véi BC.

Do d6, hal géc DAB vA
DAC 1 nhitng géc vuéng.

Trong tam-gi4c ABC, 4p-
dung jnh-ly dio ciia dinh-ly
Pythagore thi tacé ¢

BC? = AB? + AC?

(25 a® =9a3 + 16a%) Hinh 112

ravi
zaVz 1 -

Sa ja

B
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Ditu dé t5 ring BAC = 900.
Xem thé, tam-dién ABCD 12 mét tam-dién bagéc vudng.

2. Thé.tich cda hinh thép ABCD. Di¢n-tich diy 12

@B = _;_ABxAC = _;_x 3a X 4a = 6a?
Chiu cao 13 AD = 4a.
Thi-tich € cia hinh thip ABCD 1A:

CU=_13_ w 642 X 4a = 8d3,

Dign.tich todn-phin cis hinh thép ABCD.

Ba mjt DAB, DAC, ABC cia hinh thip 13 nhGng tam-glic yudng
géc ma didn-tich lin-lugt 1A 642, 847, 6a3.

Ding tam-gidc DAB, ta tinh ra dwgc BD = 5a
Dong tam-glc DAC, ta tinh ra dwge DC = 402

Tam-gisc DBC 12 mft tam-glic cin, dinh 13 B. K& dwdng cao BI,
tach:
BI’ = BC’ —_ IC’ = 250’ — Ba’ = ‘702

BI = a}/l—7
Dién-tich tam-gide DBC 13:
l

5 Bl nc=% 4aVi.d/T7 =20V34
Ditn-tich todn-phin cf cia hinh thip ABCD Ik
S = 6a° + 8a® + 6a? + 20334
= 20a? + 2a%/34
= 2¢* (10 +V38)
3. Trj-48 chidu cao AH = h cita hinh thép.
The-tich €Y cia hinh thip ABCD c6 th® tinh nhu sau:

m;_; dt (DBC) x AH
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‘v=%241’l/3_4x h

3 Y
Suy rah = 209731 Thé m3 €Y — 8a% nén:
__24a® 120 12034 _ 634
22%/34 V34 34 17

Cach nghigm lgl hé-théec.

V34 K 1448 724
v _.'_ __I_ ‘_ = L + _l + L = M
AB?  AC? ' AD? 922  16a® 16a’ 144a3 -
3417
T 14402 7242
Do 46 L: 1 + ! + 1

h* AB? AC?  AD?

Chi.thich. Xem lai bl todn & cudi bl s8 14, ta biét ring H 13
tryc-tdm cia tam.giic DBC.

TOAN

Cho mdt hinh thép SABCD ; ddy ABCD 1a mdt twr-glée 151
nol-tigp trong mdt véng trdn tdm O, bén-kinh R, ¢6 AB = AD,
CB — CD va BAD — 600, Hal mat bén SAB v& SAD Ia hel tam-
glée can, vudng géc & B va D,

1. Chirng~minh ring AB thdng géc vél mit SBC, AD thing gée
vél mit SCD rél suy rdng SC thing gée vél mat ddy.

2, Tinh theo R di¢n-tich todn-phiin vA th¥-tich cia hinh thdp.

3. MOt mat phdng song vé1 ddy cdt ede ecanh SA, SB, SC,
SD thep thir-ty &E, F, G, H. Tinh SG theo R d¥ e¢é th8-tich hinh thép.
cut biing 19/8 th¥-tich hinh thép nhd,
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BAI GlAl

Khao-sat tir-gidc ABCD.

D6 13 mdt tir-gidc ndl- tiép trong
yong tron (O, R), mhin AC 1am truc
ad1-xing. Vi Bﬁ: 600, nén
BAG— 300 va BCA =600 Ta
suy ra ring AB = AD =RJ3 vi

CB = CD =R

o~ ~
CBA = CDA = 900

Hinh 113

1. Vijrtri cius AB d81 véi mpt phing '

SBC.

Theo trén, ta biét AB thing gée vél
CB. Theo gi3-thiét, ta biét AB thing
géc véi SB,

AB thing géc vé1 BC via BS nta
AB thing géc vol mit phing SBC dish
béi hai dwdng ddng-qui BC, BS.

Ta suy ra ring AB triec-giao véi SC

Chirng-minh twomg-ty, ta biét
ring : AD thing géc véi mjt phing SCD

Hinh 114 va AD tryc-giao vél SC.

Vi-Arf cl'lg SC 431 véi mat-déy.

SC tryc-giao véi AB va AD nén SC thing géc v&i mit diy ABCD

clia hinh thip,

Ta suy ra ring SC thing géc véi CB va CD.

9 Dign-tich todn.phin cés hinh thép SABCD.
" Vihinh thip nél trép cé mét mjt phing déi-xirng r3-rét 1 SCA,

nén ta tinh dién-tich bin-phin cla né trwéc:

dt (SBA) = = BA. BS = S BA.BA =

2
! o ¥
2



nhd L <Y, thi-tich cia hinh thép
cyt 1a €Yy, ta cd he-théng sau ndy:

s

Jt (BCA) = ._;.. AB.BC = % RY3. R = ‘.32’5.

Trong tam-glic vubng géc SCB, ta ob :
SC? ru SB? ... BC? 22 BAY -~ BC? s 3R? .. R? = 2R!

SC =Ry?
dt (SCB) - _; SC.CB ..;_ RVZ. R e B'_%/}.‘

Dién-tich bin-phin cla hinh thip SABCD L ;

IR RW3  RY? R Y
; + =0 +Y3 X
ek A 2 A +V3+Vd

Di¢n-tich toin-phin cia hinh thdp i :
S=2=R03+V3 +V2)
Thé.tioh ctie hinh thép SABCD.
P = ;_ dt (ABCD) . SC

Tr|-o8 cbe SG.
Ta gol thi-tich ctia hinh thip

Y+ Uy W = RUE
W, 19

I 8

Hink \"5
Cvxn qﬁ_ - U+ Y Y

Ta suy ra — — 0
8 19 8 +19 27
u, 8
Dodé - —
g n
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Hai hinh thip SEFGH, SABCD ddng-dang, ti-s6 ddng-dang ]iSG

el }

Ti-s8 thd-tich bing tam-thira cia ti-s§ dong-dangnén ta cb :
3 )

[77] SC 27 3
Suy ra S_G = .2_
SC 3
va SG =ZS_C= _2__ RVZ_ = ZRV'Z—
3 3 3
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Hinh tru va hinh nén

1. B]NH-NGHIA.

18. 1. MAT TRU. HINH TRU.

1. Mat try 1A mit gdy ra bdl mdt dudng thing A chuy¥n-ddng
theo hal di¥u-kién ; ’

— A bao gl citng song-song véi mét phworng d eb-d|nh,

— A dwa vao mdt dudng cong phing (C).

A khong song-song vé1 mét phdng chira (C).

(C) gol 12 durdng chulin hay ddy clua mit try,

A gol 13 dudng sinh.

Qua mél di®m M cia mjt try, chl c§ mdt
dudng sinh ma thdl.

M3t tey c6 thE trirgt tren chinh né theo
phuong d.

Sau niy ta chi khio-sit nhirng mjt try ma
@iy 12 hinh tron, 46 12 nhirng miit try c6 dwdrng
chudn tron. ’

9. Hinh try ddy trdn 12 mdt c8-the gi¢l-
han bd1 mdt mit tru cé dwdng chuin trdn

va hal thi¥t-dién phdng song-song vél mit
duvdng chuiltn.

Sau ndy (18.3.) ta s& biét ring hai thiét-
ditn 46 16n bing vdng trdn chuln, Hinh 116

Hal hinh trdn goi 13 hai ddy. Bin-kinh R c¢a ching ciing gol 1A
bdn-kinh cia hinh try. Khoing cich h gitra hal mjt diy gol 13 chidu
cao cia hinh try.
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18. 2. MAT NON, HINH NON.

1. Mt nén la mat gay bérl mdt duéng théng A chuy¥n-déng
theo hal digu-kién 1

— A bao gltr ciing qua mdt digm cd-djnh S.

— A dwa vao mdtdurong cong phing
(C), mat cla dwdng cong ndy khdng
dung S.

S 13 dinh ctia mjt nén.

A 1 dwdng sinh. M8 vi-trl cia A I
mdt dudng sinh. Qua méi ditm M clia
mjt néa chi cé mdt durdng sinh mi thdl,

(C) 1 dwdng chudn hay ddy cia mit
nén.

Mijt nén gdm hai lép (hay hai ting)
¢ chung dinh S,

Sau ndy ta chi khio-sit nhirng mit
nén m3 diy B hinh trdn, D6 13 nhéng
miit nén c6 dudrng chudn tron, Hink 117

2. Hinh nén déy tron 12 mdt e8-thé giéi-han bél mit 16p cha
mbt mit nén e6 dr¥rng chulin trdn vd mat phdng duwéng chulln,

Bin-kinh R cia &4y 13 bdn-kinh cia hinh nén. Khoing cich tir dinh
&l dy 13 chidu cao cua hinh nén.

3. Hinh nén oyt 12 mbt phlln ctia hinh nén giél-h
mét thikt-di¢n phdng song-song vél ddy. giél-han b ddy va
18. 3. DINH.LY.

Khi c#it m{t try ¢6 dwdrng chuitn trdn héin

g mdt mit phéng song-
song v&l mit dwdrng chulln thl thiét-dién 1a
P M & mdt hinh trdn, 1én bing

Gol P 12 mjt chira dudng chuln tron, tdm O, b
' , bia-k '
13 mjt cit, P’ song-song véi P (h. 116). R ol ?

Puidng songrsong vél dudng sinh, k& t - .
ob-dinh, _ ¢tr O, cit P' t3f aidm O

Gol A 13 mit éRm trén vdng (C). Dudng sinh qua A cit P’ tal A"
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00’ song-song v&i AA’, ching dinh dirgc mét mit phing, vi mit
phing dé cit hal m?“ song-song P, P’ theo hal dirorng song-song OA, O’A’.

Nhw thé OAA'O’ 1a mét hinh binh-hinh, Do 86 O’A’ = OA =R.
Quy-tich ciia A’ {3 mot vdng trdn tim O, bin-kinh R dyrng trong miit P',

Tém lai, P’ cit mjt try theo mot vong trdn 16n bing dwing chuln,

18. 4. BINH.LY.

Khi edt mdt mat nén eé dwdrng chuiin trdn biing mét miit phéing
song-song vé&l mat dwong chuéin thi thlét-dién 14 médt vdng trdn.

Col mét mit nén dinh S, dwong chuln trdn (C) dyng trong mit
phing P. Ta cit né bing mit phing P’ song-song vél P. Goi A A
mjt didm LKy trén duwdng chulin (C) ma tdm 1 O. P’ cit SO, SA tai 0", A",

Mijt phing SOA cit P, P’ theo hai
glao-tuyén song-song OA, OA' ; hai tam-
glic ddng-dang SOA, SO'A’ cho ta:

oA SO’
OA SO
SO’
S a O'A' =OA —_—
wor * 50

Kht durdng sinh SA thay ddi thi OA
khéng &3, SO’ vi SO ciing khéng ddi.

Do 6, O'A’ 12 mdt hing-s§. Vay A’ vach w
nén mat vdng trdn (C'), tam O’, bin-kinh

O'A’. Dit OA =R, OA’' =R’ Hinh 118
R SO oo, . .

ta & — =-—-=—, k'vid h 12 khoing-cich tir S dén P’ vA P,
R SO h

Néu ta iy hinh giéi-han ' bdi mijt nén va hal mjt phing P va P’
thi ta diwrgc mét hinh ndn cut ddy trdn song-song. (C) va (C’) gol 13 hai
ddy, khodng cich giira hal diy gol 1A chi¥u cao.

18. 5. MAT TRON XOAY.

Xét mot dwdng cong (C) va mét duwdng thing x'x ciing dyng trong
mjt phing P. Khi mjt phing P quay quanh x'x thi (C) gly nén mft
‘mit, gol 12 mfit tron xogqy mai tryc 1A x'x,
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Mé&1 vi-tri clia (C) goi 1 mot kinh-tuyén cia mit trdn xoay.

Méi di¥m M cla (C) vach nén mdt vong tron mi truc 1A x'x.
Nhirng vong trdn giy bdi mél diém caa (C)
2ol 13 nhitng vi-tuyén cita mjt trdn xoay (h.1]9).

M3t phing niao chira truc dwoc gol 12
kinh-dign cia mijt tron xoay.

I. Mat try trdn xoay 13 mit giy béi
mét duwdong thing song-song v&i truc quay khi
n6 quay quanh tryc 46 (h. /20a).

2. Hinh try trdn xoay 12 méthinh gidi-
han b& mdt mjt try trdn xoay vi hal thiét-
dién thing géc vél tryc quay. Hinh 119

"Cé thE coi hinh try trdn xoay 1A c3-tht giy nén bdi mot hinh chir-
nh4t OAA’O’ khi né quay quanh mot caph (00') (h. [21a).

3. Mat nén trén xoay 12 mt mjt trdn xoay gy ra bid mét
durdng thing quay quanh mét tryc b cit dudng thing 3y (h. 1200)

4. Hinh nén trdn xoay
12 mot c8-tht giy ntn bdl
mét tam-glic vudng géc quay
quanh mét canh ciia géc vudng
(nhtr AB). Géc CAB goi A nika
géc dinh. Canh AB 13 dwirng
cao churdng chl bing h), canh
AC 1i trung-dogn (thudmg
chi bing a) hay dudrng sinh
(h. 1210),

5. Hinh nén cyt trdn
xoay 1A mdt phiin ctia mijit nén
tron woay giéi-han bdl hal
Hinh 120s Hinh 120b mjt phing thing géc véi tryc.

_.Cé th? col hinh nén cut trdn xoay 13 mdt ci-thd gly bé&i hinh
thang.vum g6c OO’A’A quay quanh dwdmg cao OO’ (h. 121¢).
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Canh OO’ gol 13 dwdrng cao cia hinh nén cyt (thudng chl bing h).
Canh AA’ gol 12 dudng sinh hay trung-dogn (thudng chi bing a).

(cho.nhit  (tam-gldc vuéng-gdc) (hinh thang vubng géc)
Hinh 1218 Hink’ 121b " Minh 129

2. DIEN-TICH XUNG-QUANH.

18, 6. DIEN.TICH XUNG.QUANH CUA HiNH TRY TRON XOAY.

Ta col mét hinh try trdn xoay, bin-kinh 44y 13 R, chidu cao 1A A.
Ta hiy tudng-tweng ring hinh try dé dirge rach ra theo moét dudmng
ginh. Ta gidi b? mjt xung-quanh lén mét mit phing. Glii b¥ mit xung-~
quanh 18n mét mjt phing goi 1A khai-tridn b2 mit xung-quarh. Ta duec
mot hinh ch@-nhjt mi hal chitu 13 2aR vd A, Dién-tich xung-quanh
ctia hinh tey trdn xoay 1A

duq = Z"Rh

DINH.LY.
Dién-tich xung-quanh cia hinh try trdn xoay biing tich-s8
chu-vl ddy vél chidu cao,

2R

S.z'q: ZHR’I

Hinh 122
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18. 7. DIEN.TICH XUNG.QUANH CUA HiNH NON TRON XOAY.

Ta coi mdt hinh nén trdn xoay, bin-kinh 44y 13 R, trung-doanli a,
Ta hiy tuéng-twreng ring hinh nén d6
duoc rach ra theo mét dwong sinh. Ta
glii bé mit xung-quanh lén mét mit
phing. Ta dugc mét hinh quat tron
m3 bin-kinh 1A a, cung 1d 2= R,

Chu-vi cia vdng trdn chira hinh
quat 13 2ng, Dign-tich cla hinh tron
46 1A na®. Ta suy ra bing mét qui-tic
tam-xuit ring di¢n-tich cita hinh quat
(tc dién-tich xung-quanh cda hinh
nén) 13 ; Hinh 123

2nR

g = na® X 2 — nRa
2na

d.lq = aRa = T(Z"R)

Vay ta cb dinh-ly niy:
DINH.LY. Di¢n-tich xung-quanh cda hinh nén trdn xoay biing
nira tich-s8 chu-vl ddy vél trung-doan.

18. 8. CHU.Y.

N€u dang dé lam don-v| thl géc & tAm cda hinh quat tinh theo
cdng-thire

a

- Céng-thirc ndy cho phép ta tinh mét trong ba 36 «¥ R, a khi biét
hal s§ K. Thit viy:

360° o?
b

a= X R R=tagx
’ 360°
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13. DIEN.TICH XUNG.QUANH CUA HiNH NON CUT TRON XOAY.

Coi mét hinh nén cyt trdn xoay, trung-
doan 13 a, hal bin-kinh 1A R vA R". B¥ tinh
dign-tich xung-quanh clia né, ngudi ta dong
cdng-thic :

Sxgq=7"(R+R)a

Ta viét duoc:

d’xq=(ﬂ’R+ﬂR') ¢=2_RR_-;2_RE a

Do 46 ra duge dinh-ly ndy:

DINH.LY. Dién-tich xung-quanh cta Hinh 124

hinh nén cut trdn xoay biing tich-s8 trung-doan vé&i nira tSng-sd
chu=-v{ hai ddy.

Ché.y 1+ Gol £ 1A bin-kinh ciia thiZt-di¢n cich déu hal diy, ta cb:
L_R4R
2

Vith!: d.q:ZﬂP.l

hay R+ R =27

va ta o6 hé-luén ndy:

Dién-tich xung-quanh eda hinh nén cut trén xoay bing tich-s3
trung-doan vdéi chu-vl clia thiét-dién cdch ddu hai ddy.

3. THE-TICH.

18. 10. DINH.LY.
1, The-tich cda hinh try biing tich-s8 di¢n-tich ddy vé&i chidu cao.
Gol bin-kinh ddy a R, chitu o A A, tacd:

‘U:nR‘h

2 Thi-tich c@a hinh nén bing 1/8 tich-s8 di¢n-tichddy véi
chidu ceo.
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Goi ban-kinh ddy ia R, chitu ca0 13 1, ta ¢b:

’ w-Lagren
3

3. Néu phii tinh thd-tich clia hinh nén cut, bin-kinh diy A R, R",
chiéu cao la A, ta dung céng-thirc :

18. 1.

18, 2,

l‘U:%Nh(R2+RR'+R’Z)

BAI TAP

Hay dinh m¢t RInh try tron xoay khi ngwéita cho biét ba dwdng sinh (nén
ding mét thiét.dién thing).

Cho hai drdng thdng song-song D1, Dy. Tim qup-tich nhitng dwérng thing
Dy, biét ring nhj.dién hop boi hai_mgt phadng (D1, Da) vé (Ds, Dy) I3 nhj-

dién vuéng géde.

18. 3.

18, 4.

18. 6.

17. 8,

18. 8.

18, 8.

xvdy,

Cho mét dwrdng thing D. 'm qup-tich nhitng didm M, biét ring khodng chch
tr Mt6i D I R.

Cho hai duérng thing song.song D1, Da. TNim quj-tinh nhing didm M, bist
r3ng 1i.s5 khodng cdch t M t6i D1 v8 Do 18 k ( = hdng-s8 khée 1).

Cho mét m@t try (T) trén d6 ISy mgt dwcng sinh D. Chll?ng—mim‘r rdng mt m§t
phing P phét-xubt tir D c8t mit try theo mpt dudrng sinh khéc.

Cho mt mit try trdn xoay. Tir mpt didm M, ké hai cét-tuyén MAB vi MCD,
mdi cit-tuybn tpo v&itryc cle mit try mét gdc a. Chiéng-minh ring

MA . MB = MC . MD.

Tinh chidu cao h cio mét hinhtry trdn xosy ~ bist "dign-tich xung-quenh s vi
dign-tich - todn-phin S.

Tinh dign-tinh todn.phdn S cte mot hinh try trdn xody bist thd.tich V vé bén.
kinh R. ’

Cé mt hinh chir-nhit, conh lé x, y. Cho né quay mét epnh thi thd.tich géy nén
18 V1 ; cho né quay cpnh k¥ voi canh néi trén th thd.tich gdy nién [a Vg Tinh
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18. 10. Bi#t rng dign-tich xung-quanh cia hei hinh try trdn xosy tvong.dvong véi

nhau, tinh t1.s8 thé-tinh cte ching.

18. 11, Biét réng thd-tich cis hai hink try trdn xoay trong-drong véi nhau, tinh
ti-s8 dign-tich xung.quanh ctin chang.

18. 12. Cho mét hinh chd-nhft quay quanh mét dwdng th8ng song-song véi mpt canh

v ndm trong m¥t phdng cle hinh chi.nhit vé khéng xuyén qua chi-nhit,
Chéng-minh réng thd.tich do hinh chir-nh§t gy nén bng tich-s8 cia dign-tich hinh
chz-nhft v6i chu.vi ciia vdng trdn gsy boi t5m hinh chd-nhit.

18. 13. Cho mét dudrng thdng D v mét didm O & ngodi D. O via D dév cb-dinh,

1. Goi P I3 mot mét phdng lru-déng nhuwng ;o;vg—:ong véi D, Tim qu?—t;ch
hinh chidu cie O xubng P.

2. Goi A I8 mot duwdng thing lru-dfng nhung cdt D vi thdng géc véi
D. Tim quy-tich (S) cie hinh chibu cie O xubng /. Giso-tuyén cita qup-tich 8 tim
thy & csu tr8énvd & céu ndy I8 dirdng ndo 7

18, 14. Cho hai dirdng thing Ox, Oy. Cpi P, Q Ia hei mat phlng [3n.lrot chis Ox
vé Oy. Gid-str P thing géc v&i Q. Tim quy-tich giso-tuyén cie P vd Q. (Nén
dong mét mét phdng thdng géc v&i Ox hay Oy).

18. 15. Khi khsi-tridn b2 m¥t xung-quanh cia mft hink nén trdn xosy, ngudits duge
mét nira vdng trdn, bén-kinh a. Tinh bén-kinh ddy vé chidu cao cie hinh nda d46.

18. 18. Khi khai-tridn b8 mBt xung quanh cie mét hinh nén tron xosy, ngudrlta drgre
mt hinh quet trdn, bén-kinh 8 em, gée dinh 1§ 2400,
Tinh chidu ceo, dign-tich todn-phdn va thd-tich cda hlnh nén dd.

18, 17, Tinh thd.tich V cte m@t hinh nén trdn xosy bikt dign-tich todn-phin S vi
trung-dogn o,

18. 18, Tinh thd.tich V cia mét hinh nén tron xoay biét dign-tich todn.phin S va
chitv cso h.

18. 19. Gol V, V/, V*” lanleot 13 tha.tich gy boi tam.gidc vubng gde khl nd quey
quanh cenh huyn va hei epnh ede gde vubng. Chéng-minh ring :

1
_1, 1

1
viTv2Tva
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18, 20. Cho mpt mpt-gise diu, trong-tsm (s O. Gpi D i mot durirng thing song-song

véimpt canh cia tam-giéc, ndm trong myt cda tam-gide vi khéng xuyén que
tam.gide ; chirng.minh rlng thé-tich gdy bdi tam.gisc ABC khi quay quenh D bing
tich-36 difn.tich tam.gide v6i chu-vi eda ving trdn giy bdi O.

18, 21, Cho mét céi binh hinh nén cyt trdn xoay, bén-kinh hai déy lin-Iwgt I6 2m 50
vé Im, chidu cao 3m. Ngudite muén chia binh lim hai ph3n tvong-dvong
bing mft mat phing thing gde vé&i trye ciha hinh nén eyt Héi ;

1. Véch ngdn d¢ céch mdi dby bao nhiéu ?
2. Bén.kinh cia véch ngdn hinh tron dé.

18. 22, Mpt céi chup dén hinh nén eyt, bsn-kinh déy nhd vé déy I6n li 1 vé ry,

dudng sinh I3 a, chiBu cao I8 h, C3t mit nén theo mit dvdng sinhvé gidi -
ra trén m¢t myt phdng. Hei dudng tron dby trd thanh hai cung mi géc & tim la 909
va bén.kinh nhiing durdng tron chire hai cung 8y lin.vot 1§ Ry vi Ra. Tinh theo
Ry viR; ;

v r. rpvé a

2. dign-tich S eda chyp déns

3. b

4. thé-tich cia hinh ndn cyt mé bd mit xung-quanh 1§ chyp dén.
18, 23, Cho mét vong trdn tsm O, J;r&ng kinh AB = 2R, ké hai tifp-tuyén Ax. By

¢ A vi B. Goi M I8 mpt didm lru-dong trén vdng trdn. Tifp-tuyén toi M
cit Ax, By lin-lrot t3i P, Q. Dt AP = x, BQ = y.

1. Chéng-minh rdng AP. BQ=R2.

2, Trung-tryceia AB cBt PQ toi L. Dot OL=mR (m I mpt s8 dvong
cho sin). - ' : :

Viét mpt phuong.-trinh bje hei mé nghigm-s8 1é x vi y.
Gidi phirongdtrinh d6 trong trrdng-hop m = 2.
3. Tinh PQ theomva R.
. 4. Cho hinh theng APQB quay quenh AB. Tinh difn-tich toén-phin cia khsi
géy nén, theom vi R.

18, 24. Cho m¢t hink nén tron xoey (C), dink S. Déy L mpt vong tim O, ‘bén

kinh 3 em. Chiu ca20 SO bing:dem. Trén dogn SO, ISy mpt didm O, r8i tir-
O’ ké mdt phing song-song véi mit déy. Thikt-difn d6 chis hink nén (C) think mét
hinh nén (C1) vé mt hink nén cyt (Cy). Dt SO'=x
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1. Ching-minh tdng thi#t-dign s mét hinh tron. Tinh bén-kinh cde hinh tron
do theo x.

2. Tinh chisu di cﬁr&ng sinh cda (C) va (C1). Tinh dign-tich S. S1, Sa vi
thé-tich V, Vi, Vy cla cée e6.thd (C), (Cy, (Cy).

3. Khio-sht sy bidn-thién coa Sy va S2 theo x« V& hai dudrng biduedidn vio
mét dé-thj chung. '

4. Hai dvdng bidu-didn trén cdt nhay tpi mét didm l; Hoinh-dp xp cia | Ii
bao ? Ding hinh-hpe d3 va dopn xg. V& hinh nén (C) vi thi&.-dign ing
Vi tri-s6 xo.

Khi x = xq tinh ti-s8 % réi suy ra ti-s6 —VV:
18, 25, Cho phuong-trink : x2 — (m — 1) x + m + 2 = O.

1. Tinh m d& pheong-trinh c6 hai nghigm.16.

2. Trén mpt tryc x'Ox, Ify hai didm M’ vs M", OM’ = x', OM” = x"
(x’ vé x”* li hoi nghigm.s6 cia phuong-trinh).

V& vong (C’) tim M’, bén-kinh MO, ; v& vong (C”) tam M’’, bén.kinh M”°O.

Nim digu-kifn cho m d& hai vdng dé6 tilp-xie ngosi.

Hai vdng dé ¢6 bing nhau mé khéng tring nheu dvoc khéng ?

3. Gids> (C°) vé (C”) tidp-xic ngodi. Ké tidp-tuyén chung ngodi T‘I”.
Theo m, tinh T'T* va dign-tich gay béi dopn M’M’’ khi né quay quemh T'T”.

TOAN

Cho mét hinh nén cut trén xoay, ddy la hal vdng trén (C), (C),
tdim O, O’, bédn-kinh R, R’ (R > R").

N6 ngoai-tip véd mét hinh citu dirdng kinh 00°. Gol C" 1A
vdng H¥p-xiic edla b8 mit xung-quanh cta hinh nén vd hinh clta.
Gol R" I bdn-kinh cia vdng C". Bt 00' = h.

2 1 1

1. Chlh'lﬂ-tb rﬂng h2 — 4RR’' va F;: ? + R—'

2. Khal-tridn b$ mit xung-quanh ciia hinh nén eyt thi dirgre
hal cung trdn bén-kinh X va X', gée dinh \ng vél cd hal cung dé
12 2. Tinh X va X". Tinh a biing radian khi R = SR"
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BAl CGIAI

1. Hé.thirc hz = 4RR"

Cht hinh nén cyt vi hinh ciu bing mdt mit phing chira 00, ta
duwoc mdt hinh thang cin AA'B'B
(44y nhd 1A 2R’, diy lén 13 2R,
chity cao 13 OO’ = h) vA mét vong
tron dudng kinh 0O’ nji-tiép trong
hinh thang can 46.

00’ 1A tryc d8i-xing cia hinh
vé phing.
Ta ha AH thing géc véi BO.

Hinh chit-nhit AO'OH <cho ta
AH = h, HO =R, Hinh 125

Ap-dung dinh-ly Pythagore vio tam-glic
vudng géc AHB, ta ¢b:

AB? = AH? + HB? m
~ Gol M 1A tiép-di¥m cia AB véi véng trdn,
tacd: AM = AO' =R, BM = BO =R
Viy AB=AM + MB=R' + R
Ngodira AH=4 vi BH=R-—R.

BH R O Hi-thirc (1) thinh ra:
Hinh 126 R+ RP2=Hm4+ [R—-R)
R? 4t R? + 2RR' = A? + R? + R'? _ 2RR’
Suy ra: " h? = 4RR
Hé-thirc 2 = 1 1

"R TR

Ha MI thing géc véi OO'. MI 1 bin-kinh cia vdng ti€p-xic (C)
ctia hinh nén vi hinh ciu. V§y MI = R",

Gol J 1A trung-&i¥m cia 00'.
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Hai tam-giic d¢d6ng-dang ABH, MJI cho ta:

AB _ AH (M]_ 00" h)
M] MI 2 2
hay R_ﬂ;%‘; thiclh 2(R +R)R" = 13

b
2
Nhung k% = 4RR’ cho nén 2 (R + R’) R” = 4AR’

Suy ra E=R+_R'; 2 =._l. +L
R* R.R R" R R

2 Céch tinh X va X',

Khi khal-tritn b¢ mit xung-quanh ctia
hinh nén cuyt thi ta dwoc mét phin hinh
vinh khin nhu & hinh bén cgnh.

Hal cung giéi-han clia phin hinh vinh
khin 46 cb s§ do 1A 2aR’ vd 2nR. Tim
cia nhirng vong trén chira 2 cung d6 3 S,
goi bin-kinh nhirng vong 46 3 X' va X
(X > X'), géc dinh clia nhing hinh quat
1A a.

Céng-thirc d¢ tinh a bing radian 1i: Hinh 127

a=2n .I;' (481 v&i cung nhd)

a=2n % (481 v&i cung lém)

Nher d6,ta o6 = X
X~ X

R_R_R—R_R—_R_R—_FR
Tasuyra —_—— = = =

X X X—-X AB R+R
o ds x_RR+R) 4 R R+R)

R—FR - R—FR
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Cinh tinh « khi R == 2R".

Cong-thérc vira tim thiy cho ta (khi R = 2R’):
RR+R)_R IR o x RER4R)
R--R' R’ R—R

RI
ThEmya= 20 =2xr —— n
mE= TR

p g
' én a = _Z:Z;_ radian.

TOAN

Cho mét hinh tam-gldc déu ABC, canh bing 2a (a = dogn eho
séin). Gof 0 14 tAm vong trdn ndi-tiép. Cho hinh va quay quanh dwrdmg
cao AH thi tam-gldée ABC sinh ra mét hinh nén trdén xoay, vidng
trén ndi-ti8p sinh ra mét hinh citu ti¥p-xic vél b8 mat xung-quanh
va b& mat ddy cda hinh nén. Ta gol (S) la cd-th¥ & trong hinh nén
vid & ngoal hinh cllu. Ta edt (S) bing mdt mét phing thdng gée v

AH tal mét aidm K, Bat AK — x.
1. Tinh dign-tich y cia thift-dién.
2. Bl¥n-thién cla y theo x. Buwdng bidu-di&n.
5. Binh x d¥ cho y = {22 Ia 88 cho sén). Blén-lugn,

BAI CIAI

1. :Dlén-tiell y cie thift-dign.

Ta col tam-gic ddy ABC (canh bing 2q) vi vong tron ndi-tép O,
Nhe tinh-chit cita tam-giic d¥u ta biét: :

2 2
AO = 31 AH — ‘2ay3
OH= a3

3
Al —- aVS

3

(I 1 gigo-didm thir nbi cia
HA véi vong 0). Hinh 128
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Ta coi phin bé mit gac chéo, & trong tam-glic ABC via & ngodl
vdng tron O.

Ta k¢ mot duwong thing géc véi AH tai K, né o6 the cit vong O
tal M, M’ vi cit AB, BC tai N, N.

Khi ta cho hinh vé quay quanh truc AH thi tam-giic ABC giy nén
mdt hinh nén trdn xoay, vong tron O giy nén mdt hinh ciu, vd b mit
gac chéo giy nén c8-the (S) & trong hinh nén v3 & ngoedi hinh ciu.

"Hai di¥m M vi N gy nén nhifng vong trdn tim K, bin-kinh KM,
KN vi nim trong mit phing thing géc vol AH tai K.,

Ta hiy tinh dién-tich hai vong d6. Hitu-s8 hai didn-tich 45 13 disn-
tich y ctia thiét-di¢n mi ta mudn tim. (K phdi & tréa doan IH).

Duing tam-gidc vudng géc AKN, tacd:
KN — AK tg 300 — "V3

Trong vong O, tachd:

_ a}/3
KM? — KI x KH | I =AK—Al=x—

KH = AH — AK_aV3_-x
Tacs: y = n KN — y KM?
y = = (KN? —KM?
,—f._(_xz+‘1¢;/_37 x-—a’)]

| 3

[ 4x®  4ay3 z]
=" _— — == X a

| 3 3 +

y=

B —
31 4 — day'3 x + 3a2]

Trong truwdng-hep mi K & trén doan Al, takhéng cb vong (K,KM)
dign-tich y rit lal chi cdn IA:
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Tém 1ai: o
a) Néu K & trén doan Al tirc 130 L x £ _,.;M.
y=n KN?= % x*
b)) Néu K & trén doan IH, tirc 13 ‘i;j< xZ ay'3 thi:
y = (KN —KM?) = = (4" — dav 3z + 30)

Q2. Bi€n-thién ciie y. Dudng bibu-dién.
a) Oéxéﬂ‘/_a Ay=lxz
3 ' 3
y 1A mét ham.sé bac hai don-giin cGa x. Trong khoing mai ta di
dinh cho x thi y dong-bién, Puirng bidu-dién 1A mét cung parabol ; parabol

ndy nhin géc toa-dd lim dinh v3 di qua di¥m ( x= i; y= ,,;a)

x |0 / av3
- - 3
» o P n o
N 9
b ._"‘;_3<xéa‘/3_ y=%(4x’—4av/3—x+3a’)

Dgo-him 1B y’ = l (8x —4ay 3)

Nghlem-sﬁ cla d@o—him Bx = al/3

Luc x—aV3 thi ) =0 va y=0.

‘Béng blé'n-thxén $ _
.| 23 &3 a5
y — 0 + |
y %‘2 N 0 V. ngd




Dudng bidu-dién 13
mdt cung parabol.

3. Cach dinh x dé cho
Y — F.

Ta vé mdt dwrdng
thing A nim ngang mi
phwong-trinh 13 y = £
(hing-s8). Hodnh-49 giao-
di¥m cia A véi dudng
bidu-dién 1 te|-s8 cia x
mi ta phal tim. Bing biza-
ludn duroc 43t ngay bén
do-thi.

Ta'

=|
aN

75

133

56 nghiém 6

+@

|

Taf
K3

=

av’
3

alf 30

Nl%

Hinh 129

| (z-al
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Hinh ciu

1. PINH-NGHIiA.

19. 1. DINH.NGHIA.
Hinh ciiu la quy-tich nhirng dlém trong khéng-gian edch déu mot
dI¥m ed-dinh.
Di¥m c8-dinh &6 golla tdm ; khoang
cich tir tim dén méi ditm trén hinh ciu
1 bdn-kinh.

Mdt hinh ctu dwg'e dinh ré biing
tdm vé bdin-kinh ela né,

Coi hinh ciu tim O, bin-kinh R.
Mot dring thing di qua O, cit hinh ciu
tal hal ditm A, A', OA’ = OA =R.

AA’ goi 12 mot dirirng kinh.

Hai di¢m nhw A, A’ gol 1A hal di¢m
d6i-tém hay xuyén-tdm-dai. Hinh 130

19. 2. QUY.TiCH.

Cho mdt doan ed-dinh PQ. Tim quyg-tich nhirng diém M, biét
réng M nhin PQ dwél mét gée vudng.

Gol O 1a trung-ditm PQ (h. /130). O c8-8inh.
Trong tam-glic PMQ, MO 1A trung-tuyén, Mt di¥u-kién &t cé va dd
& cho gbc PMQ vubngh MO = %2 — hing-s3.

Quf-tich clia M 13 hinh ciu tim O, bin-kinh 1323 tirc 1A hink cu
&urdmg kinh PQ.

VAy hinh citu dréirng kinh PQ 13 qui-t‘ieh nhirng d1¥m nhin doan
cl-dinh PQ dwél mdt géc vudng.
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19. 3. S TRON XOAY CUA HiNH CAu, )
Khi mdt vong trdn quay quanh mét durdng kinh thiné gdy nén mét
hinh ciu.
Viy : hinh cdu la mgt hinh trdn xoay.
Ta sé lgi-dyng sy trdn xoay 46 ‘dt
khio-sit nhitu diéu v sau,

19. 4. Sy BOLXUNG CUA HiINH CAu.

Tam O 12 tdm d8i-xirng cta hinh ciu.
Trong hinh ciu, bit-cir dwing kinh nio
ciing cb the dung 1Am tryc d8i-xirng; bit-cir
mit phing ndo qua tim O ciing o6 thE ding Z
1Am mdt déi-xikng. 4

Mot mit phing &l qua tAim duege goi k,
14 mdgt kinh. Hiah 131
19. 5. MIEN.

Mot hinh ciu chia khong-gian ra Am hai mién: mi¥n trong vi mién
ngodi. Mi¥m trong 13 mi¥n cé chira tdm, I

— Né&u OA =R thi A nim trén hinh ciu,

— Néu OB > R thi B n3m ngodi hinh iy,

— Néu OC < R thi C nm trong hinh ciu va ddo lgi.

2. TIEP-TUYEN — MAT PHANG TIEP-XUC.

19. 5. DINH.NGHIA TIEP.TUYEN.

Col mft mjt cong (S) trén 46 cb5 mit

4udng cong (C). Gol M 13 mit 4i¥m ob-
;@inh trén (C) vi goi N A mét di¥m leu-déng
trén (C). MN 13 mdt cdt-tuyén ciia S.

Cho N tién t&i M. MN tifn t&1 vi-tef
gidi-hgn Mt Mt gol 13 tidp-tuyfn clia dudmg
cong (C) tal M. Ta nél ring: Mt 13 tidp-

Hinh 132 tuyén ctia mdt cong (S) tgi &idm M.

19. 6. DINH.LY.

Nhirng tiép-tuy¥n cha mdt hinh ciiu O tol mét dism M d¥u ndm
trén mot mat phéng. D6 la mdt P thing géc vé1 ban-kinh OM tel M,
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Col hinh ciu O trén 46 c6 mot didm M.
Goi (C) 1A mdt dudng cong di qua M, vE trén
hinh ciu. Xét cit-tuyén MIN, Tam-gidic OMN
cin vi OM = ON. Go¢i I 12 trung-ditm MN.
Ta bi¢t ring OI 1A dudng cao clia tam-gidc cin
OMN.

Khi N tién t61 M thi I ciing tién t&i M.
MN ti#n t&i vi-tri Mt, ti¥p-tuyén cta hinh ciu
tal M ; OI tién té&i vi-tri OM, géc vudng OIN
cb vi-trl gidi-han 13 g6c OMt, viy OM thing
géc v&i Mt (k. 133). Hinh 133

Qua M, c6 v8 88 dudrng cong (C) nén cb v3-s8 tidp-tuyén Mt,

T4t ci céc tiép-tuyén Mt déu thing géc
vél OM tal M. Quf-tichcia M: 13 mit
phing P thing goc véi OM tal M. P goi 3
mit ti¥p-xde cta hinh ciutd M (h. /34).

19. 7. CHU.THICH.

Nguwd1 ta chirng-minh ring tal méi
di¥m M cta mét hinh try hay mét hinh
nén, c6 vd-sd H¥p-tuy¥n vd nhang tidp-
tuy¥n dé cing ndm trong mét mit phing.

Hinh 134 Mat t¥p-xiic dé dwge djnh bél dwdng
sinh di qua M, va tép-tuy¥n cia dwirng chulin tal nol ma duwdng
sinh d6 ciit dwdrng chulin,

3. SU TUONG-GIAO CUA MOT HINH CAU
vA MOT MAT PHANG.

19. 8. DINH.LY.

Glao-tuy¥n (dydrng twrong-giao)
cla mdt mat phdng vd mdt hinh eltu
12 m{t vdng trdn, Tam elia vdng trdn
d6 1A hinh chifu gda tdm hinh cllu _ N\ P

xubng mit phéng. @
Ta.col mjt phing P vi hinh ciu S——

(S), tam O, bin-kinh R. Gol hinh chitu

cliatim O xuéng P li H, D¥t OH =4, Hinh 135
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Liy mét 8itm M trén P, tam-giic vubng goc OHM cho ta:
OH? + HM? = OM? (n

Ddo lgi, n&u ¢ he-thire (1) thl
géc OHM = 900, OH | HM va M nim trong P.

Di¥u-kign dt c6 va dit 4% cho M & trén hioh ciu 13 OM = R. Hé-
thirc (1) thinh ra: d + HM? —- R?

HM2 = R? _ ¢*

— V& dRukitn R>d, a 6 HM = VR? — d7 — hing-s8.

Quy-tich cia- M 13 vong trong tim H, bin-kinh 3 VR? — &3,
dvng trong P.

— Néu R = d thl HM = 0, vong tron rdt ld 13 mét di¥tm H. Ta
néi ring mit phdng P vi hinh ciu (S) tidp-xde véi nhau tal H.

— N#uR < d thl khéng tht tinh dwgc HM, nghfa 13 P vd (S)
khéng 6 d¢i¥m ndo chung. Ta nél ring mjt phing ¢ ngodi hinh chu.

— Nud=0thi HYOWHM=VR & =VYRR_0 = R
Vong tuong-glac cia P va S 13 mét vong tdm O, bin-kinh R. Ta gol
vong iy 12 mét vong lén cia hinh cliu ; vong 4y 1én hon nhlrng vong
trong-glao khi mi mijt phing P khong &1 qua O, gol 1A wdng nhd.

19. 9. V|-TRI Ti.DO1 CUA MOT MAT PHANG VA MOT HiNH CAU.

Sy khio-sit & trén cho ching ta
két-lugn ring : Cd ba vj-trl ti-d8i giita
mot mde phdng va mgt hinh cldu:

— hojc ching cdt nhau theo mdt
vdng trdn.

— hojc chdng tifp-xic vél nhau
tal mot di¥m.

— hojic mjit phing & ngodi hinh

Hinh 136 ciu.

19. 10. V.TRI T1.061 CUA MOT DUONG THANG VA MOT HINK CAu.

Col hinh c3u (O, R) vi dudng thing D. Mjt phing (O, D) cit hinh
Au theo mft vdng on (V). Khio-sdt vi-tri tl-46l cta hinh ciu (O) va
dudrng D rit iyl 1 sy khio-sdt vi-tri ti-381 ciia vdng (V) vi dudmg D.
D ob th® khéng cit, tiép-xic, hay cit (V) tal hal 4i¥m.
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Khi mét dudng thing cit mét hinh ciu thi chi cit dwoc tai hai
ditm lam cing. N6i khic di, ba dim & trén mot hinh ciu khdng khi nio
thing hang duogc.

4. VONG TRON VE TREN HiNH CAU.

19.11. DINH.LY.

Qua ba di&m 1y trén mot hinh ellu, ta chi c6 thé vé duwo'ec mdt
vong tron théi,

Ta di biét ba diem A, B, C cfia mét hinh ciu khong thé thing
hing. Viy ching dinh dirgc mét mit phing, Mit phing 46 cit hinh ciu
theo mat vong trdn (V), (V) chinh 13 vong tron déc-nhit di qua ba digm
A, B, C.

19. 12 HE.LUAN.

1. N&u mét vong tron ¢6 ba diém n&m trén mét hinh ciu thi né
hoén-toan ndm trén hinh ciu dé.

2. Néu mét vdng trdn khdng ndm trén modt hinh chiu thi né ch]
¢6 the cit hinh ciu tai hal di¥m la edng.

19. 13. DINH.LY.

Qua hal diém khéng d8i-tdm ciia mdt hinh ciiu, ta ¢6 thE vé
dwore mdt vong 1é'n chl modt thél,

Thit thé, hai di¥m khong d6i-tdm A, B vi tim O ca hinh ciu dinh
mét mit kinh déc-nhit. Mt 46 cit hinh ciu theo mat vong 1én ddc-nhit,

19. 14. HE.LUAN.

Hal vong 16n cia mét hinh ciu cidt
nhau tal hal digm d3i-tam.

Thit thé, hal mjt phing chira hai vong
lén 13 hal m3t kinh, Hai m3t kinh 46 cit
nhay theo mat dudng thing 41 qua tim,
Viy glao-ditm ctia hal vong 1én 13 hal diu
cia mét dudng kinh. N6i khic di, ching
13 hal 4i3m &&i-tam. Hinh 137
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19. 15. CY'C CUA MOT VONG TRON VE TREN MOT HINH CAU.

Col mft vong trdn (V) vE trén mét hinh clu. Tryc cia vdng tron
a6 cit hinh ciu 31 P, P'. PvA P’ gol 13 eye cita vong (V).

Tryc PP’ &1 qua t4m H clia vong (V), vi qua tdm O ciia hinh Au.

Khodng cdch tir m{t di¥m M &y trén mot vdng trdn vé trén
mdt hinh cliu t&] mdt ewo 1a mit dogn khdng dbl,

Thit vy, P alm trén tryc ciia (V) nén P
cich dtu mol &41¥m cda (V).

Khodng cich PM gol 13 ban-kinh cye.

Mél d3m M & trén (C) c6 hal bin-kinh
cyc 1A PM vd P'M.

19. 16. D|NH.LY.

Tét cd nhirng d1¥m ocda mdt hinh ecliu ma
khodng céch té1 mét di¥m P ldy trén hinh
ciiu la hing-s8 d¥u ndm trén mbt vdng trdn.

Gol P’ 1A d1¥m d6l-tdm cia P. Gli-str ta b Hinh 158
mit 418m M nim trén hinh Au thda cho didu- "
ki¢n PM = hing-s8 < PP’ (tirc 2R). Cic tam-gléc vudng géc nhir PMP’
bing nhau ¢ (PP’ chung, PM khéng ddi).

Viy cic chidu cao MH ciia ching ddu ¢ chin chung 12 H vi dil
bing nhau. Quf-tich cia M 1A vdng trdn (V) tdm H, dyng trong mit
phing thing géc vél PP’ tgl H.

Ctu h8l. Cho OP =R ; OH = d. Hiy tinh PM vi P'M.

5. CACH BINH MOT HINH CAu.

19, 17. HINH CAU QUA HAI DIfMm.

DINH.LY., Quf-tich thm nh@ng hinh chu di qua hai di¥m A, B
| mit trung-trrs oda dogn AB,
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Mudn cho O 1a tim m%t hinh cdu qua A, B thi ta phdi ¢6 va chi

cdn ¢6: OA = OB. Nhu thé, O cich déu
A, B. Viy quj-tich cia O B mjt trung- /
P

tryc cia doan AB.

Hai diém A, B khong dd dinh 13 mot
hinh ciu, vi qua A, B ¢6 vé-s& hinh ciu.

19.18. HiNH CAU QUA BA DIEM KHONG A B

THANG HANG.

DINH.LY. Qui-tich tdm nhirng hinh /

céu di qua ba di¥m A, B, C khéng thing

hang 1& triic cla vong trén qua A, B, C. Hink 139

Muéa cho O 1A tdm ctia hinh ciu di qua ba ditm A, B, C khong
thing hing thi ta phdi ¢ va chl cdn c6: OA = OB = OC. Nhu thé,
O cich déu A, B, C. Quy-tich clia O I3 tryc cla vong tron ABC.

A0
A[—\\y
B
|

Hink 140

Ba di¥m khéng thing hing A, B, C
khéng di dinh 15 mot hinh ciu, vl qua
A, B, C cb vé-s8 hinh cGu.

19.18. HINH CAU QUA BON DIEM
KHONG CUNG O TRONG MOT
MAT PHANG.

DINH.LY. Qua bdn di&m khong
eing & trong mdt mat phing, e6 mot
hinh eitu va chl mét thal.

Coi tir-dien ABCD, Ta hiy tim tim hinh ciu 4i qua 4 di¥m A,B,C,D.

Goi O I3 tim hinh ciu 86. Ta cb

OA = OB = OC = OD.

Vi OD = OB = OC, nén O nim
trén tryc A ctia vdng trdon ngoai-tiép

vé&i tam-gidc DBC.

Vi OA = OB, nén O nim trén mjt

trung-trgc P ciia doan AB.

Do 46, O B glao-ditm ciia A vA
P. A vi P nhit-dinh cit nhau vi néu
khéng cit ohau thl P song-song’
v¥i A tirc B P thing -gé¢ vél mit
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Dﬁ ?C' Luc d6 AB (thing géc véi P) n3m trong mit DBC ; tirc 1A bén
Aidm A,_B, C, D cing & trén mét mit phing, tir-dien khéng cb nita.

W% 19. HE.LUAN,

_ 1 Quamdt véng trén vd mét dlgm & ngodl mit phéng cla
vong d6, chl ¢6 mot hinh cliu dde-nhbt.

That thé, hdy ldy ba di¥m A, B, C & trén vong tron. A, B, C v
ditm D & ngoi mjtvéng trdn tao nén mét tir-dién ABCD. Tir-dién 46
chi c6 mdt hinh ciu ngoai-tiép. o ‘

2. Qua hal vdng tron cdt nhau tal hal diém va khéng ciing &
trén mét mat phidng, chl ¢6 mét hinh cu dde-nhit.

Goi hai giao-dim cba hai vdng tron 1A A, B. Liy mdt ditm C
trén vong thir nhit, mot ditm D trén vong thi nhi. Ta duwoc bén ditm
A, B, C, D, vi nhir thE 1A trd v@ trwdrng-hop 43 xét & dinh-ly teén,

19. 90. D|NH.LY.

Qua hal vong trdn tigp-xic nhau va khong cing & trong mét
mat phidng cé mét hinh cllu ddc-nhét,

Hai vong tron I vd ] dyng trong hal mit phing khic nhau va o6
tiép-tuyén Tx chung. Tx 13 giao-tuyén cia hai mit phing. Nhe thé,
Tx thing géc véi hal ban-kinh JT
vd IT cGa hai vong, ticld Tx
thing géc vél mit phing JIT. Tryc
ciia vong I trycglao véi Tx vi Tx
dyng trong mjt phing véng L
Cing viy, truc cia vong J tryc-
glao véi Tx. Do 46, hal tryc dy
nfim trong mjt phing JIT. Ching
phil cit nhau vl- nfu song-song
thi JIT thing hing, tril gid-thi¥t |
Hinh ciu tdm O, bin-kinh OT
chira ci hai vong I, J. Hinh 142

Chi.¢+ Ngudd ta djnh mdt hinh cliy bing |

— tAm vA bén-kinh eda né.
— b&n di¥m khong eing & trong mét méat phing
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— myt vong tedn vAa mit dism & ngodi mit phdng cda vdng dé.
— hal vdng trdn tirong-giao, khéng eing & trong mdt mit phéng,
—~ hai ving tron tidp-xic, khong cing & trong mét mat phéng,

6. SU TUONG-GIAO CUA HAI HINH CAU.

19. 91. Ta coi hal vong tron O v2 O', bén-kinh lin-lygt AR vaR’,

Gii-str chiing cit nhau & A va B, A va B d6i-xéng nhau qua dudng
tim OO'. N&i AB; AB thing géc v&i OO’ tal H.

Cho hinh vé quay qisanh tryc OO’ thi ta dwec hal hinh ciu. P3m
A gy nén mét vdng trdon tam H, bin-kinh HA ; véng ndy nhin * 00"
im tryc, nghia 1A né nim trong mijt phing t.h?mg géc véi 00’ ta H.
Viyta ¢6:

DINH.LY.

Khi hal hinh cilu ¢6 mét di¥m chung A khéng ném trén dwdng
tAm thi ching ¢é mét véng trbn chung. Vong 46 got 1a vdng twong-
glno cda hal hinh cilu, :

'Ché.y. Khl hal hinh clu ¢6 mdt dl¥m chung ndm trén dwdng
tdm thi ta'néi réng chiing HEp.xic nhau,

19. 22. V].TRI Ti.DOI clA
HAI HIHH CAu.

Coi hai véng tron O, O',
bin-kinh R, R'.

Cho hinh vé quay quanh
trye OO’ thi dwegce hai hinh ciu.

Vi-tef ti-481 cia hai hinh :
ciy cling B vi-trf t-481 cia hal Hink 143
vong trdn nghia I3 s
|R—R|<d<R+R  2hinh ciucdt nhan,
d<|R—~PR] 2 hinh GSu & trong nhau,
d=|R~-R'| 2 hinh cliu tiép-xdc trong.
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d=R 4 R 2 hinh cu.tidp-xic ngodi.
d> R4+ R 2 hinh ciu & ngodi nhau.
d=0 2 hinh ciu dBng-tdm.

7. MAT TRU VA MAT NON TIEP-XUC
VOI1 MOT HINH CAU.

19. 23. Col mdt vdng tron tm O vi mét ditm S & ngodi. K& tiép-tuyén
SM ré1 ha MH thing géc véi SO.

Cho hinh v quay quanh tryc SO, vong trdn (O) giy nén mét
hinh ciu (h. /44). Di¥m M gly nén mot vong tron (V), tam H, tryc
1a SO.

Dudng SM gy nén mét mit nén tron xoay, dinh 1a S, dwong
chudn 1k vong trdn (V), nira géc dinh 13 MSO = a.

Miit n6n 46 goi 13 mt ndn ngogi-tidp véi hinh cdu. Dé 1 quy-tlich
nhirng tiép-tuyén clia hinh ciu, phit-xuit tir S. Vong (V) gol 13 vdng
tiép-xic. D6 13 quy-tich nhirng tép-ditm.

S

Hinh 144 Hinh 145
19, 93. Col m{t vdng tim O vi mdt dudng xy &l qua O, K¢ dudng
thing A song-song xy vi ti€p-xic véi vong O i M.
Cho vZ hinh quay quanh tryc xy, vong tron (O) gy ntn mdt hinh

1 O, tryc 1A xy,
Gu (h. 145). Ditm M gy ntn mdt véng trdn (V), tdm
B:émg A giy ntn mdt mit try trdn xo0ay, dudng chulin 13 vong 13 (V).
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Myt try 46 goi 13 mgt try ngogi-tidp véi hink cdu. D6 13 quy-tich
nhitng t¥p-tuyén cla hinh ciu, song-song v&i xy. Vong (V) gol 12 véng
tidp-xiic. Dé 13 quy-tich nhirng tiép-didm.

8. DIEN-TICH HINH CAU.

19. 95. CAU.DOL

1. Ciu-déd la médt phiin cla b® mit hinh citu giéi-han bdl hal
mat phing song-song.

2. Col mét vong O, bin-kinh R, trén dé ta liy mét cung AB. Ha
AA’, BB’ thing géc véi dwdng kinh A (A khéng xuyén qua AB). Khi
cho hinh vé& quay quanh A, cung

AB gdy ra mét cu-ddi, cung AB
goi 1A cung sinh. A vi B gly nén
nhirng vong tréon ma truc A A, Bé
12 hai vong ddy ciia cdu-déi. Khodng
¢ich A'B' = h cia hal mijt &y gel
13 chidu cao cua ciu-d&i.

B B

Hinh 162

3. Dién-tich cla cdu-dé! bidng tich-s8 chiu cao véi ehu-vl
mdt vong trdn 16m cla hinh cliu mang cllu-déi dé.

d’=2nR.h

4. Trong mét hinh ciiu, ti-s8 hal cllu-déi biing t-e8 chidu cmo.

19. 26. CHOM CAu. c
!. Khi &i¥m A cia cung sinh c
AB nim trén tryc quay A thi cung
AB sinh ra mét ciu-déi d¥c-bitt chi
cd mit ddy : 46 1A hinh chém cidu.
DAy cung PA goi 1& bdn-kinh A BN =
A

cwe cia chdm cGu. A gol A dink cha
chdm ciu, AB' 13 chi¥a cao. . Hinkh 147

2. Di¢n-tich cda chdm cllu bing tich-s8 chi®u cao véd chu-vi
mdt vdng trdn 16m cla hinh cilu mang chdém cliu dé

J=2rR.h
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3. Ta chii-y ring trong tam-giic vudng géc ABC, ta cd:
AB’ x AC = AB?
tire 13 h x 2R = AB?

va f =2nR.h=| nAB?

Viy : dién-tich clla chdm cHu biing dién-tich cia hlnh trdn ma ,
bdn-kinh bidng ban-kinh cwe cia chém ciu.

4. Taphii nh¢ ring ta khéng tinh thé-tich cda hinh chém ciu vi
hinh ciu-déi. Hai hinh 46 chi c6 dién-tich thai.

19. 27. DIEN.TICH HiINH CAU.

l. Tacbhthe col hinh ciu nhu 1A mét ciu-d4i mi chitu cao 13
h = 2R. Vi thg, di¢n-tich cf1ia hinh ciu 13 :

d'=2nR><2R= 4 n R?

Dién-tich cta hinh citu bing b8n lin dién-tich (;ﬁa mdt yéng lén.
2. Goi dudng kinh 13 d = 2R, dién-tich hinh ciu 1A:

d=4ﬂR2=ﬂ(2R)2= ﬂd2
3. Coi hal hinh ciu mai di¢n-tich 1a:
d1=4ﬂ R12 va d,2= 411 Rzz. Ti-sGlA: P
d] _-4"R12_(R1)2 ‘
dz 4n Rz’ Rg‘

Ti-s8 dién-tich hai hinh ciu biing binh-

phwong cda ti-e8 bén-kinh.

19. 98. DIEN.TICH HINH MOI CAu. \V/
7. Hinh miif cu | phédn cha mit cliu .

& trong khodng mdt nhj-dién ma canh la

mdt dudng kinh cida hink eltu, Hink 148
2. Gol a (49) 1 s do cita nhi-dién, dien-tid:ljcﬁa hinh mdl cBu 13

MR %a [7Ra
Jd= =
360 90
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9. THE-TiCH HINH CAU.

19. 29. HiNH QUAT CAv.

7. Hinh quat c3u I& ed-thé
gAy ra béi mét hinh quat trén A
khi né quay xung - quanh mét
dwdng kinh khdéng xuyén qua né.

Hinh quat OAB goi 13 kinh g
quat sirh.

Ciu-86i gdy bdi cung AB 1y
cliu-dé¢i diy cia hinh quat ciu.

Hinh 149
Chitucao h clia Gu-d61 diy ciing 1A chidu cao h cla hinh quat cu.

2. The-tich hinh quat ciu tinh theo cbng-thirc:

2 ,p
U=7 =R

19.30. THE.TICH HiNH CAU.

1. Ta cb thd col hinh ciu nhir 13 mét hinh quat ciu trong d6 chitu
cao h = 2R. Do 46, thé-tich cfia hinh ciu Li:

V= % nR’xZR:I —;Lulv_

Neéu gol dirdmg kinh céia hinh ciu I3 d — 2R tirc R=.;_,ta o :

—41l_4_a-—-_!__1|3.‘
C-_L.Q_'s' (z)— g "¢

/2. Col hal hizh cSu mA th¥-tich 13
Cv1="'_;_ TR?® v Y = %R‘Rg tach:
B ()
v, Ry
Tl-3 th¥-tich elia hal hinh cliu bing tam-thira chia tH-88 bén-kinh.



19. 31. HINH VANH CAu.

Hinh 140

147

1. Hinh vanh chu Ila
c3-th8 goy b&l mét hinh
vién-phan AKB khl né quay
quanh modt duwdng kinh
khéng xuyén qua nd.

2, The-tich cia hinh
vinh ciu la:

- —; « AB%h

h 12 chidu cao cla ciu-d&i gdy bdi cung sinh AB.

19. 32. HINH MUI CAU (5 148),

The-tich 1A:

_ 4 gt
V=7 "R

aRda
270

(a 49)

U=

Hinh 151

19. 32. HiNH CAU.PHAN HAI DAY ¢, 151).

" |
%"""m“lllw

Hinh 152

. Hinh clilu-phén hai
ddy la phiin cla kh8l cltu
& trong khodng hei thiét-
dién phdng song-song.

2. Gol r,r’ 12 bin-kinh
hal hinh trdn thiét-dién vi A
13 chidu cao (tirc khoing-cich
ctta hal mjt cit song-song) ;
thi-tich hinh lu-phin hal
diy 13

|fv=%nh'+%nh(r=+r'=)
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3. Trong tredng-hop hinh eclu-phan mot ddy (h. 152), ta ding

cbng-thirc : ]
W — % ~h? 3R — lﬂ

BAl TAP

19. 1. Cho hai hink c3u déngtim O, bin-kinh lindvgt I3 R, R’. C5t hai hinh cdu
d6bang mét mit phdng céch O mot khoing x. Chirng-td  din-tich hinh vinh
khan gidi-han b&i hai vdng trdn thidt.dign I3 mot hing-sd.

19, 1b. Tinh bén-kinh hink c3u ngopi-tip cia mt khdi bon mat d2u, canh 13 o. .Tinh
ban.kinh hink c3u ndi-tidp trong khéi d6.

19. 2. Cho mét tam.giée vuéng vaé cin ABC (AB = AC = a). L&y CB lam duvéng
kinh, v& mét vdng trdn (f) dyng trong mjt phdng théng géc véi mat phing
ABC. Irén (1), I8y mt ditm M.

1. Tinh MB2 + MC?._
2. Djnhtam v tinh bén.kinh hiph c3u ngosi-ti& cua khbi trdién MABC.
19.3. Cho mft mit phdng P, trong dé cé.mft tam-gise ddu ABC npi-tifp trong

. mt vong trdn bén-kinh R, t3m O. Trén tryc cle vong tron O, Iy mft didm
S; 0§ =« ’

1. x bét-ky, ching-td ring nhitng gde & S cia hinh ti-dign SABC ung nhau.

2. Tinh x d2 mdi gbc ndi trén bdng 90°.

3. x o6 trj-s8 virs tim thly & cbu hai, coi didm §* dinh bdi 0S' = — 208.
Chf.’rng-miph ring ndm didm A, B, C, S, §' ndm trén mgt hinh chu.

19. 4. Cho mft h?nh nén trdn xooy dinh S, bén-kinh le R, chidu cao xe Trong vbng
trdn déy, 6 mét tem.gise ddu ngitidp ABC.

1. Tinh x theo R° d2 cho SABC la té.dign . dau. Tinh thd.tch cita té-difn
'lheo R. I'rong nhirng céu seu, -x <6 trj.s8 vira hm thSy.

2 DOlnh mpt Jiém S’ trén tryc cis hinh ndn 8 cho tam-difn S'ABC 3 tam-
dign ba gbc vuéng (S’ vd S & hat bén cis mat phing ABC) So-sénh thd-tfch hei td-
dign- SABC va S’ABC.

3. Khdo-stt tam-gide SAS’.
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Dinh tdm hinh cBu ngogi-ti&p cde t-dign S'ABC, Cé the ndl gi v& hinh cdu
ngogi-tiép cta ti--dign SABC ?

19. 5. Cho mét doan cé.djnh AB =1 trong mét myt phBng P. Tir A, ké.néa deréng
thing Ax théng gdc véi P. Trén Ax, 16y Joan AQ=AB= l
1. Goi C I8 mét. didm cia mat P thda cho a'l!u’lﬂén BAC = 300 va
ACB = 9009, Tinh thé.tich khéi OABC.

2. Trong mjt P, coi mgt dvdng thing D eé th{ quay quanh didm c8.dinh
8. Goi M I5 chén dwdng thing gde ho t& O xudng D. Quy-tich cda M ?

3. Dyt BM = x. Tinh theo { vé x thé.tich cda hinh thip OAB’M- Dijoh M
d8& cho thé.tlch d6 cye-dpi.

4. Ching-minh r3ng dinh cla cée hinh-thsp OABM ndm irén mdt Mnh clu
cd.dinh. Dijnh tim va tinh bdn-kinh cie hinh cdu dd.

19. 8, Cho m¢t tam.gide d8u ABC, cpnh I3 a. Ké nia du-dng thdng Az thdng gée
véi mit ph8ng ABC. Trén Az, 18y dogn AS = x. ’

1. Djnh x d& cho nhj.dign (S, BC, A) b3ng 450.
2. Tinh theo a va x bén-kinh eda hink c3u ngopi-tip ets tiv.difn SABC,

3. Goi M I3 didm d6i-tsm cus A.¢ trén hinh clu. Quy-tich coa M khi S vach
nén Az

19, 7. Cho ba nitra duwéng thdng Ox, Oy, Oz thing gde nhau 48l mt. Trén Ox,

18y mgt didm A ; trén Oy, I8y mt Jidm B ; trén Oz, I8y mét didm C. AB
c8.dinh, C lru-déng trén Oz

1. Gpi hinh chibu'ctia O xubng mit phing ABC ld H. Ching-td ring CH
Is mpt dirdng thdng déng chi-y trong tam-giéc ABC. Cheéng-td ring CH Ji qua -mt
didm cb.dinh vé ndm trong mét myt phdng c8.dinh. Quy-tich cia H ?

2. Dinh rd tam S cis hinh cdu ngogi-tilp v&i tir-difn OABC.- Quypetich ctia S?

3. Chiéng-minh rng ba hinh cdu dvdng kinh AB, BC. CA cé mét didm
chung O. Ding mét phép dbi-xing que mft mit phing dd t!m e mt didm chung
the nhi O cta ba hinh cdu, Qup-tich cis O’ ?

19.8. Cho be na dudng thing Ox, Oy, Oz thdng géc nheu d51 mt. Gol A, B, C
13 ba didm ISy Bndvet trén Ox, Oy, Or.

1. Goi H Ié hinh chisu cie O xubng mit phing ABC. Dink 18 vitrf cde H &
trong tamegiéc ABC. '

2. Omh tém o cds hinh cdu di que bén didmA. B, C, D.

5. Gpl Oy, O, Og.la diém dGi-xtng cio O qua cée conh BC, CA. AB,
Chéng 13 ring O1, O, Op ndm trén hinh chu o,



TOAN
Cho mt doan 0S = d. Coi mét hinh ciu tdm O, ban-kinh x.

1. Phai chon x th& nao d& cho S c6 thé ding dwge 1am dinh
mdt hinh nén ngoai-tip véi hinh cu ¢ Trong trudng-hop ¢é hinh
nén dé, tinh theo x va d dién-tich etia vong tron (C) chung cho hinh
céu va hinh nén.

2. Chirng-minh ring, khi x thay 481 thivong trén (C) néim trén
mdt mdt cong e3-dinh. Mit cong dé 1a mit ndo?

3. Tinh theo x va d dién-tich xung-quanh ela hinh nén ngoai-
tidp v&1 hinh cliu [hinh nén dinh S, ddy (C)]. Tinh x dé& cho dién-
tich d6 bidng dién-tich cia hinh ciu.

BAI GIAl

1. Céch chgn x.

DE choS cb th diung duwgc im dinh mét hinh nén ngoai-ti¢p véi
hlnhau,taphaj o6 S & ngoai hinh cu, nghia 13 OS > x tic I d>x
hay x <d

Hinh nén ngoai-tiép véi hinh cdu theo mdt vong tran (C). Tdm clia

(C) 12 H : H 2 hinh chifu cia mét ditm M
1y trén (C) xudng OS. .

Bén-kinh cda (C).
Tam-giic vudng géc OMS cho ta ;

5

OH.0S = OM?
Do ds ou— M _ x
os 4

- Ap-dung dinh-li Pythagore vio tam-
glic OMH, ta o6 :

HM? — OM2 —0H2 Hinh 153

. ¥ 2
s -aTa@-a)

‘Suy® HM = /& _x*
' d
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Dlén-tich cia vong (C) 1a:
nx? (d? — x?)

d2

n M2 =

2 Ving (C) & rén mot hinh cdu c8.djnh.

MSi di¥m M cia vong (C) nhin doan cé-dinh OS duwéi mQt géc
vudng. Vi thé, vong (C) nim trén hinh ciu c5-dinh mi dwéngkinh 13 OS.

3. Dién-tich xung.-quanh ciia hinh nén.

Hinh nén ngoai-tiép v&i hinh cdu 123 mét hinh nén trdn xoay mi
dinh 13 S, trung-doan 1 SM, bén-kinh diy 12 HM.

Dién-tich xung-quanh cfia hinh nén 46 3 cf = ~.HM, SM,

Thé ma HM=% V& _ 2
!
SM=Vd_ 2 (tam-giic SMO)
cho nén =n%.v/dz_xz,\’d1_xﬂ
nx (d* — x3)
.d= d

Tinh x dé cho f bing dign.tich ciia hinh cu.’
Dién-tich ciia hinh ciu 13 4mx2.
Ta o5 phuong-trinh ¢
Gl it P
d
G4t ra ngodl tri-s8 x = 0, ta cdn cb:
& —x?
d
Suyra x4 4dx—d=0
A = 4P + B = 58 = (dV5)
X =~ 2d i dy5_

—4x hayy & —x = 4L
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Trudc tién, ta coi nghié¢m-sé duvong: »
x=—2d+df5=405-2
Sau, ta xét xem tri-s8 46 c6 nhé hon d khdng. Vi V5 — 2 nhit
&inh ‘nhd hon | nénta c6x = d (5 — 2) < d.
Viy trji-sd ciax 12 d /5 — 2)

'® Céch vé x.

Ta c6 doan d.

Muén vé d'5, ta vé canh huy¥n cla mét tam-gidc vudng.géc mi
mét canh 13 2d, mdt canh 12 d.

Dugc dV5 rdl, tabot di 2d thi ¢b x.

TOAN

Gol AA’ 1a dwirng thiing géc chung cia hal dwdrng thdng trye-
giao D, D’. V& hinh cdiu dwdng kinh AA'. Col mdt dudng thdng A
ti¥p-xtc vél hinh cu & M v céit hal dwdng D, D' lan-lwgt & P, P,

1. ‘So~sénh PM vél PA va so-sénh.P'M vél P'A’.

2 Tim hé-thire glira AP = x, A'P — y vd AA’ =a.

'3, Tim khodng eéch tir M t61 mit DAA® va t61 mdt D'AA".
4 Quf-tich cla M.

BAI GilAI

% So.sénh PM véi PA.

. PA thing géc vé1 bén-kinh ciia hinh clu tyl dBu cla ‘bin-kinh d4.
Vi-tht; PA 13 m{t tiép-tuyén.

_ PA 93 PM 13 hal tifp-tuyén cia hinh clu, phit-zult tir P, Do ds,
Turongty P'A' =P'M.,
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2. Hé-thire glira x, v, a.

D thing géc véi AA’ va trye-giao véi D', nén D thing géc véi mit
D'AA’ (md ta sg goi 1A Q). Ta suy ra
ring D thing géc v&i AP, D R

D’ thing géc véi AA’ vA trye-glao véi >
D, nén D' thing géc véi mit DAA’ (m ta 3 D
€ goi 1A R). Ta suy ra ring D’ thing goc |/ M g
sé goi . y ng 4 U
vé&i A'P. .
Trong tam-gidc vudng géc PAP’, tach :
P'P? = PAZ 4 AAZ
Trong tam.giic vudng géc AA'P', tach:
AP'?2 — A'P'? L AA"
Vi thé P'P2 = PA? 4 A'P"2 4 AA% )
Nhung AA' —a , AP=x , AP =y
PPP=PM 4+ PM' —PA4+ PA'=x+y
(Dt thinh (x + )2 = 22 + y* + @2
Do 486 2xy — a2
3. Khoang céch tir M t&1. hal mgt phdng Q, R.

Khi ha MH thing géc v6i Q thi MH song-song v&i PA. Do 46
H nim trén AP'.

Khi ha MK thing géc v&i R thl MK song-song v6i P'A’, Do dé,
K nim trén A'P.

Hai tam.giéc déng-dzg P'MH, P'PA’ cho ta:

[~
i
]
!
)
1
]

.,Q‘E

i

Hinh 154

MH _P'M
PA PP
PA.PPM _ =xy
Hai tam-giic dbng-dang‘vPMH, PP'A’ cho ta:
MK _Wd

PAT T PP



PPA’.PM  xy
PP —x+y
Do 46 MH = MK

Suy ra MK =

4. Quy.tich cie diém M,

M cich déu hai mjt phing Q, R (haimjt d6 thing géc vél nhau vi
mijt ng chira m$t duwdng thing géc véi mit kia). Vi thé, M & trén mit.
phin-giic ciia nhirng nhj-di¢n vudng géc dinh bdi hai mjt phing Q,R
(c8 bSn mit phin-giic, nhirng ching 1am thinh hai mjt phing).

Hon ni*xa M & trén hinh ciu dudng kinh AA°’.

Quy-tich ciia M 12 hai vdng 1én, d6 13 vong tirong-glao cia hinh ‘cu
vé&i hal mit phing nél trén.
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BAI TAP ON

1. Hai nira dudng thing Ax, Ay & trén myt phéng Q cét nhav thénh 600,

Trén dudng théng géc v6i Q i A, Ify AB = 2. T B, v& Az song-song
véi Ay. Trén Ax, Iy AM = x, Trén Bz, Iy BP = 2x.

1. Tinh MP vi thd.tich cia khsi ABMP theo a v x.

2. Tinh x khigde.cia MP véi mat Q 15 600,

3. Iim quy-tich eda trung.didm dopn MP khix thay J8i.

4. Chdng-minh r&n,q MP song-song véi mgt mat phdng c6.dinh.

2, Cho m¢t tam-gise DBC. Trén Ju-d'r;g th8ng gée x'Dx vé&i myt DBC, te ISy

mot digém A. Ké hsi dvong eso DE, BF cie DBC. Ké dwdng cso BK
eta ABC.

1. Ching-té — AE s mét dvrdng cao cis ABC.
— BF tryrcogiao véi AC.
— AC thdng gée v&i FK.

2. Ching-té NH thidng géc véi mat ABC (N 18- trye.tém cis DBC, H I trye.
tam cda ABC).

3. Tinh géc NHC, NKC. Séu ditm N, H, E, C, K, F ¢6 & trén mt hinh
ciu khéng ?

3. Cho mpt nra vdng trdn dvdng kinh AB = 2R dyng trong mit P. Dopn
SA =R thdng gdc véi P. Lby ba déy cung AD = DC =CB =R,

AN A
1. Tinh gibtri céc gdéc SDB, SCB.
2. Tinh thd.tich kh&i thép SADCB.

3. Mgt mat phdng song-song véi (SAB) c#t SD, SC, AD, CB & MNPQ theo
thi-ty. D#t AP = x, tinh y = MN3 + MP3 + NQ3 theo x. Bi&n-thién cda y theo
x. Dirdrng bidu-dikn.

4. Cho mét géc tam-dién Oxyz, m8l mit biing 600, Trén Ox, Oy, Oz ta ISy fin.
lrgt OA =o, OB = b, OC. = c.

1. Tinh ba cpnh cta tem-giéc ABC the::, b. e
2. Nm hé-thic gitra o, b, ¢ 42 cho BAC I8 mét géc vubng.

A~
3. Cho bit dopn.a, tdng-s6 b + ¢ = s vi BAC = 90°, hiy tinh b vi c. Bign-
lugn theo s. Chéng4d ring nbu to tinh dirpe b vi ¢ thi hai s& a va 2a lot vio trong

khodng (b, ¢).
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S. Cho m¢t tam-dign dinh S, méi mat bdng 600, Trén mdi canh, theo thirty,
ngwéi ta [3y nhitng dogn SA=1,8B =x, SC=1y.

1. Tinh canh BC (chung cho hai tem-gisc ABC va SBC) t/;eo xvd y.

2. Thiét.lsp héthic gira x vd y d& cho ABC 13 mét tam.gidc vubng gdc tai A,"
3. ABC i3 tam.gife vudng gdc tgi A, hay tinh x vé y dé cho BC = 4l

Tinh theo ! t8ng-sé dign-tich cia ba tam-giéc SAB, SAC va SBC.

6. Cho mét tam-dign ba géc vuéng OXYZ. L3y ba diém A, B, C trén OX, OY,
OZ theo tht-ty. Gidse OB = 20A. Mgt dwdng thdng lru.dpng trong mat
phéng XOY va song-song v&i AB, né cit OX 6 M ; ¢t OY & N,

1. Tinh OM = x, ON =y, biét ring MN =1 (1 [3 mot d6 dsi cho sén).

2. Ching-16 rdng : tuy mit phdng CMN leu.dbng, nhirng né vln chia mpt
duorng thing cé-dinh,.

3. Tim quyp-tich ca trung-diém céc canh, cte trong-tém tam-gisc CMN.

4. Chingtd rdng trung-tuyén phit.xust tr M cda tam-gide CMN trye.giso véi
phén-giée trong cla géc XOY,

7. Trong mét mjt phdng P, v& véng O, dudng kinh AB = 2R. Mét dsy cung MN
thdng gdéc v&i AB tai H. Dat BAM = a, Ké Ax théng gde v6i P tai A ; trén
dé ta Isy AS=R.

1. Tink céc conh, dién-tich mdi myt va thdich cda hinh thép SAMN.

2. Muén cho thé-tich hinh thép SMNB gép be thé.tich' hinh thép SAMN th! a
phdl 18 bao nhiéu ?

3. Chibu thdng didm B xudng mit SMN thdnh I. Qu?—tich cta | khi @ bién.
thién tir O d&n %-

8. Cho mpt tam-gibc cin ABC, AB = AC =aV'5, BC = 4da. Trén nizs dwdng
thang th8ng gde v&i mit tam.gibc tal A, ta Iy m¢t didm D dinh bdi AD = .

1. Tinh h J) cho tam.giéc DBC I3 tam.gisc vubng gde.
2. Tir dsy v8 sau, ta ISy h = aV 3. Tinh 36 do cim nhi.dign (A, BC, D).

-3. Tinh dign-tich todn-phdn vi thd-tich cia kh&i thép ABCD. Svy ra khaing céch
tr A-t6i myt DBC.

\ 4. Ngudi ta cit hinh thép l:u!ng mbt mat phing P lhﬁng géc véi d‘u-dng cao
AH cis tom.gibe ABC. Thigt-dign I3 hinh g1 ? Gpi khodng céch t> A 16i P I3 e
Tinh dign-tfch cda t[u!t-dlﬁn theo x v a; Tinh x d&.cho dign.tich d6 cye-dei,
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8. Cho mst hinh thép ABCD trong dé ABC = DAB = DAC = 90°, AB = 12,

BC =-9, AD = 16. Mit dikm M chay trén doan AB. Djt AM = x. Mjt
phing thing gdc véi AB toi M cit ACGN; DC 6 P;:DB 6 Q.

1. Chirng-td réng DBC I3 mét gdc vuéng, BC tiye-gisovéi AD, vi MNPQ I3
hinh chir-nhat.

2. Tinh digntich S cta cha-nhit MNPQ. Bign-thién cia S. Dudng bidu-dién.

3. Tinh x d2 cho (dt : dign-tich) :

dt (AMN) + dt (DPQ) = dt (BMQ) + dt (CNP).

10. __Cho m@t hink lang-try diéng, chidu cac 13 h. Déy 1a nhing tam-gibe vubng.
gée vi cin OAB, O’A’B’ (OA = OB = a). Céc cpnh bén [a AA’ BB’, OO'.
1. Tinh thé.-tich v dign-tich toan.phin cis khéi dé h‘)eo;a vé h. v
2. Cheng-té rdng Ol triyc-giso véi AB’ (I 13 trung-diém cia AB).
3. Ha OJ théng gdc v&i AB’. Ching-4d rding mit phdng JOI thdng géc v&i
AB’s Ching-té ring OlJ 13 mpt tam-gide vubng gdc.
4. Tinh cosin cia géc phing cia nhj-dign (B, AB’, O). Tinh s6 do etra nhj.
dign khia = h.

11. Cho mﬁlt dogn lJ, trung.dikm 15 H, HI = H] = a. Trong m¥t trungtryc P

cta doan 1, ta 18y mét didm cb-dinh O vs d§t OH = 21,

1. Ox I3 mét dvorng bst-ky, gid-sir réng | vé ] chigu théng xuéng Ox thanh
hai diém tring nhau tai M. Chiéng-t8 réng Ox trye.giso vé&i 1), Ox ndm trong mit
phéng niq ?

2. Tim quy-tich cia M khi dudng Ox thay déi.

3. Coi tam-gisc déu dinh O npi-ti€p trong vdng trdn dwdng kinh OH, dirng
trong P. Coi hinh thép dinh I, déy I3 tam-gidc d€u ndi trén. Tinh cdc cpnh vé the-
tich cta hinh thép d6.

4. Pinh tdm vé\ tinh bén.kinh hinh cdu ngogai-tiép v&i hinh thép néi trén.

12. Cho hai dvorng thdng trye-giao D vé A, Goi dvdrng thdhg gée chung 13 AB
(A & trén D ; B & trén A). Irén D, c6 mét didm lvu-déng M trén A, cé
m¢t dikm leu-déng N.
1. Chingtd rlng bén myt cde hinh ti-dign ABMN 18 nhing tem-gide
vuéng géc. ”
2. Dijnh tdm hinh ciu di qua bén didm A, B, M, N. Suy ra, qup-tich cia
trung-dibm cda dean MN khi M va N ‘lu'u’o“ﬁng.
3. ‘Cho biet ring MC = 21 (hing-s8), tim quy-tich cda trung-dim cia dogn MN.,
4. Cho AB =d. AM = BN = n. Tinh thd.tich cia ti-dién ABMN theo
dvan’
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13.  Cho mét tem-gidc vuéng géc AOB ma hai canh cia gdc vuéng 18 OA =3 vi
OB = 4. Trén dwdng thdng gdc v6i mit AOB ké tir O, ta 13y OC = 4.

1. Ching-t6 ring to-dign OABC cd cée canh d6i tryc-giao v&i rhau.
2. Tinh thé-tich vé dign.tich todn.phin cba hinh terdign dd.

3. Trén dogn OC, ta I3y m¢t diem M va dat OM = x. M3t phing di qus
M vé song-song véi mat AOB cét hinh ti-dign theo hinh tam.gidc MNP. Khdo-sét
sy bién-thién ctia dign-tich tam.gidc MNP khi x thay d8i. Durdong bidu-dién.

14, Cho m¢t tam-gisc deu ABC, canh I3 1. Tir tim O cis vdng ngopi-ti€p ciie
tam-gidc d4, ta ké dvdng thing A thing gde véi mit phdng ABC.

1. Trén A. ta lay mpt didm D. Hiy tink OD d& cho AD = 1. C6 nhgn.xét
gl v& t¢-dign ABDC? '

Sau ndy, ta gid.atr AD=1.
» 2. Trén canh AB, ta 15y mpt didm M ; trén canh AC, ta I8y mét diém N. D3t
AM=x, AN =y. M3t phing chita MN v3 song-song véi AD ct CD va BD &P, Q.

1
3) Gidstrx=y= 7 Ching-t6 réng MNPQ li*mét hinh vuéng.

b) Cisst x <y. Ching-té ring MNPQ I3 mét hinh theng cin. Tinh céc

canh v3 chiéu cao cda nd theo x va y.

Tinh x viy d& cho chidu cao dé béng s& trung.binh nhén cba hai déy vd

u|~.

y—x=

15. Trong mét m§t phing P, cho mpt hink ehd-nht ABCD, Ta ISy doan AS
thing gée v&i mit ABCO. Gid-s AS =AB =4, AD=23,.

1. Tioh tri.s6 cue ede géc CDS, CBS,
2, Ching-td rhing n¥m didm A, B, D, S, C & trén mét hinh c3u.
5. Tinh khodng céch tir tdm hinh cdu t&i mpt P.

4. Coi E I3 mpt didm & trén canh SA. Dyt SE= », M, i

. = x. Myt phdng R di E
vd song-song véi P et SB, SC, SD & E, G, H, theo tln#—tq,: Dinhphh’::iﬂnh ::;n“m-
gide EFGH. '

5. Coi hinh hop dang mb déy I EFCH, chidy cao I3 EA. Ching.td ring

dign-tich xung-quanh cta né I3 y = 14x — z x2

Tinh x d&@choy = %
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16. Trong mgt m§t phdng P, ngurdri ta cho mt vdng trdn (C) dudrng kinh
AB = 2R. V& dopn AS thing gdc véi P, Trén (C), I8y mét ditm M. Djt
AS = h, PM = x.

1. Tinh thé&-tich V cda hinh t/r“) SAMB theo R, h, x.
2. Chiéng-minh réng hai mat phdng SAM, SMB thing gde v&i nhau.

3. Qua A, ngudita vé m3t phing Q thdng gbc véi SM. Q c8t SM, SB &
M’, B’ theo thi-ty. Chisng-té ring MB vé M’B’ song-song v&i nhau.

17.  Cho mft dogn AB = a dyng trong m3t phing P. Ta v& dvdng thing x'Ax
ndm trong P va thdng géc véi AB ; va v& dudng thing y’By thdng gdéc véi
P. Mét ditm M lru-dsng trén x’x. Mot didm N hru-déng trén y'y.

1. Chingtd ring b6n mat cua té-dign ABMN [8 nhing tam.gidc vubng gée
vd hinh cdu dudng kinh MN di qua hsi didm c6-djnh.

2. Cho MN = a¥2,

a) Tim hé-thic gida hai doan AM, BN.

b) Ching-13 rdng tdng~s6 binh-phwrong céc canh cia te-dign ABMN I3 hing-s8.

¢) Tim quy-tich eda dinh thi tir ciia hinh binh-hdnh ma hai canh I3 MN, MA.

d) Chiéng-t3 ring gde cva hai dwrdng MN, AB khéng thay dbi.

18, Cho hsi mit phlng song-song P va P’, khodng céch I3 3 em. Trong P, cé mpt
tam.gifc vuéng cin AOB, cenh huyén 18 AB = 4 cm. Chi&u .thing ba didm
A, O, B xudng P’ thinh A’, O’, B,

1. M I mét didm bSt-kp trén O’B”. Chiéng-td ring tha-tich V eda hinh thép
MAOB khéng phy-thupc vio vi-trf cGa M & trén O'B*. Tinh V.

2. Chirng-td ring AOM i mft gbc vusng.
3. Ching-té réng cd mot hinh cdu di qua sdu didm A, O, 8, A, O’, B".
Dinh tém | vé tinh bén-kinh R cta hinh c3u d6.

4. M3t phing AA°OO” cit hinh cBu ndi trén thee mgt vong (C). tam C, bén-
kinh r. Tinh r vé dogn IC.

19. Cho mpt hinh vudng ABCD canh I8 AB = 2l V& hinh trdn tém O ngi-tiSp
trong hinh vuéng dé. N6i B vé C véi trung-didm S coa AD. Cho hinh va
quay quanh trye SO. SO cét AC & §'.
1. Dijnh hinh-tinh cis nhing c8thd Ci, Cz; Cy gay bdi hink wubng, hinh
tron va tam-gisc SBC theo thé-ty.
2. Goi-P Ili mpt mit phdng th8ng géc véi dopn SS' tei mpt didm 1 (dwt
SI = »). P cft Cy, Ca, C3 theo ba hinh ma ta goi diéntich I3 », y. 2 theo thity.
Tinh 8, y,xtheo | v3 x
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3. Tinh x d& cho y = z
4. Bin.thién cta y khi x bién-thién tir O dén 2l Duong bidu-di&n,

20. Cho m¢t hinh ti.dign déu ABCD, canh bing a.
1, Tinh chidu cao, dign-tich todn-phdn vé thé-tfch cia hink dd.

2. ‘Chﬂ-ng-td r3ng ta cd thé cit ti.dign bdng mot mdt phdng chie CD w
thdng géc véi AB tsi mét diém I. Tinh cdc cenh, dién-tich cia tsm-gide ICD. Tinh
cosin cGa nda gée phdng cla nhj-dign AB.

3. Trén doan AB, ta ISy digm M va dat AM = x. Tinh cdc cenh vi dign-fch
S cda tem-gisc MCD.

4. Khdo-sét sy bin-thién va vé dudng bidu-dién cis hdm-s6 y = §3:

21, Trong mét mit phdng P, chd mét hinh vuéng ABCD, canh 8, tim O. Trén
dudrng thidng gde véi mit P & D, ta lfy ditm S seo cho SD = a. Coi khSi
to-diégn SABC.
1. 'Ching.td ring ba trong 6 b6n m#t bén cva khSi d6 I3 nhirng tam-gibc
vubng gde. Ndi v hinh-tinh cis mit thi te. )

Chdng-t8 ring AB vs B8s tryre-gizo vé&i nhau.
2. Inh dign-tich todn-phdn vé thd.tich cia kh&8i t&-dign SABC.

3 Qua AC, v& mit phlng thing gdc véi BS. Mt dé cit BS & I Dinh 15
vi-tri eta | & trén BS. Tinh IC v 10. Tinh 36 do cia nhi.di€n canh BS.

Mgt phing AIC it kh8i ts.dign SABC thanh hai kh8i tir.dién nhd. Tinh thd.
tich cda mdi kh&i nhd d4.

22, Cho mgt hinhthép SABCD. Déy It mpt hinh chinhit ABCD, AB = a,
BC=2. Chén H cide dvrdng cao SH 13 trung-didm cta canh CD. Cho SH = 25,

Qua AB, c6 mit mst phing lvu.déng, mbt d6 teo véi déy mét géc.x vi elit SC,

SD & P, Q. Que PQ, v& mt mit phing song-song v&i dby, cdt SA, SB & M. N.
1. Tinh gde cia myt SAB vé mit dby, sai kém 1o,

2. MNPQ Ii hinh gi ? Tinh chuvi 2p eds MNPQ theo x. Tinh x d2 cho
2p=0tb

3. Tinh difntich St eia MNPQ theo x. Tinh x d cho §3 = :4‘3,

4. Tink dign-tich Sa cda"ABPQ theo x. Finh Sz khi x = 300 vé khi x =45,

23, Cho mft nts vdng-trdn gidi-hen bdi dwdmg kink AB = 2R. Ve hal tif
tayén AC, BD. Mot tifp-tuyén the ba CD tgo bdi AB méit géc bing @
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1. Chéng-minh réng AC 4 DB = DC va CA. BD = R% Tink AC vé BD
theo R vb @ Bldu.thj AC vi BD theo tg %

2. Cho hinh v& quay quenh tryc AB, ABDC tpo nén mét hinh ndn cyt. Tinh
thd-tfch V cde hinh d6 theo t = tg . Khdo-sht sy bi€n.thién cim V khi & they o8]

n

(0<a <—-). Dinh a 48 cho V = 10 a R3,

3 Goi & Ia dlén tlch xung-quanh v8 S I8 dign-tich todn.phdn cia hink ndn

s

cyt ndi trdn. Tinh 3 y=-g theo m = cos 2a., Bién-thidn cda y khi @ thay
48 (0 <a < %). Tinh o dd cho y = %
24. Cho mft nie vdng dudng kinh AB = 2R, Tr8n duvéng kinh d6 kéo dil va

phis B, {8y mét didm S rdi ké ST, tifp-xtc v6inira vdng 13i T. Dyt B/:S'\T = x

1. Cho dopn ST va cung TA quey (rdn quanh AB. Tinh tdcg-s8 nhang dign.
tich sinh ra theo R vé x.

2. Dinhx 42 tdng-s8 ndi trén béng mnR2 (m I8 mdt s8 deong cho sbn)
Bign-lugn theo m.

Ap.dyng bing 36 : m = % .

3, Ha TH thdng gée v&i AB. Tinh ll-16y=. %’ theo x. Blduth{ y theo

tin x = u,
Coi y. 18 mdt hém.s8 cis v vd cho x biln-thign tr O dJén —; Bign . thitn
cta y. Durdng ‘bidu.didn,

28, Cho tam.gldc vubng géc ABC, AB = ¢, BC = s (conh huydn), CA =b.
Khi quey quanh CA, né too nénmdt hinh ndn.

1. T)m tdm | v tinh bén-kinh r cGe hinh clu ndi-ti6p trong hlnh nén, vd tilp,
xtc v6l ddy céa hinh nén.

2. Vong tibp-xite cha hinh cdu vd hinh nén clu'aB hinh clu 1dm hal cBu-d&l. Tinh
ti.s6 dign.tich hai cdu.déi dd theo a v ¢, rdl theo tg Tl (A/BE =8).

3. Gol P I3 mst myt 4l qua BC. Hnh nén b} P clit theo mt tom-giéo BCB’,

opBB =2« (0 < x <o) vd B/C‘B'= 2u. Gitre u v x cé lldn-quan g) khéng ?
Hinh clu bj P cbt theo m@t véng trdn tdm I, bén-kinh r. Tinh r theo x hey theo v
(col 8, b, c nher 13 38 bist sBn r81). Tinh theo x hay theo tg u ti-s8 din-tich vdng I
vd tam.gléa BCB’, Ap.dyng b = 12, ¢ =5, x = 3,64cm,
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BAI TOAN ON
Cho mét vong trdn O, dwdng kinh AB = 2R. Goi AC 12 mjt day
cung, AC n;;hiéng vé1 AB mét gée béing 300. Tidp-tuydn cia vdng

tron ké tir C cit dwing AB kéo dai tai D. Cho hinh vé quay trén
xung-quanh AB, vang trdn sinh ra mét hinh ciéu va tam-glée ACD

sinh ra mot ed-thé (S)

1, Tinh dién-tich cha (S) theo R.

2. Trén doan AB, ta 1y mdt digm M.

Mat phing théng géc véi AB tal M et hinh ciu va (S) - theo hal
vdng trdn (Cp va (Cy theo thir-twr, P4t AM = Rx. Tinh theo R va x
hléu-s8 y eda dién-tich hai vdng trén néi trén. Nguwdrl ta khdng-xét
Y 4m..

'3, V& dwirng bl¥u-difn sy bi€n-thién ela y theo x. Tinh eye-
dai ciia y khi M lwu-déng tir A dén B.
4. Dinhx d¢ cho y = nm?2 Bién-luadn theo m (m la mdtdoan cho).
2

R
Trwong-hop m2 = 5"

BAI -CIAI
1. Dign.tich caa c6.thé (S).

AC 12 canh clia tam-gidc déu ndi-tiép trong vong O. Khi ha 'CI;I

thing géc v&i AB thi OH:%: HB va CH =i-3— . AH = g
: 2 2

~ —~
VI BAC = 300 ta suy ra BOC = 600,
ViOCD=90° cho nén ODC = 300.

Nhur: thé, ACD 13 tam.gikc
cin, tryc ddl-xtng 13 CH.

. Khi tam-giic ACD quay
quanh tryc AB, 06 sinh ra mét
cf-tht (S) gdm o6 hai hinh aén
tron xoay, dinh 13 A va D, bén-

' kinh cia ddy chung 13 CH, trung-- _
doan ca m@t hinh bing CA. Ditn-tich X cla (S) b : -tich
xung-quanh ciia hinh nén trén xoay néj trén ':( ) blag bat lia dita-d

Hinh 155

z=2x.CH.AC = 2«#. R}'3 = 3= R?
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2. Higu-s6 y ciia dign-tich hal vdng trdn (C1)va (C).
® M trén dogn Ah.
(OéAMé‘AH pire OéRxéfz_R hay 0 Lxg %)
Pudng thing géc vél AB ki tir M cit AC tai I, va cit nira vong
trdn tai J. Bén-kinh ciia hai vong (C,), (Cy) a MJ, ML
Din-tich clia vong (C,) 13 :
fy =1t MJ2=aMA . MB = nRx (2R — Rx)
Si=nRx (2—x
Dién-tich ciia vong (Cp) 1a: -
fy = n MI* = = (AM tg 300)2_,.( V3)

x R3
o= Rix?

Trong trudng-hep ndy cfy > fa.

- 2.3
Tasuyray = cff — cfa=nR% (2 —"'x)—"Rx
__2xR%x (3 —2x)
=

e Mé trén dogn HB.

-(BRAAMAAB e %‘41&4211 hiy l-éxé z)
2 B

Gol M; 13 vi-trl clia M trong tnrbng-hqp ndy, Pudmg thing cla
v&l AB k2 tir ‘M; StCD & I;, va cit nfra ving & Jq. Bén-ldnﬁ cnn
hal vong (C,) vi (c:) 1a M1]1 vi M,I,.
Ditn-tich clia vong (Cy) vin 1 :
Si=rR*x 2 —x)
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Dién-tich clia vong (Cy) 13:
d2 =" (M111)2 = n (DM, 8 300)2
|
3

d2="TR’(3-x)2

(‘J'z =7 ﬁTﬂ]z. = —;— (3R - R.x)2

Trong trudng-hop ndy a2 > fy.
Tasuy ra:

.V=d2—d1=£l;2— € —vx)n—ﬂR’x(Z_x)

_=R?*(2x —3)?
- 3

3. Dudng biu.difn cda ham.s8 y.

3

Oéxéi — ZxZ2
, 2 2
27R? x (3 — 2%) nR? (2x —3)?
o ——— Yy mE—————
3 ‘ 3
2 2
"=2"3R G —4) y=2"R a3
Him-sGay trigt-tity khi x =0 Ham-s8 trigt-tibw khi x = _3_
vikhl x == ; y quya mdt cye-dal 2
2 bing “Rzkhlx 2;y qua mjt
2 = M
kh:lx=—3-.Lt’:cdby= 3"4R 3 4

. 3
) cyc-ti khi = — . ron,
Duwirng bidu-didn 1A cung pari- o-tibu * 2 Durimg

bol Py. bidu-difn 13 cung-parabol P,

Khi M lou-d9ng-tir A d¢n B, nghia 13 khi x bifn-thitn tr 0 df
R 2
2 thi y qua mdt cve-dal mi tﬂ-s6153"Tka x=2.
: 4
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4. Cach djnh x 48 cho y = n m2

Ta cit dudrng bidu-dién bing dwing thing nim ngang ma phrong-

trinh 14 y = = m% Hoinh-d6 giao-di¥m, néu cb, 13 tri-s§ clia x m3 ta.
phii tim.

Nhe db-thj, ta dwgc cic thanh-tich ma ta ghi ngay & bén canh -
hinh vé.

m* | 56 nghitm 55’
y tX 1
AR e _ _3.1!R’_< 0¢ 2L L=x"
1
; 2
:. IREXELE S
. DK A |
L ks
i
]
| 3
. (REVELE XE 1Y)
1
! z-0 2%3
o) 3 N
4

Hinh 156

Khiy—=nmi= % aR? thi ta thiy dudng thing cit dudng bidu-

difn tal ba ditm, hoinh-83 ciia di¥m thir ba I x = 2. P¥ tinh hal
ho3nh-d4 kia, ta gidi phuong-trinh :

2 2
27 R x(3—20 = "—E‘R—

4x’—6x+|=0

xi=.3-—-V5-‘ . X" = iV_ST
3 2
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TOAN

Cho mét géc tam-dién Oxyz, mdl mat J1a 80°. Trén Ox, Oy,
0z, ta 18y diém A, B, C theo thi-twr, vid dit OA = a, OB = b,
0OC = e¢.

7. Tinh ba canh cia tam-gisc ABC.

2. Tim hé-thire giira a,b, ¢ dé cho tam-gide ABC vudng gée

& A,

3. Chobléta va téng-8 b + ¢=s, héy tinh b va e, bién-
luén theo s, So-sinh b va ¢ véi a va 2a.

4. Glid-sir OA = OB = OC = a. Tinh khodng cédch tir O téi mit
ABC thi-tich cta khéi OABC va tinh bdn-kinh cia hinh clu di qua
bdn digm O, A, B, C.

BAl GlAI

1. Céc canh cia tam.gibc ABC.
/\Trong tam-giic AOB, ta biét hai canh OA — g, BO — b vi géc k¢
AOB = 600,
Ta suy ra: o
AB? = OA? 4 OB? — 20A. OB cos 600
AB'— @ 4 B2 _gh @wm:%)

AB=Va® + b'_ &b ---)¢C

Tuong-ty, ta dirge :

BC=Vb’+c"_b¢ B

CA=V + & _ca Hink 157
2. Hgthéc glra o, b, ¢ khi BAC = 900,
Didu-kitn dt c6 vi did d& cho ‘tam-gisc BAC vubng géc & A I3 :
BC? = AB? | A2
tire Piel—be=a+ P abta? + A3 g
hay 22 —a (b +¢) + be = 0.



167

Céch tinh b va ¢, .
Ta 43 biét b4+e=s
Hé-thtrc & trén cho ta:
be =a(d+c¢) —2a2=as—2a>=a (s — 2a)

Vi b vi c12 83 4o ciia hai doan, nén b. ¢ > 0, ta phai 43t ngay
didu-kign s > 2a. )

Bai todn rit laj 13 tim hal 88 b vh ¢ biét tdng-s6 b + ¢ = vi
tich-88 bc = a (s — 2a).
b vac 13 nhitng nghiém-e8, néu b, clia phuwong-trinh sau niy:
JX) = x> —sx +a (s—2a) =0 (1

Viéc bién-luin gdm cb: vie xét sy khi hitu nghiéq:—sli vi vige
BBy nhing nghidm-s8 dwong (b vi ¢ duong).

Ta cb A=:2—4a(s;2a)=,2_4ﬂ+sa.z
A = (2 — 4 + 4d%) + 4a? = (s — 20)° + 4a®

Véi dang-thirc 46 cila A, ta biét ngay A > 0, viy phirong-trinh (1)
c6 hai nghigm-s8 x', x”. V&is > 2a thi (1) c6 hal bién-ddu, hal
nghlgm-88 ciing duong ci.

Vigc so-sénh o vd 2a v&l x’, x'’-
Ta o6 fd=d—as+a—-2=—a <0
Viy ¥ Lagx
Talaled:
f (20) = 4a® — 2as + as — 24
=2 —as=a{2q¢ -9
Vis> 2a nén f (20) < 0, do 46
X <28 <x"
Tém 131 ¥ <Laglagx’
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Tasuy rahojc b <a<2a ¢
hoic e Ca2a ¢

4. Tirdign dév OABC.

o]

Khi OA = OB = OC = a,lbatam-
gisc OAB, OBC, OCA 13 ba tam-glic
deu, canh 13 a. Tam-gidc ABC cing 12
tam-giic dtu, cgnh 1 a.

Q

Nhe vy, khdl OABC 1i mit tir- A
dign déu.

O cich dtu ba ditm A, B,Cnén O
nim teén tryc HO ciia vong ‘ngoal-ti¢p B
ciia tam-gisc 4¢u ABC, H chinh 13 trong-
tam v tryc-tdm cia ABC. Ta ob:

<y I R

AB—ga Al= a‘Z/B»AI'l:w;—AI: av'3

Tam-gisc vudng géc AOH cho ta:

01F1=*=o.t\’_AH2=a2_'3—"2="'_"’_2
9 9

OH = 2V 6

3

D6 13 khodng cich tir O dén mjt ABC.
“The-tich ctia hinh thip OABC :

W=l @=L Vi a6 _av2
3 3 4 3 2
Goi » 12 tim cla hinh ciu &l qua bén didm O, A, B, C. » cich d¥u
ABC é¢n O aim trén tryc OH ciia vong ABC. o cich &% A, O ntn o
nim trén dwdng trung-tryc cia dogn OA, v trong mjt phing AOH.
Bu;ngniy cit OH tal o Ding hal tam-glic d¥ng-dang OJo vi OHA,
ta H

O] Ow

OH OA
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a
. — b
Do a6 ¢ O‘-’:oI'OA_Z
OH a6
Ow a]/__ - aVG
2}/6
Chi.§» So-sinh OH = _;/2 vi O = an’ ta thiy:
Ow _ 3
OH 4
TOAN

Col hai mat phdng song-song P vd Q. Mot dwirng thdng L thdng
géc vél P tal Hj vé1 Q tal K. Trong P, ta v mdt dwdng thidng X A
qua H. Trong Q, ta vé mdt dwdng thdng Y di qué K Y.khéng song-
song vél X.

Trén X, ta 1€y hai di&m A, B, HA = HB = a.

Trén Y, ta 1Ay hal dié¢m C, D, KC = KD = b.

Gol O 1A médt d1¥m trén L, ta dinh chidu cho L tir H d¥n K, bit
HE =h> 0 va HO = x.

1. Tinh OA, OB, OC, OD theo a, b, h, x.

2. PBjnh x 45 cho O Ia tdm cda hioh cliu di qua 4 di¥m A, B, C,D.
Tam d6 cé th¥ 1a H, la K, hay la trung-@l&m cia HK kbéng ?

3. Gla sir a = b va X, Y trre-glac vé1 nhai. So-sénh b8n mat
ciia khdl tir-dién ABCD. Tinh dién-tich xung quanh va th¥-tich cda
khdl 46 theo a va h,

BAI GlAI
1. Trj-s8 ciis OA, OB, OocC, OD.

Pitm O nim trén trung-tryc L cia dozn AB nén OA = OB.
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T:m-giic vudng goc AHO cho ta:

OAZ — HA? + OH? = &® + x*

OA = OB =Va? 1 x%

Tueong-tyy, tam-gidc vudng géc OKD
cho ta:

OD? = OK? + KD? = (h — x)* + b*

OK=HK —HO =h — )

OD =0C =Vb—x)° + b?

9. Tam hinh ciu qus A, B, C, D.

Ta ¢4 c6 OA — OB, OC = OD.

Didu-kitn 8t ¢ va da &% cho O 13 tim cla hlnh ciu di qua A, B,C,D
12 OA = OC tirc A OA? = OC2,

Hinh 159

hay P+ d=Hh—-224+5
2 B2

Suy ra: h +b —a’
2h

Néu O trang v&i H thi HO =x = 0 v ddo lai, 14¢c 86¢
MRyl _a2=0
_hay h? = a?— b?
‘Trong truwdng-hop d6, ta phil ¢6 b < a.

— Néu Otring véi K tht HO = HK tirc A x — h vA ddo lai,
nghia 1A :

B+ —a

2k

Suyra h?— a?

Trong tn.rémg-ho-p nly, ta phii o
a<b

NéuO 13 trung-didm clia KH thi

HO =— técld x=—
o toelh = z‘hay

=h

Hink 160 B+ a =
2h

k
5"
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Suy ra h® + b2 — a% = h?
"Mudn thé, ta pl2! Hy g = b.

3. Khio-sét céc mit cia tir-dign ABCD.

Khi ¢ = b thi HA = HB = KC =KD, HK 13 truc d8i-x(rng ciia
tir-diegn ABCD, Ta suy ra CA = BD, DA = CB.

AB thing géc véi KH v triec-giao v&¢i CD ngn AB thing géc
voi mit HCD. Mit HCD 13 mit trung-trirc coa doan AB, N6 12 mét
mijt d8i-xirng clia tir-diégn ABCD. Ta suy ra CA == CB vi DA = DB.

Tém 131, tac6 CA = CB = DA = DB.

Nbu viy, bdn mit cia khdi ABCD 13 nhirng tam-giic cin :

CAB (dinh C), DAB (dink D), ACD (dinh A), BCD (dinh B).

Hon niza, AB = CD theo gii-thiét, nén ta néi thém dwge ring:
b8n tam-giic cin néi trén bing nhau ci.

Dién.tich cia khdl ABCD.

Vi bén mit bing nhau nén ta tinh dién-tich mdt mijt, thi-dy nhir
ADC. Piy cia ACD 1A CD = 2¢. Chiéu cao 1A AK. Diung tam-giic
vudng géc AKH thi cb:

AK? — AH? | HK? = h? 4 &
AK = VB ¢ &
Viy dt(ACD)=_;_CD.AK=a}/h’+a3

Dign-tich toin-phin cf cha khéi ABCD i :

f = 4aVh?® + a?

Thé.tich cia khsl ABCD.

Ta tinh th&-dch ctia kh&i AHCD r5i nhin d8i, s dwgc the-tich Y
ciz kb8l ABCD.

Khéi thip AHCD ob chibu cao 3 AH = a vA diy 13 HCD.
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€ (AHCD) = "E‘; AX . dt (HCL)
= a.(l_ HK.CD)
3 2
2
= %— a.h.2a= a_;_
, o,
Do dé Q% (ABCD) = 2'; )
TOAN

Cho mét nira véng trdn dwing kinh AOB = 2R. K& ba day
cung lién-ti¥p AD, DC, CB, mdl cung bing 800. K& doan AS =R
thing géc vélmat phdng n clia vong tron.

P P
1. Tinh 88 do edc géc SDB . SCB.
2. Dinh tAm va bédn-kinh eda hinh eliu di qua 5 dl&ém S,A,D,C,B.

3. Dinhrd thiét-dién eda hinh citu nél trén bd! mit phing.
SAD.

4. M)t mit phlng song-song vél miat SAB et hinh thép
.SADCB theo hinh MNPQ (M, N, P, Q & trén AD, SD, SC, CB theo thir~

tw). Tinh y = MN2 4 NP2 4 PQ? theo AM = x. Blén-thién ciia y khi
0. £ x £ R (khdong eiin v& dwdng bl3u-diZn).

BAI GIAI

1: S6 do cim hal géc SDB, SCB.

SA thing géc v&i mit n, theo gla-thiét, nén SA thing géc véi AB,
AD, i SA tryc-giao véi DB, CB.

~~ Py
Ha'l géc ADB, ACB ndi-tiép trong nira vong duwing kinh AB, nén
~ ——~
ADB = ACB = 900.

' DB thing géc vé1 AD, trirc-giao v61 SA, nén DB thing géc véi SD
coh thir ba clia tam-gléc SAD.
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Nhu thé thi SDB =900, S

Ttrorng-tl;r, ta cb SE\B = 900,

2 Hinh cdu qus n&m diém
S, A D C B.

|

Nim didm néi trén khong cing &
trong mét mit phing.

Ba di¥m A, D, C cing nhin doan :
SB diréi mft géc. vubng (SAB — SDB _
Cur 4
= SCD = 900) nén ba didm d6 cing D c
& trén hinh ciu (E) m3 duwdng kinh 1
SB, tim B trung-Midm cia SB. Hinh 161
Tam-gi4c vudng géc SAB cho ta ;

SB? — SA’ + AB? — R? + 4R? = 5R?
SB=RYV5

Bén-kinh cla hinh G (%) B #.

Ta nén nhin-xét ring vong O vi di¥m S (& ngodl mjt = cia vong
O) 44 dinh £ hich cu,

3. Thitdign coa hinh cdu.

Mit ph3ng SADo6 ba di¥m S, A,D & trén hinh ciu (r), viy né cit
hinh ciy 46 theo vdng trdn qua ba di¥m S, A, D. Thé ma tam-giic
SAD 1A tam-gifc vudng cin, dinh 13 A. Vi thé, vdng trdn SAD o6 dudng

kinh 12 SD — SAVZ =RVZ.

-4, Thist-dign MNPQ.

Gol (T) A mot m3t phiné song-song véi mjt SAB. (T) cit hinh thip
SADCB theo hinh tir-glic MNPQ. Ta biét ring néu mét mje phing it
hal mj¢ phing song-song thi hal glao-tuyén song-song véi nhau.
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Vi thé: MN §ong-song véi AS.
PQ song-song vé&i SB.
MQ song-song véi AB.
Pudng DC song-song voi AB, nén song-song v&i m3t SAB va mit
(T). Mit SDC chira DC vi cit (T) theo dudng NP cho nén NP song-
song v&i DC (va MQ). Tam-gidc DMN dong-dang v&i tam-gide DAS,
Thé m3 DAS 1 tam-giic vudng cin (dinh A), nén DMN ciing 14 tam-giic
vudng cin (dinh M),
Ta suyra MN:MD:AD—AM:R-—x
Hoai tam-giic ddng-dang SNP, SDC cho ta:
NP_SN{ AM _ x
DC SD\ AD R
Do 46 NP=DC X -RZ_x
R R
Hai tam-gidc ddng-dang CPQ, CSB cho ta:
PQ C_Q( DM R-— x)

SB- CB\' DA R
R—x zR—x =
Do d6 PQ =SB =RV5S =(R—x)Vv5
Viy y = MN? 4 NP? 4 PQ?
=R-—24+x245R—2x)?
=6R—x)"+x

y = 7x> — 12Rx + 6R3
. ¥ 1A mdt ham-s& bic hal cliax. O day ta chl cho x bitn-thitn tir
0 déa R ‘
Po-him A
¥ = l4x— I2R = 14 (x_‘;—R)

y' trige-tieu khi x =°713. Licds y— &
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Bdng bign-thi¢n ;

x 0 %l} R
y — 0 —

4
y |er N\ g_ s R

. 6R \ . 6R?
Khi x bién-thitn tir O dén - thi y nghich-blén tir 6R3 d!n—7—.

2
Khi x = 6TR, ¥ qua mdt cye-tilu mitrl-s§ 12 f’l:—

‘ 2
Khi x bién-thi¥n tir ? din R thi y 4dng-bién tir 2;3. dén R,

(N€u phii v& dudng bitu-didn thl ta ¢ mét cung parabol).

TOAN

Cho m{t hinh thép SAMB, SA thdng gde vél déy AMB, Tam-gldc
AMB vudng géc tel M, Ha AH thlng gée v&l SM | va AK thing gde
véd SB.,

1. Tinh o8 do eda nh|-dién (A, SM, B),
2. Tim mét géo phing cda nhi-dién (M, SB, A).
3. Chirng-td rding nim di¥m A, M, B, H, K & trén mdt hinh cliu,

4. Tim vdng twong-glao cida hal hinh cllu dudng kinh SA vi
dwdng kinh AB.

5. Dit BAM =a, ARR=Dh,

Chirng-td riing tga . tgb = g—:. Gid-sir trong hinh thdp SAMB,
A, B, S c8-djnh, M lwu-ddng trong mdt P thdng gée véi SA tal A vd
AMB = 900, B4t —= = k) tinh a d¥ choa = b hojo d¥ cho a = b,

BAl ClAI

1. 88 do che nhl-dign (A, SM, B),
SA thing géc v&l mit ABM aén SA tryc-glao véi MB.
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MB thing géc vé&i AM (theo

gid-thi€t) va tryc-giao voi SA, nén
MB thing géc véi mit phing SAM. K
N,
Thé m3 m3jt SMB chira MB, 4
nén mit SMB thing géc véi mit . ..
SAM (m3t thir nhit chira duwdng A AN
MB thing géc v&i mit thir nhi). TNEL\ /
- P T
Néi khic di,-nhj-dién (A, SM,
B) 13 nhi-di¢n vudng géc. Hiah 162
Tir didm A, néu ta ha AH thing géc vé1 SM thi AH thing gée
vél mit SMB. Do 46, AH thing géc vé1 HB, HK va tryc-glao véi SB.

2. “Géc phing ciie nhj-di¢n (M, SB, A).
Nhj-di¢n (M, SB, A) c6 hai mjt 12 SBA vi SBM.

Ta 43 biét KA nim trong mijt thir nhit va thing géc vé1 canh SB
ctia nhi-dién. Ta hiy xét xem KH cb thing gbc vél canh SB khng.

SB thing géc véi AK vi tryc-giao vé1 AH nén SB thing géc v&i
KH, canh thtr ba clla tam-gidc AKH.

Ta két-lujn ring AKH 1 mdt goc phing clia nhi-diéa (M, SB, A).

3. Hinh cdu qus ném diém A, M, B, H, K.

Nim di¥m nél trén khéng & trén mt mjt phing.

Theo gii-thiét, ta o6 AMB — 900, AKB — 900, Ngoal ra, ta biét
thém ring AHB = 900°.

Ba d3m K, H, M ciing nhin dogn AB dirédl mét géc vubng, vy
ching & trén hinh ciu du-b-ng kinh AB.

4. Vang mo'ng—glao cie hal hinh cdu drdrng H'nil' AS, AB.

Ba ditm A, H, K & trén hinh ciu (Z;) didng kinh AB,

Ngohi ra, H, K nhin dozn AS dudi mft géc vubng, viy HK & trén
hinh ciu (3,) dudng kinh AS.
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Hai hinh ciu (), (Z3) 6 ba &itm chung A, H,K nén ching cb

mdt vong tron chung. DS 13 vong qua ba ditm A, H, K. Vong nldy cb
duong kinh 14 AK va n3m trong mit phing thing géc vél SB tai K.

5. Hg-thire glire tg a va tg b.
Trong hai tam-giic vudng géc AHK vi AMB, ta c6:

AH MB

tgb:-— a = —

HK ® AM
AH MB
Suy ra tga., tgh. = —_ wx ——
® HK ~ AM

Nhung nhe hal tam-glic vudng géc ddng-dang SAH, SMA, ta ¢6:

AR  SH
AM SR
Vi nher hal tam-giic vubng géc ddng-dang SHK, SBM, ta cb:
MB _SB
HK SH
Nhw thé thi:
o s = A0 MB_ A D
HK  AM AM ' HK
SH SB_SB
SA ~SH SA

Céch tinh a khi 8 = b
Khi g = b thl he-thérc tg a . tg b = k trd thanh tgla =k
a 13 mét gbe nhqn,tgﬁphiiduang.taliyt’ga: vk. Bai todn cb

mt nghigm-s&.

(Ta nhin-xét rangkgji’:_: S L. Viytga=Vk> | tec 3 a> %)

Céch tinh a khi s = b
Khi a = 25 thi he-thirc tg a. tg b = k tr& thinh tgb.tg 2b = &
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2wgd
b = . nén ta od
Thé ma tg 2 b
_Z_tg:’b::k
1 —tg%

2 tg% = k — kg
k +2) =k (ta biét trudck > 1)

tg2bh = _k_

k+ 2
Do d6: tg2b=\/

b 13 géc nhon, a ciing 13 géc nhen. Théméb:%, nén b <

—
k+2

=
4
tretgd < 1.

Ta biét chic-chin ring —k— <
k42

Vithé tr-s6  tgb= \/ k_’i_z. thich-hop vé1 bl todn.
+

Biét b thi ta suy ra géc a, b&i vl a = 2b.

TOAN

Cho mdt hinh ciu tim O, bén-kinh R. Gol AB la mét dwdng
kinh. Trén OA, 18y mdt di®m H. OH = h < R. Puwdmg thing gbe vél
AB ki tir H cit hinh elu & C vd D, Qua CD, ¢6 mdt mit phing
lru-ddng G;. Mat phing Q; va mit phdng ABCD lam thinh mdt nhi-
di¢gn ma s8do A a 0 < a < 800)

1. Q cit hinh clu theo mdt ving trdm (S;. Tinh bén-kinh Ry
cda (Sp theo R, h vd a. Gol Q, 1A miat phdng emia CD vi thing

gée véi Q. Q; cdt hinh cliu theo vdng trdn (S;). Tinh bdn-kinh Ry
ela (Sy) theo R, h va a,

(Nén cdt hinh ciu biing mat phdng chira AB vd thdng gée véi
mit phdng ABCD).
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2 ,Cht'rng-tb ring ting-sf di¢n-tich ciia (S;) va Sy 1a mot
hiing-s8, khl h khéng a8l vd « thay 48l. Tinh « d8 cho tich-s& hal
dién-tich ctia (Sy) va (S,) eyre~dal,

3. h va a thay 81, khl ndo th tich-s8 hal dién-tich cia (Sp v
(Sy 16m nhiit ¢ Tr{-s8 cyre-dal dé 1& bao nhldu ?

BAI Cldi
1. Béan.kinh cle (S1) va (S3).

Khi ta cit hinh ciu vA hai mjt phing Q;, Q; bing mit phing chira
AB va thing géc v&l mit ABCD thi vét clia hinh ciu, ca, Q; v3 Q
trén mit d6 13

— Mat vong trdn 1én dudmng kinh AOB = 2R (h. /63).

— Mt duodng thing PQ; trén 46, doan PQ 12 dudng kinh cta
vong (S9).

— Mbt dudng thing MN; trén 46, dogn MN 12 dudng kinh cia
vong (Sq). '

Pudng CHD thing gbc v&1 mjt t& gidy, vét cia dudng 46 13,
4i¥m H.

Hinh . 163 Hinh 164
Géc OFHD 13 gée phing clia nhi-di¢n nhon hop béi hal myt ABCD
vA Q,. Viy OHP = a.
Géc NHP 1o géc phing cia nhi-dién vudng géc (Q15Qa); vi thé,
N’H\Q = 90° vd OHN = 90° — a. ,
H; OJ thing géc véi PQ, vd OI thing géc vél MN.
Bin-kinh ciia vong (S1) va (Sa) ln-lwet 13 JPv3 IN.
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Hai tam-gidc vuéng géc OFi, OHI cho ta:
O] =OHslna =: ksina
Ol = OHews = =hcosa
Suy ra:
JP?= OP? — OJ* =R? — A? sin’ «
IN? = OH? — O’ = R? — h¥cos?a
Va JP =VR? — h? cos® a
IN=/R? — K cos?a
2. Tdng-s8 dién-tich cia (S1) va (S
Dién-tich ciia (Sy) va (Sg) 1A
Sy =n (R2— k? sin? a)
S = n (R3— h? cos? a) .
Suy ra :
Iy + Sy = = (2R? — A sin? a — K cos? a)
= n[2R? — h? (sin? a .+ cos? a)]
= a 2R — A?)
Tong-s8 46 khong phu-thuge védo a.
Tich-s& hai dign-tich néi teén 1 d'1 X fy
- Tong-88 cfy + f; 1A hiing-s§, nén tich-s8 cye-dal khi ma
oy = of
tirc 12 n (R? — Wsin? a) = 7 (R? — A? cos a)
R3 —h’;ln’a. =R'_hcosda
8ln? & = cosla ‘
o 13 géc nhon, sin vi cosin dtu duong ; do 46, ta Iy cin dwge

nhe sau ¢
slga:bosa

Suy ta:.ﬂna=l hay tga = | vi q =450,
cos @
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3. Tichs6 dign.tich cie (S1)va (Sy).
Tadicd f;=n (R? — A2 sin? a)
dz="(R’—h’cos’a)
Do d6:
Sy . Sy = [(R? — A? sin? o) (R? — A? cos? a)]
=m2[R* + B R? (sin? a + cos? a) + ki sin?a cos? a]
=n?[R* — B*R? 4 A* sin? a cos? a
= [R' — K (R® — * sin? a cos? q)]
Ta biétring A <R,sina <1, cos a < | ntn:
RZ_Ksin?acosa> 0
Do d6 B (R?* —h? sin?a cos?a) > 0
Mubn cho cfy X fy cre-dal, ta phii thu xép cho:.
R* — 1 (R — K sin? a cos” o) cvre-dal
>0
Mubn thé, aldy A =0
Lic 46 of;. S =R,

Hal mijt phing Q; v Q; 48u qua O; (S;) va (S,) lic ndo cing 13
hai vdng lé6m bit-chit a 12 bao nhitu.
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