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CHUO'NG-TRINH

_, , Dai-s6-hoc ol
LOP MUOI MOT A

) ) Epl
Tam-thGc bac hai. Phén-tich ra thira-s8, Dé&u coa tam-thirc. bac ﬁai.

Bat-phuong-trinh bac hai. So-sdnh mét sé véi nghlgm-sé cla m@
tam-th&e bac hai.

Binh- nghla va nghta hinh- h9c cla dgo ham.

Quy-téc tinh dgo-ham (d‘go ham cia tong-so, tich.sé vv...)
D&u cla dgo-ham va chleu bién-thién cla ham-sd.
'Héam-s8 béc hai, ham-sé nhéf—blén.

0 : a ; (Trich Chuong-trinh Tmng.hoe
: : cop-nhgthéa 1971 cia By Giieobue)‘ ~



1. TAM-THU'C BAC HAI

1. PINH-NGHIA

1. 1. TAM.THUC BAC HALI.

Tam-thire bde hai 13 mot biku-thire dai-s8 c6 dang ax2 + bx + ¢
trong dé a 4 0.

Néua = 0 thi tamethirc thianh ra bx + ¢, nhw thé la mpt nhi-thie
bdc nhit.

Thi-dy ¢ 223 —l5x 143 4x% 4 Tx
5% il = B — ' 5x?
Trong tam-thirc ax® + bx + ¢, abc gol 1A cic h¢-s6, x 13 bién-sb.

Sau ndy, ta sé néi nhidu dén he¢ s8 a, ta s8¢ goi c 13 hé-s6 ddu cta
tam-thirc, Nén nhé a = 0, b hay ¢ c6 th® trist-tieu.

Trbng subt cudn sich ndy, ta s& chi ding nhitng s6 thwe nghia
12 céc s8 thudc tip-hop R. Gip nhitng truwdng-hop khic, ta sé ghi r3.

1. 2. KY-HIEU.

ax? + bx + ¢ 1 mot biduthirc phy-thude vio x, ta chi bl!u-tht‘rc e

"6 13 f (x) vA taviét :

f(x) = ax? + bx + ¢




Nén nhé ring f (x) 13 mot ky-hiéu d& chi tam.
dirng nghi ring d4u —
phuong-trinh ¢ hai vé,

thirc ax? |
d€ gita f (x) vi qx? +bxtecld dt‘mg"

1. 3. TAM-THUC VA PHUONG-TRINH BAC HAI KHAC NHAU,

— Tam-thérc bic hai 13 moét bigu-thic dai-

s8 phy-thudc vag ;
x thay ddi thi tam-thirc thay i, :

Thi.dy * f(x)=2x2 R 2L R LS
f(4)=2.42—5.4 +3= 15

I=2002 5 3y :
f@) =242 50 | 3

— Phwong-trinh bic haj 6 hai vg .

ax? L by i o 0

Muén cho haj v bing nhay,
théa, thi x chj ¢6 dwoc hai tri-s
6 — dwoc goi 13 nghiém-s§ ca

nghia I3 mugn che phuong-trink du'q
8 13 nhigy nhit. Hai tri-g8 46 — n
Phuong-trinh.

14 NGHIfM-sG ca TAM-

Theo dinh-nghia,
nghiém-s§ cia phuw

THUC BAC HAL

nghiém-sg cgq tam-thie ¢ (X) =
o'ng-trinh ax2 + bx 4 e — 0.

ax2 4 py

Whtdy s Bl o e

: ‘Ng'l‘xviem-sé' ¢a tam -thirc 46 chin, 13 nghigm.s8 cga Phuong-trint
g ‘4:':2._5'x+|_=0 ‘

% ¢




2 P%y-ricu TAM-THUC THANH THUA-S0.

1. 5. NHAC LAL ;
Coi tam-thirc f (x) — ax? + bx + c; Pit A = b2 —_ 4ac.
Goi tip-hop cic nghiem-sé 13 S,
| A<0 & = %]

2a

A>0 s s_—_g :_L:j_l._; —b+ YA
2a 2a
1. 6. PHAN-TICH TAM-THU'C THANH THUA-SG,
Coi tam-thirc f (x) = ax® + bx ol
Dit a 1am thira-s6 chung :

f(x)=a(x2+ —zx+ ai)

v 9,
Thém va bét ('2—b-) vio trong ngoic tron :
a

s [e2 ks (22 4 2]

Trong ngoic vuéng, bg 88-hang d4u viét gon lai 13 (x AT, i)

2a
vA hai s6-hang sau viét 13 — i%a_‘:gﬁ hay — 4%2
0 Ry —
Yor o uNEE i el [(x ] ] l (1)

Dang-thfrc a6 dt‘tng cho bit-ctr tam- th{rc nao cﬁng du-qc.




P

D6 goi 14 dang-thirc chinh-tde clia tam-thire bic hai,

Ta c6 the bién-ddi (1) trong trudng-hop A — 0 va trong tnr&pz— ;
hop A > 0.
A=0 thif(x)c6 nghi¢m-s8 kép x’ — ;\b
a
Lic d6 (1) viét dwoc 13 :

2 E
f(x)=a(x+3)

2a

Sy

| <
, =a(x — x')2 : &
I'f(x)=a(x—x')2 , 2) :

Khi A>0 th f (x) cb hai nghi¢m-s8 khéc nhay :

x’=,_b—‘/A x"=_\éb+ ‘/— : '_‘
2(1 Za s
; L Coi lai dang-thire (1) : ; ;

,*“x):’a[( %) 4a?

Vi - A >0 nén ta vigt duoc —A— (@)2
4q? 2a ]

Do d6 ; f (%) =“[( ) (‘275)2]

Trong ngoic vudng 13 mét bidy-
tich thinh (A + B) (A — B)

thirc thugc d;mg A2_p T,




Nhurng hai nghiém-s8 ctia tam-thire 13 :

'=_b_‘/5 xu_—b"'\/z
da'¥ i AR

X

cho nén ta c6 :

f(x)=a(x—x)(x—x")

Ta néi ring ta d3 phdn-tich tam-thirc thanh thira-sb.

1. 7. TOM.TAT.

©)

b

f(X)=ax2+bx+c=a[(;+ _)2.._ A]

2a 4:2
A=0 f (x) =a (x —x')?

A>0 f (x)=a (x—x) (x—x")

1. 8. THI.DY.
Phén-tich cdc tam-thire sau day thanh thira-sd :
f(x) =—x2+5x -6
g (x) = 20x2 — 81x + 12
M
h (x) = 2x2 + 2x + g
o fW=—x+5x—63a=—1,x=2,x" =

f@=a(x—x) (x—x)=—(x—2) (x=3)

o g(x)=20x2—31x+12; a=20,x'=%,x'

£ =) =) =20(x= 2 (x

3,

£

4
5

-

7




® h(x)=2x2+2x+ E'-_;a:Z ,x’=3c”

» l A
h(x):a(x—-x)-:Z (x+ _2_.)

1.9 UNGDUNG: DON.GIAN PHAN.SG HUU-Ti,
Gid-str ta phii don-gidn phin-s§ hiry-tf

XL
S E R\’
( ety Al
Tir-s8 13 mot tam-thec bic hai mi ha; nghiém-sS 13— 2, + 3
nén duwoc phan-tich thank (x +2) (x — 3], ‘ 5
Miu-s§ 13 mot tam. thirc bic hai ma haj nghi¢gm-s§ 13 — 2, + 4
nén du-g'c phan-tich thanh (x At 2) e )

(2) e 3)
d6 P et S o
he W s =4

Khix:/:—Zthix+2-+—0 tado'ngianchox+2 d!oé

—3
P(x %
s X —4

Khi Wity thl P (x) c6 dang-thire vé-dinh 8

—_—

s

BAl TAP

Tfnb nnhlﬁm-s& cta e‘q tam. thirc sau dﬂy :
e

y




® Bien
1. 9. (m—1)x2*2(m~2)x+m+1
L10. m@4+2(n + Dx+m+5
1.1 5x2—7()mx.+5‘(rn2—m—1)
L122.mn + )2 —2mx+m+ 6
1.13.(m—4)x2—-2(m—1)x+m+2

14 (m +3)x2 —4mx +m+ 5

-

® Dijnh théng-sé m dé\ méi tam-théc sau day c6 nghigm.s6 kép va tinh-

nghiém.s& kép d6 :

1L15. (m — N x® — 2mx + m — 3
1L16.(m—2)x—2m=5x+m+3
L 17, mdi2 (S B R il

1.L18. 2m —Dx2 + mx — 6

L1 (m—2x2+ @2m+3)x+m+2

® Phan-tich céc tam.théc sau ndy thanh thira.ss :

-lugn theo thong.ss m s5 nghi¢m.s6 ciia méi tam.théc sau day :

1..20/12:2 2l & : 121, S by
1,22, 88 — 60 1% (1,23, 164 4 106 + 1
1. 24. 42 —12x + 9 1,25 2 — 10x + 25

X ’ P 2 {
1. 26. 9x2 — 6x + 1 : 1. 27, T+3x+9 ‘
1. 28— x2 4 7x —3 : 1. 29.'x2+_8x+6

1. 30. 4x2 +57x — 1260,

1. 31, 52 — 15f + 432

. 32, 3¢ + 275« — 37500 1. 33, 392 — 256¢ + 132
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® Don-gidn céc phan.sg sau day : :
X0 x2.— 49

. . PRI B
b x2—6x + 9 x2—2x—63

20x2 — 13x + 2 52+ 14x — 3
1. 36.
: 5x2 —x — 2 10x2 — 17x + 3

20x2 — 23x + 6 P
e 1.39, ——— -
2 —1Ix+ 6 22— 13x + 15

x2 —3x+2 5%+ 2
x2—(a+b)x + ab 2 At 25)X+2¢b,','v_v

%

42,
x2— (a + e)x + ac x2—(2b + ¢) x + 2be

(x’—5x+6)§—(x—2)2

“’ —
=2t —(x—2p




2. DAUCUA TAM-THUC
BAC HAL

2. 1. NHAC LAl

Trong bai triréc, ta d3 biét ring

2
VXER ax2+bx+c=a[(x+ i) el (€))
2 2a 4q>

Khi A =0 thita ding dang
ax* + bx ¢ =af{x—x)2 0}
Khi A > 0 thi ta dung dang
axz+bx+c=a(x—x’)‘(x—x”)' o 3)
2 2 DAU CUA f (x) = ax2 + bx + c :
e Trwong-hop A f 0. Ta coi dang-thirc chinh-tic (I)
bAoA .
ER: = e
vx f(x) a[( Za) : 4a2] ‘

Vi N Ontn 280w —Zé>o

Trong ngojic vudng 12 mét bidu- thu'c lubn-ludn dwong. f (x) l&.ﬁdi
s cllaa v&i mot biéu-thu-c dwong, nén f (%) theo ddu cua @




Tém lai : N&u A <0 thi #(x) theo dgfu cda a. N6l khée di,
a. f(x)> o0

I ® Irweng-hop A —0: Ta coi dang-thirc (2) :
L VXER: f @) =a (x— x)2

Néu x = x* ttc lanta x_—-zf— thi f (x) =:0.
a

Néu x £ x” thi (x — x)% 1udn ludn dwong. f (x) lé tich-

s8 cfia a’,
véi mot s§ du'o-ng nén f (x) theo dfu ctia a.
Témlai: N&u A = 0 thi f (x) theo d&u eha a, nhwng khi i
—b
X = — thi f(x)=o0.
2a

® Iruong-hop A> (. Ta coi dang-thire (3) :

VXER: f() =a(x—x) (x = x%)
Muon biét dfu ctia tam-thirc f (x),

ta xét'da’{u olla (s )i e %4
va a. Gid-str x* LA

R i Hx—x) Ogdis  thidiu  cung dig
véia 0 véria 0 véig

V(ly‘*: £(x) theo dfu eds & trie

, Iie dé thi f (x‘) tl’él 5“ V6'l

khi x 6’ tr;-sc & trong khoiny-\
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St khdo-sit trén din ta dén diﬁh-l}" quan-trong sau ddy, thudng
goi 1a dinh-ly v¥ cdc ddu ctia tam-thire bdc hai.

Trong tam-thire bac hai f(x) =ax2 + bx ¢

1. N&u A < 0, thi f(x) cing diu véi a.
’ » b
2. Néu A = 0, thi f (x) cing d&u v&iavéf(— oL ) = 0,
2a

3. N8u A > 0, thif (x) cing dffu véi a khi x ¢6 tri-s8 & ngoai
khodng hai nghiém-s8; f (x) trai d&u véi a khi x e6 tri-s3 & trong
khodng hai nghiém-sd, -

Noi vdn-tdt, ta c6 :

Tam-thire bée hai f (x) = ax2 + bx + ¢ bao gio* ciing theo d&u
clia a, trir mdt trwdng-ho'p : tam-thive ¢é hai nghiém-s8 va x & |
trong khodng hai nghiém-s8 dé ; lie dé tam. thire trai dfu véi a.

2. 3. THi-DuU.

Xét d&u ctia ba tam-thire sau nay:
f(x)=— 8x2+ x— 4
g(x)=x2+25x+10
hx)=x2+ 7x — 8

° f(x)=-—-3x’+‘x—4 (hg-s8 clia x? 13 a = — 3),

A < 0, tam-thirc vé-nghiém.

Viy f (x) theo ddu ctia —3, nghia Iz f (x) <0, bit-chdp x 1a :

bao nhiéu. ¥

® g(x)=x%+ 25x+ 10.
A = 0, tam-thirc c6 nghiém-s§ kép : 2’ = — 5.
g () =a(x—x) = (x + 5% X




Vay khi x o4 — 5 thi f (x) > 0, vi khix = — 5 thi f (—5) =
@ h(x)=x+7x —8 (h¢-s8 chiax?13 a = |),
Tam-thu’c c6 hai nghiém-s6 13 — 8 va 1. Khi x évugohi kho' Ny

X

— O — 8 1 o

h (x) ¥ i 0 +

2 4. DAU cUA MOT BIEU-THUC THUQC DANG (ax + b) (ex

Gld-sir ta phii xét dfu ctia bidu-thire :
f(x) = (2x + 3) (x —2)

Néu ta khai-trién ra, ta s& duwgc mét tam-thirc bic bal
f(x)=2x —x— 6

Nhe dinh-ly vé dfu cla tam-thtc bic hai, ta xét dfu ct'sa
2x* —x — 6 dE-ding.

Tuy-nhién ta 1dm nhi sau day cho tiezi $

Khi coi f (x) = (2% + 3) (x — 2) thi dang cich tinh nhim ta biﬁg
ring 4613 mdt tam-thirc bic hai ma h¢-s8 diu 13 o — 2,

Nghiém-s8 clia tam-théc d6 13

X = -

N]\»
-
®
3
I
~N

a5 Két-qui 12




o
Twong-tw, ta coi;

gl 2@ SaEe o 1)

Néu khaij-tritn, ta s& dwoc mot tam-thirc bic hai ma hg-s6 ddu i
— 10. Nghiém-s6 13 ;

3 5 D
R = X ——
5 2

X |—o00. - s

I_.
e

g () s e -?_.

Loeant 1 Y R
2. 5. DAU CUA MOT BIEU.THUC THUQC DANG T =

ex 4
Gia-str ta phi xét d4u clia bidu-thirc hiru-ti #
Py 2x —13
x +5
Bitu-thérc ndy vé-nghia khi x = — 5 (vi lic 46 miu-s§ triet-
titu). Py : S
Ta cdn-ctr vic; didu ndy ¢ P

DHu ctia ti-s8 ‘% eing gidng nhw dfu ctia tich-s3 A x.B. o

A ; g ¢ v fsr "'Z'

(Ta khong h& néi : = bing A x B). Viy thay vi xét dfu cha

2% =3
x+5

, ta xét ddu clia (2 — 3) (x + 5). VAn-d¢ ndy 43 dwor ho
““'r&,



X

(2x—3) (x + 5)

2X5="23 j
X+ 5

|
|
+ |
J

f
]

Diu || d& t3 ring phan-s§ khing dwgc xde-dinh,

Sau nay, trong ldc thic-hanh, ta c6 the bs dong giga di i
bo viéc xét dfu tich-s§ (2x - 3) (x + 5)1; :

2. 6. THI.-DU KHAC.
® Xét dfu cla bidu-thie
E®@=(x2—3 (x2 — 41x ¢ 40)

Ta xét ddu ciia tirng thira-sg mdt. Méi thira-s8 I3 mét t:
bic hai. x? _ 4 ¢4 he-sSdiulda =1 v3 o6 py nghi¢m-s§ 13 —2,
* —4lx + 40 c6 he-sSdiu 13 g _ | VA c6 hai nghigm-s§ 13 | 5




2]

Taviét  E()=x(2—1) (= 2) (x2 4 2)- wid
x* + 2 ludn ludn dwong. Viy ddu ca E (x) cling gidng nhw d4u ctia ' X
E(x)=x(x2—1) (x2=2) / ‘ 1%?
x — oo Y/ —1 0 | V2 + ool ‘31;;;'
X —_ —_— re.) 0 + + N »" & "
ot — 5y + 0 - - 0 + +
x*—2 O i o R A
E (x) —_ 0 N0 S O aE e G

® Xét dfu etia bi8u-thire

x4 — 9

Ta nhin-xét truée ring :

Brl=x+1) (x"—xjf- 1)
vi @+ 8= (a + b) (a® - ab + b?)

x*—9 = (x2 < 3) (x? 4 3) \ |
x2 + 3 ludn luén duong. '
E (x) khéng dwoc x4c-dinh khi

B—3=0 terclhkhi x=+)3

i) ) (B )
¥ e e (x* + 3)

Ta dd biét x* +3>'0. Tam-thtrc »*—x + | po-nghigm _
(1A =-—3<0) vacé he-s8 diu bing 1, nen luén ludn dwong,

’E(x‘),=
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L (S -1 7y
- o 5 ST . i -
A 3, e =g
EW " ol e

2. 7. MOT VAN.DR e

Cho tam-thire fx) = m + 1) x2 — 2 (2m + 1) x + 4m + 6,

Binh nhirng tri-s§ cta m d¥ cho tam-thire dé ludn luén dwo'ng,
bét-chélp x,
a=m+ | b=—2(2m+l) c=4m + 6
Gid-str az=0 = m+4 =0 = ms ., ;
D& cho ‘tam-thirc khong dbi déu, didu-kign £t c6 v &4 12 né v

nghigm, tirc 3 A' < 0. Khi tam-there khong dd1 diu, né theo dfu clia
@, vy d& cho tam-thirc ludn lusn dwong ta doi héi m e 2

Tém lai, ta doi hoi hai digy sau ddy cing mét luc s il
3 GopE . e fpiy

m+.1>0 "D

A = Q2m+ 12 — (m 4 1) (4m 4. 6)

=4m2+4m+l—4m’—|0m—6
= - 6m-—5

A'<0 5 _em_5¢p =S m> T8

m+1>0 = /T HE |

.‘ Ci hai didy ct‘mg duoce thda khi‘ta chon m > -—l

-




o i

A.B (ta phai gid-str B -« 0) va diu clia thwong-s8 AI.)BI.EC‘ ciing gibng

nhr ddu clia tich-s§ A.B.C.D.E (gii-sé D - 0 va E £ 0),

Mu8n xét ddu clia - ta xét dfu cla tich-s8 2x + 3) (x — 2);

A
D6 13 mot tam-thirc ma nghi¢m-s6 12 — % va 2.

2x +3

X —

Ta mubn cb > 0, viy ta phii chon x & ngodi khodng . e

(—% : 2), ta khéng ldy xz_.% va x = 2. 3

2x

Lyi dan. — Gip > 0, ta cb the xét dfu chia 2x + 3, ctia

x — 2, r6i suy ra ddu cha vé thir nhit; sau d6, chc,m x & cho vé thir

nhit deong.

— Gip 2x+3 > 0, ta khong dwoc viét 2x + 3 > O,l

Xt
vi ta khong d4m nhin hai v'é v&i bigu-thirc x — 2 mi ta chu'a bzé’z ddu.
2x ik 3 @ _\_..‘ii-

— Gip > 5, ta khéng duoc v1§t_ 2x 3> 5

x g = {
(x—2), vi ta khong ddm nhan hai v& véi bidu-thirc x — 2 mi ta chua
biét ddu. Ta phai chuyén 5 v& bén tréi : - ;

2x + 3
x— 2

s — g

2x +3—5(x—2)
x—2 >0 ; A~

Y T
Thi=="2 i




duy trén."
e ¢ 1 Ox o4
Thidy 9. Gidi bat-phwong-trinh ~XL < EX L

Sau d6, ta lai ti€p-tyc theo phuwong-phip di néi & thi-

|
Ta chuy®n ci vé v& the nhit ; At Y
x — 1 o anl)

Liy miu-s8 chung (khong dwoc b6 miu-ss chung) :

@x—1)(x—2) L% — PG
R e =

—3
G—NGx=2 <0

Ta mudn ring v& thér nhit phii am 3= 3didamrdi, viy ta o
héi miu-s8 phii dwong : %

—ND@x=2>0

Tam-thére & vE thir nhit o6 hai nghi¢m-s8 13 | va 2. Hes8 diu
laj, ;

Mun cho tam-thire dwong (nghia 13 can

g dfu v&i hg-s8 a cia e
ta phdi chon x <1 s

hay 13 chon VXL

gt

Thidy 3. Gil bt-phwong.trinh g—,’:g‘*__% o

Liy miu-s§ chung (khong bs dwoc méu-s§ -churvng)‘ s

(6x+2)(2x+1)+(x_l)(3x+9>°

BGx +9) 2x+ 1) il

1522 4 16x 7
3(x+3)(2x+|)>,_° Pt

‘. Di“! cda v thir nhit dwoc suy tir dfu clia tir.s6 |52 + 16 e
déu ciia miu-s§ 3 (x 4 3) (g . ). ol S

@

Tam-thitc 1552 4 16z '%;;:ea'-'ha>;gm¢g,.,/§ I ?7“




Tam-thire 3 (x + 3) (2% + 1) cb hai nghi¢m-s61a — 3 va _;_ o
%
| \
x |—oo =3 — l- e l- i —o0
, 5 2 3
|
Tir-s8 | oa s 0 i LS S
Mau-s8 | + 0o — — 0 + +
VE nhit + H — 0 + H S R
Ta mudn cho v& thiér nhit dwong, viy ta chon
7 1 1
x<=35 L =X — v B x
5 = 25 3
3.4. HETHONG BAT-PHUONG-TRINH.
Thi.dy 1. Gidi hé-thdng bit-phwong-trinh: 7
—2x24+8x—1 <O e
34 06—x>0 @ .
=
Céng viéc cha ta 12 phai chqn x sao cho ci hai bé’t-phtro'ng-trinh il
ciing dwoc nghiém. - ;
Vi the, ta phai néi rang hai bat-phu-ong-trinh &3 cho 1dm thanh mot

hé-théng, chiing 13 hai bdit-phwong-trinh dong-nghiém.
—2x® 4 3x — | cb hai nghigm-s8 12 ;_ va 1, he-s6 diu 12 —2.
(3 4+ %) (5 — x) c6 hai nghi¢m-s§ 13 — 3 va 5, he-s§ diu B —LI. 1

Muén cho bit-phwong-trinh (1) duoc théa, ta ldy x & kho&ﬁg
khéng bi gac chéo sau diy : Z Y




Mudn cho bit-phwong-trinh (2) dwoc thoa, ta lé’y x & khoing
khoéng bi gac chéo sau day :

-_— 5 : + @ ; : el
A _—
3 j////l/ul/l/:/: UL A
HTTTTIrTr Ty | 3 Illlul"lu!r x 4
Dric-két nhirng thinh-tich trén, ta duoc
: " o

—2x"‘+3x-—|<0

B+ 6-n>0

Két-qui k\

Nhitng khoing khong bi gac chéo 13 :

i) A

(=3;05)- (1;5)
VVéy cd hai bit-phirong-trinh cing dwoc nghi¢gm khi

—3<x<05 va 1<x<5

Thidy 9. Gidi cac b&t-phwong-trinh dbng-nghigm <

x2—6x — 16 <0 )
x2—-8x+ 15> 0

- 1 1 SR
i : s:+">° )

- c6 ha{,nghigm-ss B‘



3.4 (@—5x+4)B2—5%+8>0

hw9f+%>w.nﬁmm&ﬁh@m@+®@—ﬁﬁ§
nghi¢m-s3 13 — 6 va 3. He-s6 diu 1a + 1. ; o

 |Seiie 8 wE g

Bpt (2)

Bpt (3)

Két-qua }\\

t

° Pap: 5<x<8 ; p

BAI TAP

© Giai céc bstphrong.trinh sau déy: .
3L Gx—NG—H>0 -

3.2, x2~beT99<0

3,3 16-2<0

1 4 : AT = B
3. 5. >1—— 3. 6.
x—2 X XFoe
e | x—3 x=—1 ks T
3, 7 g e p &

i : SF O T
3.9, =D E@END0

210 6+ D+ )<+ NE—5

1 Gt PN e
312 4+ 22 < (2x — 12 : : ',:,;_M-_,.‘
bois AATSGADE i
1 ALE>26 Dt D

e



@ Giai cac hé-théng bat-phwong.trinh sau day

- x2—6x—76>0
'&l'ﬂ—&+ﬁ<0

x2—5x+6>,0

-3, 16-3 x2—6xl<0

3.17. 10 < x2 + 50— 4o < 26
x2 1 7
3,18, — 71 e
o 2 3

X—h <2
3.19, — 1 <
243

5+3<0 2> 16
2_3—10>0 {x+6<o0
-4 3<0 X2 — 8+ 1550

2+ 2 2

2
X—Mc+1s0 —2< — 9
5 4 : ¥
i a~W<m+m‘r

i T &
® Bjch m dé nhirng bét-phwrong.trinh sau day duge thea bi‘t-eM’p ﬁU
3. 2%) mx2+(m—1)x+m—1< 0
Q)mx2+4(m+1)x+m—5 <0
3 ém+vﬂ+a+M>o
3(27 C@m — 52— (3, = +1>0
® Djnh m dé cho phuong.trinh say day . A v
3.@(," TRttt s e o c6 hai nghlém:sdi!rii dsu.
32290 (2m — DX (m+ 2) x +3n—1=¢ ¢6 hai nghigm.. sd' Ju'o'lzg

; 3-:50. (m+ D% —2Gn—1p, +2n 4 1= 0 o5 pai nohitmiss am,
. 31, BDinh m f2 pluro-ng—tr)nln sau niy 6 hai ng) &m M’ dwrong o
l), m—3)x’~2mx+m~—1-=0 i

b) —x“ *(Zm+1)x+3m-2==0




. Dinh m d& phuvong-trinh sau ndy ¢é hai nghigm:sé6 am :
) (m+N2—2(m+2Dx+m—3=0

b) m2—2(m+NHx +m+3=0

. Dinh m d& nhiing phwong-trink saundy c6 hai nghigm-sé tréi dsu nhau :
a) mM—2x2—2mx+ m+4=0

By (m —NDx2 —2mx+2m —3=0

3. 34. Dinh m d& phwong trinh sau ndy cd hai nghigm-sé tréi dsu nhau va nghigm-
s6 am cd trj-sé tuygt-déi Ién hon nghigm-sé dwong :

(m+H@—2m+Dx+m—3=0




.

et .

4. 1. PAT VAN.pE,

Cho tam-thire f (x) — 2
nghiém-s8 cia tam-thirc 6.

4l= 3'

So-sinh 8 — | ygi hai nghi¢m-s§ d¢ thi du'qrc sl e L :

Bﬁy gi% ta cb tam-thire qx? Fox4e=f (%) va mét 6 o -Taihg‘ 7
nghiem-sﬁ*cua tam-thu'c 66, m3 khong

Hm cich so-sinh 88 o v&i. hai
dwoc gigi Phuong-trinh fix)i=

—5x + 6, Ta hiy so-sénh — | védba!

Gidi phirong-trinh f(®) =0 ta thdy hai nghiém-s§ 13 x'— 2 va

y s,

4.9. NHAC LAl KET.QUA ciJ,

biét. ring :

- — néu tam-thire khéng cb 1

. f(x) ciing cing d’a’u véi a,

B (*) cfing cling diu véi a,
iy

ghiem S8 thi da x o4 tr;-sd 3 nio de,
nghia 13 a.f () > 0

- néu tam-thire cé nghié¢m-s§ kép thi da X ¢6 trj-s8 « nio 46 ( @ ,t. Y

nghia lA ‘a., f (a) > o

Khi hoc v& d4y ciia tam~tht’r§: I:;ac' hai f (x) =ax? & by + ¢ tads
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— néu tam-thirc ¢ hai nghidm-s§ x’ » X’ va néu x c6 mét trj-sé

o & ngodi khodng (x’; x’') thi a. f@ >0

@ & ngodl khodng (x'; x”/) thi a.f () <0

I A0 i babky o af(a) > 0

2. A=0, asé—k. e o o o af(@)>0
2a

Sk o g @ ngoai khodng (x’; x’*)...af @) > 0

a trong khoang (x’; x’’)...af(«) <0

4. 3. PINH-LY DAO.

1. N8u af (@ < O thi tam-thire f (x) 6 hai nghiém-s8  va a &
trong khodng hai nghiém-s8 dé. i

Thit viy, nhin bing trén, thiy ring didu-kién af(x) < 0 dbi hé;
hai ditu-kién A > 0, va ¥’ <« < x”, bdi vi trong moi trirdng-hop
khic ta s€ ¢ af(a) > 0.

2. N&u af (@) > 0 va n¥u tam-thire c6 nghiém-s3 thi « & ngoai
khodng hai nghiém-s3 dé,

Bing trén chirng to ditu &6,

4.4. CACH SO.SANH MOT $6 « VG1-HAI NGHIEM.SO.

Cho tam-thirc bic hai f (x) = ax? + bx + ¢ va mdt s8 «, Khi phii
so-sdnh & v&i hai nghiém-s8 ctia tam-thirc, ta lam nhe sau : tinh q.f(a)*

lo Néu| af () =0 | thi fakétludn ngay hog « 13 mae

nghi¢m-s8 ctia tam-thirc : x' = a.

* Néu a I3 56 dwong tht ta chi cdn tinh f (&) théi.




—Ding:Pr=rxilixtli= ﬁ, doidopxii=r=n—
a

- 2. Néu| af (@) <0 | thita két-ludn ngay ring :

— tam-thirc cé hai nghiém-sb’.

— a & trong khodng hai nghiém-s6 &6 : x’ < a < x''.

3. Néu| af («)> 0| thitachwa két-luin ngay diroc didu gica.

Ta hay xét dductia bigt-s6 d& xem tam-thirc cb hai nghiém-s6 khong.

Néu A =0 thita tinh ngay ra diwroc nghiém-s§ kép rdi so-sdnh
. trce-tiép v6i o

Gia-str A > 0. Nhw thé thi tam-thirc ¢6 hai ngthm-séS vi aé
ngodi khodng hai nghi¢gm-s6 dé.

Viy ta c6 mot trong hai kidu x€p-dit sau day :
hoidc o <ot et hodc b o s < <

D quyét-dinh r5-ring xem & bén phii hay & bén trdi clia ¥, x™
ta c6 the so-sdnh o véi mft s6 ma ta biet chdc la ¢ trong khodng hai
nghiem-;if Thi-dy nhw tam-tht’rc 6 a, ¢ khic dsu nhmi, vay hai ngmem-




X
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Thdt vdy, gid-ste x' nhd hon x", ta c6 :

x' < X' X' < x"
xl +x' < x' _4_‘ x” x! 4’_ X" < x" + xll
2xy < xt _{\ x” xv |‘ X” < an
2 S Sl
S S
ot S
2 2 =
N P
S
x! < e "
Vit

Cho nén, so-sanh a v&i —i— 13 biét vi-tef clia « d6i véi x’ va x".

Ta lap higu-s6 %— .
— Néu -—i——-a>0thiathua%,dod6 (it < Y % X

— Néu —i——a<0thimho—n

N.Ul

, do d6 x'<% L xliLiad

—— Tom.tét :

f(x) = ax? 4+ bx + ¢
Tooimf (@) =00 0 e ole v nsiaie gl .. o la mét nghiém-s6
.......... X' < al<igl




4.5. THI-DU.
1. So-sénh s 1 véi hai nghiém-s8 clia phwong-trinh

8x2 - 5x — 10 =0 (a=8>0).;v
S e 10
el b s
2. So-sanh s8 8 vé&i hai nghiém-sd clia phmrng-trlﬁi_l ‘
x2— 9x + 156 =0 (a=1'>0)v.

Ta ¢6 f(3) = 0, vy mot nghi¢m-s6 clia phwong-trinh 12 3

- Ngoai ra

Suy ra

8. So-sénh s8 — 5 vé&i hai nghiém-s8 eiia phlromg-ﬁﬂlﬂ#
8x2 4 x —2 =0 @a=82> 0)

Phuong-trinh ¢ 2 nghiém-s8 khic dfu nhau, vi a, ¢ khic d4
dodb: x'< 0< x”,f(—5) =68>0, viy — 5 & ngodi
nghi¢m-s6. Hon nfta, — 5 nhd hon 0, néntacé: — 5 < x' <

. So-séinh s8 4 véi hai nghiém-s8 cla ;;htro'lllg-tl,jlnh
20 -Bx+2=0 (@a=2>0)
b= g5ubay s g i
f@=14>0
s :
¥ Lrntosg
5. ehlrng-minh réng tam-thire (x —a) (x — ;

a, b, ¢ 13 ba s8 cho s&n bao glt‘r ciing e6 hai nghl
a, b, c.




Ta cé s

F(X) = (x—a) (x—c) — 2

Ha) =i(a = a)(a— cpoa gt g Nhe thé f (a) < 0
Viy chic-chin f (x) c6 hai nghi¢m-s§ va @ & trong khodng hai
nghi¢m-s§ &4,
4.6, CACH SO.SANH HAI S «, § VGl HAI NGHIEM.SG.+

Ta cin so-sdénh hai s§ «, B véi hai nghi¢m.s§ cla tam-thire
f(x) =ax? + bx 4 c. Talgp tich-s8 f (a) . £ (B). °

1. Néu thiy | f(a) . £(P) <0 | thl tacé th® vide nhe sau :

@ f@. f#) <0 1
af (®) . af (B) <0 s
Viy mdt trong hai bidu-thirc af (a), of (B) phii dm, nghia 1 mot

: . trong hai s8 « va B phdl & trong khoing hai nghigm-s§ x', x"' ctia
] tam-thirc,

Nhung ta chira biét ré-rang 1a s8 ndo & trong khodng hai nghi¢m-
80X, Y,

Muén quyét-dinh, ta lai phii xét rieng diu cia af (#) hojic ctia af (B).

2. Néu thiy | f(a) . £(8)> 0 | thi ta khdng thd két-lugn

didu gl cd. Ta phii lAm nhéng vide sau nay :

a) Xét diu clia A d¥ xem nhitng tam-thirc c6 nghi¢m-s8 khéng,
Gid-str A > 0. :

* Xom them-dd bist.




B Sk ki otia ab () vé% —« 4 so.sénh & vél

¢) Xét dfu cia of (9) vé*:— — £ & sosénh £ v6i x' v

4.7. CACH BIEN-LUAN PHUONG-TRNH CO THONG-S6,

Theo m, khdo-sit vi-tri clia s8 — 2 véi hal nghiém-
phworng-trinh :
m .8)x2-2@8m +1)x + 9m — 2 = 0 )

Néum = 3, ta c6 phwrong-trinh bic nh{t— 20x + 25 = 0

Gid-str m £ 3.
Phuong-trinh (1) 13 mot phwong-trinh bic hai ma cde hesd

a=m—3 b =—0Bm+1)
® Bidtss Ia: i
A'=b”-—ac=(3m+I)2—(9m—2)(r;!;3j
Lt ‘

A7 13 mét nhj-thirc bic nhit ma’ nghi¢m-s§ 13

Moo iy ok
Daong Aoy s el 4
g A serls

+

® Tiuh of (- 9); :

af(-—2)=(m;--3).f(—2)=(m—3)(25m419)
=5 (m—3) (5m—2) .

-_— 0

Diuclagf(—2):
af (—2)

»
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® Tinh§-+ﬁx
e
2 m — m-—3
S m -— 0% | 3 + oo
Diu cm'm—z- +2:<,S.i.,. : R ——
- + 2| + 0 - l[ + y
2 )

Nhitng te}-s8 ding chi-y cda m theo thi-ty A

1 2
< < | 3
1 5
|
A of(.42.+9 KET.LUAN & |
F o AR 12 :
+ | + + —22x <X 5
3 feane R bic nhdt x = -;- u
Y |l =] 2e2cx"
s
1 SN R o ,,_-4:2:1'30
+ =1+ | ¥e-2<x : }
2 4
— PR Y 0_ AN x. - - 2 x'\ T —
5 13
FlF |+ m2ex <"
_L —-0--——————-———-—— .\“=x“=—-?—
7 3
- + e vd-nghi{m

4.8. CACH XEP.DAT DU'Q'C DINH TRUG'C.

Cho phwong=trinh f(x) = ax? + bx + ¢ = 0, trong dé a, b, ¢
phu-thude vdo thdng-sd m vi cho hal s8 «, . Gol nghi¢m-sd ola
phwong~trinh 1& x; x* \




Hay dinh m dg cho nhirng sy x¥p-dat sau dAy xiy ra
l. < a< B <x”

2 o< X< < X’

3. Vg uex<'A

4. a < ¥< x'< B

Tachi vitc viét nhikng diéu-kién 42 cho hal s6 , § vA hal aghitme
86 %, x” — néu c6 — dirng theo thir-ty cho sin.

1. Mubncod x' < a < AP <x’thiviét:
g g af(#) < 0
af(f) <0

Mubn c6 o < x’ <B < x” thi viét ¢
3 af(z) > 0
af(B) <0

Mubn ¢6 X' < a <x'' < B thl viét:
3 af(a) < 0
af(8) >0
Mubn cb6 & < x' < %' < A thi viét :
A>0

af}(a) >0

-g——¢>0

af (8) >0

S
— e [§ <
2 A< 0

Bal todn rit Ial 1+ gldl nhisu bt-phwong-trinh d8ng-nghiém,

Chi-thich + NEu chi mubn c6 mpt trong hai s8 « vA p & teong khod:
~hai nghi¢m-s8 — ma khong néi 16 s6 ndo — thi chi ' vige 'lil b:"
phu-omg-uinh $ ‘

fl@).f @) <0




BAI TAP

@ Theo m, so-sénh nhirng s& cho sén véi nhirng nghigm.s8 cla phwong.

trinh sau :
98 cho s
4 1. Cm+Nx2A+2+m+1=0 4
4.2 3+ 2m+NDx+2m=0 el | A
; 4.3, Qn 3o L L 2 a
‘ 1
44 md—2m—2)x+m=—3=0 0va v ‘f
4.5 m+2Dx24+0Cm—=Dx+3—=m=0 —yd =~ 5

® Djnh m dé cho nhirng phwong-trinh sau ddy c6 hal nghigm.s8 & trong '
khoang hai s& cho sén :

86 cho 1
46 2n—Dx23=~m=Dx+m+1=0 -t 42 e
4.7 2-3m)x2+20Gm=2x—3@m+1=0 T & ‘.{

® Djnh m dé cho nhirng phuwongtrinh sau day c6 nghlgm.s6 théa cho
mot sy xEp~djt bist trudo :

48 At iy — S ¥ e 1 '4
49 M—=DxA~mx+m—3=0 Pkl il e <t
4103 —2(m+Nx+m+1=0 Vi NS
4. 11, 3mx3@ — (m ‘—5)x+m—2=q gl <2 ;‘;
4128 —=2mx+m+2=0 1< <¥ :

1
4.18.mx2 = 2(m +Dx+m=—1=0 e ;—<2<~”

40140 3m — 2) X2 + 2mx + 3m = 0 O< x <1< x”




® Chirng-minh ring nhirng phuong-trinh sau day chéc.chdn cé nghi¢m.s&
ma khéng can tinh bigt.s3 : .

15 x = D=4+ x—2Dx—5 =0

Y
X — — =0

2

—NGB—x) —a

mx (x—2)+x2_5=0

1 1 1
18, gt eeoi

=0Wbia>b> ¢
X —a x—b

X F ==

G+ b) (b= 26 + h — 5¢ = O [ nén tinh £ (— ). £ (2h)]
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5. 10A-p0 |

El
1. CACH PINH CHO MOT PIEM |
O TREN MOT TRUC. &
5. 1. HOANH.DO. :
a) Trén mdt tryc chia d9 x%, ta chon mét didm O 1Am gbc, Col
digm A, Vecto OA c6 g8c 13 O, c6 ngon 13 A. Poan OA bing ba don-vi
va vector OA cing chidu véi
(ool o A 5
Ta néi ring : e @ ‘“
Hinh 1 | B
— 88 do dal-s8 clia vector OA 1a + 3 ".“
— hoanh-d¢ cia didm A 461 vél g8c O 1A + 3 vA ta ky-hidu 1
OA = 4+ 3 hojfc xa = + 3. i ‘
Hoanh-d¢ elia mdt diém & trén mot true 1A 88 do dal-s8 ectia ‘

vecto' ma gde 12 gde hoAnh-dd va ngon 1 chinh di¥m dé, 1‘ v

Ché.¢» Sau ndy khi thdy OA = + 3, déng 1€ ta nél : « g8 do dgi-s8
ciiavecto OA 13 + 3 thi ta nél ngin hon ¢« OA dal-s8 bing + 3

b) Hodnh.d9 ciia mot diém ding dé djnh vi-tri ciio didm dé & trén tryc.
Thit vy, trén tryc £'Ox, néu ta biét di¥m A thi ta bit OA., Ngweo

11, néu ta biét OA thita tim dwoc didm A, khong s nhim lin véi
di¥m khic,




46

5. 2. HE.THUC CHASLES.

Trén mot tryc, ta c6 ba ditm A, B, C.

it Du A, B, C dwoc x€p- r A c B

o s
‘Y'; d3t theo thir-ty ndo ching Hinh 2
i nfFa, ta ciing cé hé-thire : el e
AB+BC+CA=o0 | - (

D6 13 hg-thirc Chasles.
Néu ta gip nhiu di¥m thing hang ABCDER ) ta viét :

K1§+B_C+ED+D_E+E—F+F-A_=O
i Hg-thirc (1) thudng diroc viée 12 :

A - Ch_B0 i

Nhung— BC = CB vA — CA = AC nén ta c6 ;

AB=AC + CB @)

He-thic (2) dwoe ding lusn,

5.3. s0 PO PAI-S6 cUA MOT VECTO.

Gli-sit ta bit hodnh-dd cla
e R g hai digm A, B&tr&ntruexx,

Ta hiy tinh 8 do M*

/. ‘ctia vecto AB, 'l'luo M(m~
FR ‘ P Chaslel,taoé._ it

0+OB=_OA+OB-=OB oA




e

Diéu d6 t3 ring : s8 do dai-s§ elia mot vecto & mot tm.o bing
hoanh-dé di&m ngon trir hodnh-d$ di&m gde.

Nén chd-y ring: Chi khi ndo mét vecto nim trén mot tryc, né
méi cb s8 do dai-sé. ; 3

Néu mét vecto dirng mét minh, hay vecto nim trén mét durong
thing, n6 chi ¢ dg dai (hay cuwdng-dj, hay sudt) ma thél.

5.4. HOANH.DO TRUNG DIEM CUA MOT DOAN.

Gia-str ta biét hoanh-d¢ cia hai diZm A viB & teén trye xx. Ta
hiy tinh hoinh-46 ctia dx&m I, trung-di®m doan AB.

Theo hé-thirc Chasles, ta cé

ol =

S 8’

+
O_I = + BI
Cong vé, ta dirgc

————— < 3 '-
Z8rd > %
— OA+ OB :
Do &6 oI = o;_ hay [ x = %2 ; =

5. 5. CACH DOl GOC HOANH-DO..
Trén tryc x'x, gbc ci 1A' Lol e

O, hoanh-d43 clia A &81 véiO ° Hinh 4 5
1 a = X, o $

Nay ta coi ditm O m3 honh-d8 d8i vi O 12 0O’ = %y




l Ta hiy ly gbc méi 1a O', Ta xét xem hodnh-d6 X = O'A cfa A
v&1 O’ 1a bao nhitu. Theo hé-thirc Chasles, ta ¢ : ;

, OA =00 + OA = OA — 00
51; tire 1a X =x—x I i .

| Mudn bigt hoanh-d$ mél elia mot didm, ta 1y hoanh-dd e eﬁn
| né trir di hohnh ~dd ciia gbe mél ddl vél gde e,

2. CACH BPINH CHO MOT PIEM
TRONG MAT PHANG.
5.6, TQA-DO.
a) Trong mit phdng, ta ké mot hg-thdng truc toa-d9 x’Ox, y’Oy
thdng géc v&i nhau, Gid-sir hal tryc di dwoc chia d6.
‘ Thuong thudng, ta 14y don-vi trén hai # : * e

tryc dai bing nhau. Ta nél ring ta c6 mot
| S o M
he-tryc trwe-chudn.

Col mot ditm M bit-ky. Ta chiéu thing
diém M xubng hai tryc thanh A, B.

Theo djnh-nghia thi ¢ (o] A . ®

!
?
»l
ft‘ OA = x g0l 13 hoanh-d¢ ctia M,

s i Hinh 5
OB = y gol ‘lh tung-d9 cta M.

Hodnh-d0 va tung-d9 céia M goi chung 13 toa-ad clia M. Ta viét
M (m, ™).

b) Toa-dd cita mot ditm ding 48 dlnh rd vj-tef clia di¥m a6 06
trong mit phéing. Thit vay H

Néu bmmtm‘u thiu 6 the dinh dwoc toa-d¢ x, y chw ;
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Ngwoe lgi, néu biét toa-dd x, y ctia didm M thi ta tim dwoc digm
M khéng so Iim lin véi di®m khic.

Néu ta chi biét hoanh-dd ctia M théi, thi-du xmu=3, thi ditm M
khong diwgc dinh 16, né 13 bt cir ditm ndo nim trén dudng thing thing
géc v&i truc x'x tai didm m3 hoinh-do 12 3.

Twong-ty, néu ta chi biét tung-dd cda M théi, thi-dy yu = 3, thi
didm M 13 bdit-ci dism ndo nim trén duong thing thing géc véi truc
¥’y tai didm m3 tung-dd 13 2.

Khi mét di#m ndm trén true x'x thi tung-dd clia né 13 zé&rd va
ddo lai

Khi mét diém nim trén true y’y thi hoanh-dd eda né la zérd va
ddo lai.
5. 7. TOA-DO CUA TRUNG-DIEM MOT DOAN.

Ta coi hai dim A (xa,ya), B(xs,¥ys)

Toa-d6 trung-didm I cia doan d6 tinh bing nhitng cng-thérc
sau nay :
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5.8 KHOANG CACH GITFA HAI ou‘éM

ding dinh-ly Pythagore.
Ta c6:
AB24= AHz + HB” e o

Hinh 7

, AB® = (xg — xa )2 + (ys —«iA

Chéy. Ta khong cin phdi tén-trong thir-tw céia hai chii' Ay
trong cong-thtrc trén day.

“ 5.9. CONG-THUC pOI TRUC.

Y[ V
" Coi mét di®m M trong mit phing, : 3
: Goi toa-dd clia né d8i vii hg-théng KB R M
i truc Ox, Oy 13 x, y. Ta ldy mot ditm
sy O’ vavé hai truc O'X, O'Y song song { I o)
" ciing chity véi nhiFng truc ci.
c O 4T His
Ta tim xem toa-d6 X, Y cta M {
d6i v6i he-théng méi 1 bao nhidy. =
. Hinh 8
- Goi toa-d6 ciia O’ d8i véi tryc cii Ox, Oy 13 xo, 3.
'Eacé 0A=x;0B=y; O_I=i',,; 6]=yo

OH=X,;0% -y e

,'-ﬂkHetht?f:;iC.hasleschqta (-)K—_—O—I+IK=O—I+CW-I

.O‘B=6.T+J_B=51+0‘_’f<

Suyra o -

S X=x+ X tic Iy X = x_":"xo
=¥o+Y thc b b g SRR

D6 13 shiing cong-thire d3; ‘;ruc.




5. 10, DIEM DOI-XUNG NHAU,

[+ Khi hai ditm M, N dbi-xirng nhau qua tryc «'x thi ta-d8 e
diém thir nht 12 x, y 5 toa-d6 clia ditm thir nhi 14 X~y (h 9),

Ta gitt nguyén x, ta ddi dtu da y,

2. Khi hal ditm M, P dbi-xiing nhau qua trye ¥’y thi toa-d6 clia
didm ther nh4t1d x, y 3 toa-d6 cha ditm thir nhi 13 — %,y (h. 10).

Ta gily nguyén y, ta dbi déu cia x,

, 2
B -===sM P
j AN (0
A i ! 2 f !
(o) 1A | il |
| I3 0 A7
| ‘N |
Hinh 9 L3 Hinh 10 4
3, Khi hal ditm M, Q dsi - xieng nhau qua ghe topa-dy, thi ¥ ',
toa-dd cha dibm thir nhit 12 x, y 5 toa-dd cia ditm the nhl 1A i
— Xy Y (R 1]),

Ta AV dtiu cia x va cha y.

4. Khi hal ditém M, R dbi-xiteng nhau qua dwirng phdn-gide thiv
nhtit, thi toa-d6 cia ditm thee nhit 14 x, y ; toa-dd cha diem «thir nhi
13 y,x% (h12) W

Ta dbi nhigmevy ctia x vi y ldn cho nhau,

Blos e ,M »
:

g% it :R

0 e
A AR

Hinh

n



3. PUONG THANG

5. 11. PHU'O'NG TRINH.
]. Phwong-trinh ctia mot dwdong thing di qua gﬁc
dang y = ax. :
a goi 13 hg-s8 goc hay dé ddc.
. 2. Phwong-trinh cha mot dudng thing khong di quagﬁc
dang y = ax + b
a goi 12 hé-s8 goc hay df dbc. b goi 12 tung-ds gbe.

3. Dinh phwong-trinh clia mot dudng thing1a tima v

5. 19. DUONG THANG DACBIET.

/. Pudng thing y = k (hing-s§) song-song véi tryc ho?
Pudng thing y = 0 12 truc hoanh-do. :

2. Puiong thing x =k (hing-s8) song-song véi tmc
Dudng thing x = 012 tryc tung-df.

3. Durdng thingy = x 13 dwong phin-gidc thir nhit,
thing y = — x 13 dwdng phan-gidc thér nhi (diéu-kién : hai truc
gibng nhau). :

5. 13. DUO'NG THANG THANG GOC, SONG.SONG.
Coi hai dudng thing y = ax + b vAd y = a'x + b

. Néu|a=a [thi ching song-song v nha'u'(chling .

- khi thém di!u-kign b =b' nira), Ngu'q-c lai; nGu chung
: ;,’nhau thi a=a’.

Néu|a, —1 thi chiing thing géc véi aha&

lai,néuchéng thing gécv&inhnuthl a. a'._ = I.
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5. 14. TiM PHUONG.TRINH CUA BUONG THANG.
1. Tim phuong-trinh clia dwong thing di qua A (xo, yo) v@ B (x3, y1)
Phwong-trinh phidi tim cé dang-thiérc y — ax + b.
Toa-dd ctia A va B 1Am thda cho hé-thirc viét trén, nén ta cb :

Yo=axg + b (1)
yi=axy +b )
Suy ra 1 — Yo =a (xg — Xo)
a=}’1 =
X1 — Xp
(1) cho b=yo—ax0=yo_xo,_u
X1 — Xp

Viy phuong-trinh phdi tim 13 :

Vi gy
y=1 yox-i-.}’o—xo-yl Yo
X1 Xe X1 — Xp
hay y=pe=A= 6 )
X1 — Xp
v p Aot AR S lamd 4]
¥ X — X X1—Xp

Chi.y. D3 d8c ctia durrdng thing di qua hai di¥m A, B (nhur ta vira
tinh trén) 13

¥i = Yo
A= 5
X3 — Xp SR

2. Tim phuong-trinh cia dwdng thing di qua diém A (xp yo) VA cb s
d§ doc la m,

Phwong-trinh phdi tim c6 dang-thirc y —ax + b; & &3y a=m,
ta chi con phdi tim b. Thay x, y biing toa-dd clia A, tacd: ,

Yo=mxo + b




Do d6 e S

Phwong-trinh phdi tim 1a
Y =mx + ¥y — mx,

hay Y —yo=m(x — x)

Y i¥ 0 X

. ———— e I
viét
Ta con AR

BAI TAP

5 LN Phuwong-trinh cia mét dwdng thing [4 y = 2% — 5. Hay tim plurc :
cla dvdng thdng d6i xdng véi né qua tryc hoanh.dg, qua trye tung-d
g8c toa-dp

Tim phwro g Irink ctin mét dudng di qua A (2, 5 va B (- 2,3,
Tim phwoag-trink ca mét dudng thing di qua A (1, 3) va cé d6 dée I

Tim  pheong-triinh cga dudng thing di qua A (4, — 3) v théng 'gd‘:o" /
dwdng y = 2¢ + 1, J

Mst diém M oo tog.d6 13 x, y.
< Tim quy-tich cta M khi 2% — 3y = 6.
M 6 trong midn ndo oge mit phdng khi 2¢ = 3y > 69 I\“:‘

el ot b, M 1 2 iy iy g 13 mpt ¢
s Dinh vitrf cga M khiim =0, khi' == 2, \
2 Tim he thee 9ita x y dgc I§p d8i véi m. Suy ra qup-tich cda Ma




6. 1. BIEN.SO,

Khi mjt s8 x c6 the c6 bit-clr tri-s8 ndo tr — oo dén . oo thi
ta ndi ring né 1 mot bien-s8 dgc-ldp.

Déi khi, ta phii lwa chon trj-s8 d& gan cho bién s& : ta col bibu-thire
V3 Zx ching-han, bidu-thtrc dé chi c6 y-nghia khi md 3 — x N 0
nghia 12 x £ 3, Viy thi bién-s8 x chi c6 the c6 nhirng tri-s8 160 hon
hay bing 3.

Sau ndy, ta goi bién-s8 ddc-14p 12 bitn-s8 cho tien.
6. 2. KHOANG,

Ta coi hai 88 a va b (a < b). Todn-thd nhing tri-s6 bao-him giita a
v b ma khong k& a, b goi 1& mt khodng hé. Todn-thé nhivng tri-s6 bao-ham
gitta a va b k¥ cd a va b goi 1o mot khodng kin.

S6 nhd a goi 13 edn dwéi chia khoing.

S8 16n b gol 14 cdn trén clia khoing.

Vi€t ] a, b[ thi khong k& cdn : 6 13 khodng hé.
Viét [ a, b ] thi k8 ci cin a, b : 46 13 khodng kin.

Ta néi ring bién-s6 x bién-thien trong khodng [ a,b ] khi ma x ¢,
the c6 bit-cit tri-s8 ndo bao-ham giita a va b, k¥ cd a va b,
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Bitu-thirc Vx (5 — x) chi c6 nghia khi 0 el s Nhlf
bién-thién trong i:hoe'mg [0;:5. 7 y

7
VB—x) (x—6)
nghia 12 khi 3 < x < 6. Nhu thé x bién-thién trong khoing ]

Bitu-thirc chi c6 nghia khi (3 — x) (x —

Mot doi khi ta gip trrdng-hop trong d6 chi c6 mét cin
Khi viét [ 3, 5[ thi ta cé k& 3 nhirng gat 5 ra,

6:3. HAM.SO.

SR

Cé hai lwong y va x. Khi cho x mét tri-s§ ma y ciing c6 mét

twong-trng nhit-dinh thi ta néi y 13m him-s6 ctia x. Mudn chir ]
him-s§ ciia x thi ngudi ta vit x =f(x), v docy biing ftheo

Thi.dy :

O

a) Coi he-thirc y = 2x — |

Ctr cho x 13 mot tri-s6 ndo d6 thi tinh duoc tri-sé twon

g-trng
Thiat thé : .

Khi x=1| thi y=|
Khi x=35 thi y=9

Khi_ x=52 thi y=—5 VeViess

| b) Goiy1a chidu dai mot thanh ddng va x 13 nhiét-d6 ctia

 mot nhite-d6 nhit-djnh, thanh ddng c6 mat chidu dai trong-Gag
Nhu thé, chidu ddi y cda thanh ddng 12 ham-s8 ctia nhigt-sé

L Chigihioh, g

: @) y=1f(x)chi Ia mt 18 ky-hieu 'I"a cb the vl&

¥ =h(x) hay y_;f.{(;), y_='_q>' () ViV

b) C6 khi him-s§ y phpftlllzuoc vido nhidu bién-s6 x, u.
Ldc d6tavier y=f(x u) e
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The-tich V cfia mét hinh try phy-thudc vio bin-kinh diy R v&
chidu cao h, vi thé ta viét

6. 4. HAM-SO XAC-DINH.
Néi ring ham-s8 y = f(x) dirgc xde-dinh trong khodng (a, b) c6 nghia

1a: khi cho x mdt tri-s8 nlo d6 trong khoing (a, b) thi ¢ the tinh durocy.
Thi.dy :

I. Ham-s8 y = 2x + | dwgc xic-djnh véi mol tri-s§ cdia x.

2. Hims8y = V x— 3 chidwoc xic-dinh khi x — 3 > 0 nghia
12 khi x > 3. p

Néi mdt cich khic, ham-s8 d6 chi xic-dinh trong khodng [3, + o]
3. Him-s§y= Vm) chi dwoc x4c-dinh khi
(x—=2)(x—5)>0
nghialakhi x £2 va khi x>5
Viy ham-s§ 46 chi xic-djnh trong hai khodng
]—o0,2] va [5 4 oo

4. Him-s6y = ;:2—] khéng duwgc xbc-dinhkhi x — | =0 trc 12
khi x =1,
6. 5. HAM-S6 DONG-BIEN, NGH|CH-BIEN,

]. Col him-s8 y = f (x).

— Khi x 16n1én ma y ciing 16n 1n, hojc khi x nhd di ma y ciing
nhd di, thl ta néi ring y13 mét ham-sé dong-bién.

— Khi x 16n 1én ma y nhd di, hojc x nhé diml y lérn 1én, thita
né6i ring y 13 mét him-s8 nghjch-bién, :




' d4u v&i nhau tirc 12 2 e L 02 7 ety o

2

- y=7lx).
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2. Ta hiy dinh-nghia tinh déng-bién va nghich-bién céch r |
hon. Taldy hai tri-s6 xy va x; cia bién-s6 x (trong khoing ma
dwoc xdc-dinh) va haitri-s8 twong-trng yy va y; clia him-s§ P

N6i ring ham-s8 y dong-bién, nghia 1d x; — x, va' p, —J cin

X=X
N6i ring ham-s8 y nghich-bién, nghia 1a x; — x, vA V1 — v, khic
d4u véi nhau tic 13 e g T R
X5 =K,
6. 6. CUC-PAI, CUC-TIEU.
Coi mét bam-s8 y = f (x) xdc-dinh khi x = a.

Né6i ring ham-s8 y = f(x) qua modt cwc-dgi khi x —a cb ngh
1a : y dang dong-bién, dén lic x = a thi né bit diu trd thinh
nghijch-bién. A

Néi ring mot ham-s8 y = f (x) qua mot circ-tidu khi x — @ cb
nghia 13 : y dang nghich-bi€n, dén ltic x — a thi né bit diu trd thinh
ddng-bién, :
6.7. CACH BIEU.DIEN SU BIEN THIEN CUA MOT HAM.SG BANG NET VE.

Cé ham-s6y — f(x). 1 o

Cé méi tri-s§ cda x lai tng véi mdt tri-s8 cda y (khi him
xéc-dinh), Cip tri-s8 4y cho ta mot L
di¥m trong mjt phing (trén d6 d3 ké
sin mot h¢-théng truc toa-do).

- Ta c6 tht ly bao nhitu didm
cling duoc.

Tap-hop nhitng ditm 4y 1 mot .
dudng cong goi 13 duwong bidu-ditn sp ol
bién-thién cia ham-s6 y —f (x) Gon hon, s
ta ndi d6 13 dwong bidu-didn cia ‘ham-s8 i Hinh- 1355
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Khi ham-s8 d6ng-bién, nghia 13 khi x 16n 1én ma y cﬁng lé'n lén thi
dudng cong vénh 1én tir trdi sang

phai (h. 13). 4
Khi ham-s§ nghich-bién, nghia
12 khi x 16n 1én m3 y nhd di thi e
dudng cong chic xudng tir trii sang
phai (h. 14). - s
5 : -
' 6. 8. HAM-SO CHAN, HAM.SO LE, Hinh 14
1. Coi ham-s§ y=f(x)=x? it "
Khi xe=—5 thi p=f(5)=25
Nhu thé, khi x db1 thanh — x thi y khong thay ddi nghia 13
f(5) = f(=5)

Néi chung, néu mét hAmes8 y = f (%)
thda cho didu-kién

fx) =f(—%)
thi ta néi ring n6 12 met ham-s6 chén.

. : Hai ¢i8m M (x,3) v N (—ux, y)
Hinh 15 d¥u nim trén dwong bitu - difn ciia
him-s8. Viy dwong bidu-dién d6 cé mot truc dbi-xirng, dé 13 truc Op.

2. Coi ham-s§ y = f(x) = x%
Khi x =2 thi y=7(2) = 8.

Nhuw thé, khi x 48 thanh — x
thi y ddi thanh —y, nghia 1a ; '

f@)=—f(=2)

Néi chung, néu mot him - 88
¥y = (x) théa cho di¥u-kié¢n




6. 3.

6. 7.

Hai &im M (x,y) vi N (—x, —y) déu nim trong dwong bidu-
dién cfia ham-s8. Viy dwong bidu-dién d6 c6 mét tdm dbi-xirng, &6 lé
gbc toa-dd O.

2 Dem gbe !oa—cfé d‘Gn d'I(!m (25 3) béng ph‘p tinh-tién bT him«a& Iiéa ra

Né cs !lnb«chl‘g gl vé p/urong-dién hinh.

J@=—f(2
thi ta néi ring né 12 mét ham-s§ lé.

BAI TAP

Thé ndo la bién-s8 ? Thé ndo I3 hém-s& ? Cho vai thi-dy.

Tim mét thi-dy vé ham.s8 phy-thugc vao hai bién.sé. e
Thé ndo [3 mot khodng ? Thé nio I3 mgt ham-s6 xéc-dinh trong mét khodng ?
Tim mét thi-dy vé hamess khong xée.dinh tai mpt tri-s6 cia bién-s6. Tim met
ham-s8 khéng dvoe xéc-dinh trong khoang (2 ; 5) : o
Thé ndo I3 mpt ham-s& ddng-bién, nghich-bién ?
Khi ndo tht m¢t ham.sé ddng-bién, nghjch-bién ?

Thé ndo I3 mpt ham-sé chdn ? Dudng bidu-dién cla mét ham-sé chln cd tinh,
chét gi ?

Thé ndo 13 mét him-s6 1é ? Buong bidu-dién cta mét ham-s& & ¢ ﬂ'nlr-
chét gl ?

Coi him.s6 vy = 3 + 6x + 7.

Dem géc toa-dp dén didm 1 (— 3, —2) bing phép tinh-tién OI,- hdm-sé& bda
ra sao ? Hém-s6 méi c6 phdi I3 ham.s6 chdn khéng ?

N6 c6 linﬁtht gl v& phrong.-dién hinh-hoc ?
: 3+ 1

Coi him-sd y =

- x"—;2

330 7 Ham-s6 m61 c6 phai 13 himoss 16 khéng ’




i DAO-HAM

1. PINH-NGHIA

7. 1. TRI-SO THYUC CUA MOT PHAN-SO.
x2— 1

x— 1

Xét phan-s6 P=

Khi x = | thi tir-sé va miu-s& cing trigt-tieu: P cb daﬁg _g
Viy P vé-dinh khi X =1

Ta cb the viét P (_’ii_')___(’;—') :
X —
Khi x tién t&1 | ma khéng bing | thi x — 1 == 0 va ta cé thE don-
gidn cho x — 1. Nhr thé B Ptiéntéix + | =2. S

S8 2 d6 gol 1a gibi-hgn clia P khi x — |, hay tri-s6 thwe cda P,
khix = 1. ~
Ta néi : — Gidi-han ctia P12 2 khi x tién t&i |.
— P tién t&i 2 khi x tién t&i |
— Tri-s6thgcctiaP1a2 khix = 1.

I Xem thé, trong mdt phan-s8, khi tir-s6 va mdu-s6 chng tién téi 0.
chwa chdc phdn-s6 4@ vé-dinh, t4t c6 th 13 phin-s8 ti€n téi mét gidi-
han, Giéi-han 46 goi 13 tri-s6 thwe ctia phin-s8.
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7.2 GIASO.

mE Gid-str x c6 tri-s§ 4, 101 c6 trj-s8 7, 5

: Ta n6i: gia-sGctaxla 7 4 — 3.

S8 Néu lic diy x — 55 lﬁvcwsau x =3, thigia-s§claxa3 _ 5 __2 :

Néi chung, khi x &i tir tri-s8 x dén tri-s x; thi gia-s8 clia n6 li
' X5 — Xo.

Gia-s8 — tri-s§ cusdi tri-s8 diu,

Ngwoi ta ihu-c‘rng chi gia-s§ cda x 13 Ax hay h. £

I Ax = x; —x, Xi'= x0 £ Ax g

Khi y di tir tri-s6 yo dén tri-
thu'orng chi gxa s6 cla y 13 Ay h

s y; thi gm-s6 2y — . Ngu-él t?
ay k.

IA!=y,—¥° l Y1=y + Ay e e

7. 3. DINH-NGHiA DAO-HAM.

Coi mot bém-s& y=f
(a, b).

(), xéc-dlﬂh va lién

-tuc trong mét khoing. &

= = ,7-3 ?‘“ i
Khi x c6 mét gia-s8 13 Ax, thi Y ¢6 gia-s§ ttro*ng-u'ng 1a AM
- Néw

A
-s8 E 6 mot giéi-han khi Ax tién
9i 13 d(zo-hdm cla hdm-ga' V= f(x)

t61 0 thi »gléd-han 6

e

#




LA )

f' (x) = y' = giéi-han oy s T
Ax

Ax — 0 ,,'V;

7. 4. KY-HIEU. _ Wk
Pao-ham ctia him-s8 ¥y = f (x) ky-hiéu bing cich sau day:-
:

7. 5 PHUONG-PHAP TiNH DAO- HAM

Mu8n tinh dao-ham cta mot ham-s6 y = f (x) thi ta lém nhu'ng
viéc sau nay: i ‘ N

I.. Cho x mdt tri-sé’ 360 & trong khéa’mg m3 ham-sé diwoc xéic-

dinh ; cho x mot gia-s8 Ax, rbi tinh gxa-s& ttrgng-u'ng ctiay 13 Ay,
2. Lip ti-s8 é}-’; e o
Ax ; 2

3. Cho Ax tién t&i 0, xét xem ti-s&r %Z tién téi gidi-han ndo.
il x

F
%

Gidi-han d6, néu cé, 12 daa-hd;m ctia ham-s6 tai tri-sé xo ma ta d3 néi & trén,
7. 6. THi-DU.
1. Tinh dao-ham citia hAm-s§ y = 8x2
Khi + x—=x thi  y =y, = 3x0? R
x=x 'y——;y1=3x1f i
Ta. cb Ax = x4 — %, (=> X1 =X + Ax)
o Ay=yi—yp=30—x)
= 3 (%1 % x0) (x; — x0)
= 3 (xg + Axt x5) . Ax
=2 =3 (A% + 2x0)



ok
i
E
5
i
b

Khi Ax — 0 thi giéi-han cila ti-s8 Ay/Ax 13 6xo. Vay s
Dao-hdm cda him-s§ y = 3x3 tal tri-s8 X0 13 »* — 6x,,

x0 12 mot trj-s6 bit-ky do ta chon, ta c6 th® bd chi-s§ di .
viét y’ = 6x. :

Ta néi: dao-him ctia ham-s6 y = 3x? 13 y’ = 6x.

Cin chi-y ring :

* 6x 13 dgo-hdm ctia him-s6, dao-hdm ndy phy-thudc véo %
thay dbi theo x. N6i ki hon, 6x 13 ham-s8 dgo-hdm ctia 3x3,

* 6xp 13 dao-hAm clia ham-s8 tai tri-s6 x = x,. N6 13 m@g'sg,
(x dwoc thay thé bing tri-s8 x,). Vi 1€ 46, ngwdi ta néi 6%, 15;,1.,5 cia ;
dao-ham khi x = x, hay ngin hon: 6x, 13 dgo-s§ khi x — Xoo a,f;;,

2
2. Tinh dao-ham ciia ham-sd y = —

X

Ta gid-str x = 0.
Khi 2
Khi Xx=2xg thi y=y, = =

Xo

X = X1 y=y1 ) E

X1 ¥

Tacs Ax = % — %) (= X1 = Xy + Ax). #

va A7=Y1—yo=£_ g..
X1 Xo

_ 21 V(A

ik (xo + Ax)x,

N S e "o
lxo + Ax) E) :




j
Khi Ax — 0 thi giéi-han ctia ti-s8

Ax I —_2

B xo? |

Vay : tri s6 cia dgo-hém khi x — xg 12 y = _2 i
Xo‘
? S 2 ;
Dgo-ham 13 y' = T 2
2
Tri-s6 cha dao-hdm khi x =5 13 ' — :ZTZ j
Tri-s6 clia dao-hdm khi x=— | 1a yV==-2

2. NGHIA HINH-HQC CUA PAO-HAM.

7.7. DO DOC CUA MOT BUO'NG THANG DI QUA HAI DIEM.
I. Phwong-trinh clia mét durdng thing 13 :
Y=lax +b
Neéu!duong thing di qua géc thi phirong-trinh clia dudng thing 13,
Y= ax
a goi 14 dg dic hay h¢-s8 géc clia dudng thing.
2. Coi hai digm A (x,, y,) va v
B (x1 y1). % e

Ta hiy tinh 46 d6c clia dudng
thing AB.

I
[
Phwrong-trinh cia dudng thing i
AB 1a: )

Yy=ax+b () Hinh 17

A vi B 12 hai di8m cia duwdng thing, vy toa-dd clia A vi B nghiém
ding phurong-trinh (1). Thay x vA y bing toa-dd ~ia A va B, ta c6 :



Vo=axg+b yy=ax;+b
Trir vé, ta duroc

Y1—,Vo=axl—ax0=a(x1'—x°)

3. Coi duong thing D di qua g8c O ma phuong-trinh 13 y = ax.
Liy mét di¥m M trén durong 46, toa-do ctia M 13 x, 3.

L4
«Tacé y=ax

Hinh™"18
Viy : P§ dée ciia mot dwon

b(’rl true x va dudng thing dé.

7. 8. TIEP-TUYEN cUA MOT BUONG CONG TAI MOT nléu.

Coi mdt diromg cong (C) trén 46 o6 mée didm cbodinh M v3 m ‘
. didm liru-déng N.

MN goi I3 mét cdt-tuyén ctia (C).
Cho N tién téi M. :

W

8.
Cit-tuyén MN tl!n téi mot v{-t:(-
gi6i-han Mt. :

M 501 ispaptn cla (C) tai




7. 9. NGHIA HINH.HQC CUA PAO.HAM.
Xét mot ham-s8 y = f (x) x4c-dinh va lién-tyc trong khodng (a, b).

Dudng bitu-dién (C) cha
him-s§ gidi-han & hai didm
Ala, f (@] vaB [b, f (®)].

DINH.LY :

Bao -~ ham ciia ham - s8
y=fx) khi x= X0y bﬁng
dd dde cia tigp ~ tuy8n cla
dwong biSu-dién tai di¥m
M, ma hoénh-d{: 1a xg.

Trong khoing (a,b), ta
hiy 14y mét tri-s8 x, va chi-y
dén ditm M, trén duwdng cong,
hoanh-d6 13 x,. Hinh 20

Xét mot tri-s6 x; ctia x ¢ X3 =%o + Ax.

Tri-s8 twong-trng ctia y 13 A
Vo=f(x) va
| " 1 =f (x1)

Goi M; 1A di¥m m2 toa-d6 13 x;, y; D6 dbc chia dudng thing
M, M; 1a i

Ligia g oy

X1 — Xo Ax

a

Khi Ax—0 thi Ay — 0.

Nhur thé x; ti€n t&i xo; yy tién t6i yg ; tirc 13 M, tién t6i M,.

I, Tist 2—” tién t61 dgo-hdm ¥’y clia him-s6, trng véi tri-s8 %o,
x ')




2. Cit-tuyén ctia MM, tién téi vi-tri tiép-tuyén Myt cha d \
cong tai M.

P die cia MMy 13 27, té1 gitichan thi 45 dSc clia Mot 2 yrg
: Ax

Viy | dé déc cia Mgt — tri-sé ciia dao-ham khi x — xq

Thidy: Xéthim-s6 y = x% Dao-ham 13 y’ — 2x,

/. Khi x=0thi y=0 vi

i

i y’: 0. 4 J
3

‘ 2

Vay dudng cong di qua géc va f

!' ; d06 dbc cta tiép-tuyén tai géc 13 0. V
i Néi khéc di, tiép-tuyén nim ngang, Y : A
'2. Kh1x=—ltb1y:l = 51—
vay =2,
-1 !
Vay duong cong di qua ditm 3
B(=1:1) vi d8 dbc cia tiép- Hinh 21

tuyén k&t A 13 2.

7. 10. CACH VE TIEP-TUYEN.

Ta hidy gidi-quyét vin-d& say day :
Coi mét dudng cong (€);

ldy mot didm A trén d6 ; biét d¢ d&,
| ti€p-tuyén véi duong cong tai A 13 —

i Lam the ndo vE dugc tep-tuyén 46 7
N Ta Iam nhyr say diy :

/ V& vecto AN theo phrong Ox, 8.
y dai-s6 3 4 1. vz vecto _"l'theo ph
R Oy, 6 dai dgi-ss 13 ', 3

et N&i AT. AT chinh 12 tiép-tuyén
; Hinh 22 ta dang mugn vz i thit vy, tacé; :

\
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ga 0

Viy thi d6 déc ctia AT 13 — 2. AT ddng 12 tiép-tuyén ctia duwong
cong tai A. :

Trong hinh v&, ta d3 k& thém mot tiép-tuyén tai ditm B biét ring
46 d6c ctia tiép-tuyén tai B l1a [.

Viéc ve tiép-tuyén cho dirdng cong quan-trong & ditm ndy: néu ta
cé diroc nhiéu tiép-tuyén, thi. ta vé dudng cong duoc diing, '

BAI TAP

® Tim tri-sd thyc cta nhirng phén.sé sau day @

il »
T y=5 Bhi e 200 I
i B — 1 .
7. 2. y = TR o khix == l
3x2 — 5x + 2
v o = — e
y A e khi x =1 A
2 4+ 5 — 6
7. 4. y=x—ﬁ§—— khi x =— 2

® Hay xét xem y ra sao khi x — oo 1

7.5, y =32 — 5¢ — | (dat x2 lam thira-s8 chung)
7. 6. =—x2 + 4x— 5 (d3t 3 [3m; thiva.s5 chung)
2+ 1 (d4t 'x - l3m thivaiss ching
7. 7. Y = N !
X2 & trén va & duéi)
x+5 |
7. 8, y = (nhw trén)
4 —1 i
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11.

y =x2 4+ 2

7o 13. y = x2 — 3¢

7.15. y =2 — 5¢ + 1
3
7. 17.y= — + 1
x
2+ 3
7-]9-y=
x
Xkt
7.2y =
K—=F

712y
7. 14, y

7. 16, y

7. 18. y

7. 20. y

7,22,y =

ST
— 2x2 + 5¢
3x2—6x+5

5 —x

x+1




8. PHEP TINH PAO.-HAM

8. 1. DAO-HAM CUA MOT HANG-SG.
Coi mdt ham-s8 y rit lai hing-s8 c : y=c

Du xo va x; 12 bao nhiéu ching néa, y vin khong thay ddi, nghia
1a Ay =i

Do 46 A_”='o
Ax

Vay dgo-ham ciia hdng-s§ l& s8 khong. y=c|ly'=0 m

8. 2. DAO-HAM CUA BIEN.SO.
Coi him-s§ y = =x
Khi cho X=X thi Yo=Xp
Khi cho X = thi y1=x
Trir v€,ta cé2
Y1—Yo=x; —xp. Viy Ay = Ax.

Suy ra : .lA&_y = 1. Cho Ax — 0 giéi-han cta ti-s8 vin 1 |.
2 3

lV@ydqo-h&maiay:xI&y':l y=x|y =1 2)

Ta néi dgo-ham cia bién-s8 x la |.
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8.3. DAO-HAM CUA MOT TONG-SO

Cé hdm-s6 y = u + v trong &6 u vi v 13 hai him-s8 (cung &
xic-dinh) ctia x. Gid-str u va v d8u cé dao-ham ca.

Khi x=x, thi yy=uy + v,
Khi»x Xy thi iy = gf 4oy
cé:
Y1 - Yo = (- mg) + (v — )
= Aa v
Chia cd hai v€ cho Ax thi dwoc:

é_y_ Au Ay

Ax  Dx 7 Ax
Khi Ax — 0 nghia 13 x; — Xo thi gzéu han ctia é_y Au A” ;
Ax’ Ax’ Ax_-

lin-luwot 13 3, ur, v%.
i

o Yo = u'y + v/

D6 13 trj-s6 ctia dao-ham khi x — Xo. Néu khdng néi 16 tri-s8§
thi ta bd chi-s§, va viét § : :

Y=u+vwv y' u'+v'

Trén day ta néi dén mét tBng-sé’ gbm hai s&-hang, néu ta chii-y 4
- mot tdng-s8 gdm ba s4. -hang nhe y — g 4 p + w thi ta viét thinh hnt
; s6-hang t9i dp-dung céng-thu-c trén : .
Y=uiw 4wy
Y =@+v) 4w (hai s6-hang)
V=(@+tv)w
¥ 8w




Néu gip nhiu s-hang hon, ta vin theo cich d6.

‘ Y=ud4viw y’=1’:’+'v'+w' @

8. 4. DAO.HAM CUA MOT TiCH.S6.
a) Trudng-hgp tich-s c6 hai thira-ss.

C6 ham-s8 y = u . v trong 6 u va v 13 hai him-s§ (cﬁng du‘qc xﬁc—
dinh) ctia x. Gid-str u v3 v d8u c6 dao-ham.

Khi X = Xp thi Yo =Uy . vy
Khi x=x thi 1 =u .n
Trir v€, tacsd :

Y1 — Yo = Wy — Uy

Nhung = uy + Au
vy = vy + Av
Nén 1 —Yo = (up + Au) (o + Av) —uy vy

va Ay =y —y =vo. Au + w . Av + Au, Av

Chia ci cho Ax:

Ay Au Av  Au
gl L0 4 e U el S 0N
Ax P Ax‘+ 7 Ax " Ax o

Ay du bv
Ax  Ax Ax

Khi Ax — 0 nghia 12 x; ti€n t&i x, thi gi
13 37 1 u’y vy theo thi-tir. :
Gidi-han clia 2" X Av120 (b&i vl Av — 0 cing mét lacvéi Ax)

Viy dao-ham cita ham-s8 y = u . v tai trj-s§ x = x, 3

P ’
Yo =1t + U




D6 13 tri-s6 cha dao-ham khi x = xo.

Néu ta khong k& 16 tri-s6 xo thi ta bd chi-s8 va viée

Y =u .v + u.v

| y=u. yv

b) Trwéng-hgp tich-sé c6 nhidu thira.ss.

Xe
Coi hAm-s§ y = u.v . w trong d6 u, v, w 13 nhirng ham-s§ c&a
Ta hdy tinh dao-him ciia y. Ta viét y=@W.v).w :

r6i dp-dung coéng-thirc trén yi=(a.0).w+ @ )i :
=W.v+ua.v). w4 (u.v)u

Tém 1ai, ta c6 :

y=u.v.w y'=u’.v.w+u.v’.w+u.v.w'

c)‘ Trudng-hgp rigng : mot thira.ss I3 h3ng.s3.
Dgo-ham ciia y = a .y, trong 46 q 12 hing-sé.

L Ap-dyng céng-thirc dd tinh dgo-him ciia mot tich-sé gdm hai thira-
s8 vi nhin-xét ring dao-him cfa mét hing-s6 12 0 thi ta thiy :
V=du+au '

a 13 hing-s6 nén o' = 0, v YV = au

|
y=a.u yY=a.u

Trednghgp ridng.




8.5. DAO-HAM CUA MOT LUY-THUA.

Coi ham-s8 y = u™ trong 46 u 13 haim-s§ ctia x, m 13 mét s
nguyén duong (> 2). Gii-str u cé dao-him. Ta viét :

T A R T
A —
m thira-s§

Nhu thé, ta c6 mét tich-s8 gbm nhidu thira-s8. Viy ta c6 thE ldy
dao-ham dwoc,

’ ’

Y=l s et = malaal T

m s hang
Do &6, ta cb cong-thire ;
y=u"| y=m.u""1.u (9)
y=x"| y =mx"1

8. 6. DAO-HAM CUA MQOT THUONG-SO.

Coi him-s6 y = & trong d6 u vA v 13 hai him-s6 cing duoc
v

ghc-dinh cia x, Gii-sir chiing c6 dao-hdm, va v khic 0.

Khi e flil et
Vo

u  u + Du
= thi B i RO
K y1=vl-=Vo+AV
Trir v€ thi cb
uy u_l;“o+Au_£
yl—yo_lh 20 v°+Av 0




Ly miu-s8 chung 1a v, (v, +|Av), ta duwoc

V0. AU — 15 . Av
Ay soien ST

vo (v + Av) |
Chia hai v€ cho Ax : '\
o Au " Av
A 0 SR .Ec Ko

8z T (o + Av)

Khi Ax — 0 nghia 13 x; tién t61 x, thi giéi-han cia &Y B2 Av
Ax' Ax Ax

)

lin-legt 13 Y, u%, x%,

V0. o —uy . v
Viy ta c6 Vo= ———T0:Po
V0

D6 12 trj-s6 cla dgo-ham khi X = Xq.

Néu khéng néi 15 tri-s8 clia x, thi cé thE bd chi-sé, va ta c6
cdng-thirc :

u
y=—
v

Ché.y: Trén day 13 cich tinh tr
D6 13 mdt thch-s8.

\rc-tKle.“ Ta c6 thd vige w= .W

U =y 4 e



Truong-hgp riéng.
1. Dgo-ham cia ham.ssy = Ly £ 0),
y mEihal

Ap-dung cong-thirc (10) thi dwoc

T
bl L) i \

2. Dgo-ham clla y = . & x # 0).
x ¥
Lai 4p-dung céng-thirc (11) vira tim thiy thi dwoc
i B ~
W e :

3. Dgo-ham clay = ‘i:( 7&—.__)

l-
~

]

an

(12)

Ap-dung cong-thirc v& dao-hdm ciia mot thirong-s§ thi 6 :

_u+b ;‘ad—bc

= ex & dT T fex v dn

8.7. DAO.HAM CUA MOT CAN.THUC BAC HAL

(13)

Cé hAm-s8 y = Vu trdng &6 u 12 mot ham-s8 ctia x, gid-sir u dwong

' va c6 dao-ham d&i véi x.
Khi X = xo. thl 3= Vu,
Khi X = X4 thi y1=VI|'x_,=V'm
Trir v&, ta c6 ‘
Yy — Yo Vity — Vg == ‘/uo+Au—VIuo

1




chia véi lrong lign-hiep ciia v€ the nhi
A — Wit & Ame Vi) Wah Au + ﬁo)'
Yu, + Au + Va,
i @ +Lw) —u,
\/uo + Au + \/uo
Chia cho Ax thi c6

B L e
X _v/uo-k‘Au"f‘V/E) Ax

Khi Ax — 0, nghia 13 x, tién téd X thl giéi-han cfa Ay

—

13 y% , oy theo thir-tyr,

Vay tri-s8 dao-ham ciia y — Vg ¥t oy X 1237 = o

Khi khéng néi 5 x, thi ta c6 cong-thirc

Trwdng.hgp rigng : Dao-ham ctia y — vy ” :

Ap‘-dung cong-thirc (14) thi duocy’ = 1. S 9

Y =vx




8. 8. TOM.TAT,
Ham ss Dao-ham
Y=c¢ y/=0
ye=x It P
y=u+v+w‘ Y = 4yt
Y=u.v > Y =uv + v’
Y=au ‘= au’
y=a" Y =m.u""1 y*
y=x" ¥ =m.xm-1
P e y,=vu —2uv =+ 0) o
v E Ry
1 VR
y=— Yo (v £ 0)
v v
yed : A
= — A G S
y & x3 i
y=Va V= g (> 0)
: 2Va . ;
S 1
=\/x G x>0)
y e ( )
y=ax? 4+ bx + ¢ y’=2ax+b
_ax+b s ad—bc(x _é)
Tx 4 d (cx + d)? c

79
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DU.

AO VAl THI.

DUNG VA

. AP.

8.9

| 2=A 2—ipz

2l =

Z —

g (L + X¢)

9+ %7 + o5
el + Xo)

§@—)—x20+x0)

U — g%0) %2l =

X0:i0 = vz — :
e g = e o o
XOEDLe—p9) = TR
g9 = FowXW e = 4 wXe = A
B =
: 5 — S e = A
0:== 0= 2 =4

wey-oég

d0y3-bug)y

spyi-buéq.
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8. 10. HAM.SG THEO HAM.SO. ‘
Gia-str y 12 hAm-sd ctia u va u lai I3 him-s8 cia x. »
y=f@ u=2¢g()

Ta néi ring : y la mot ham-s6 theo ham-s6 cia x.

Thi-dy : y =V 1 2x
Ta viét y=vVa ,u= 42

Nhe th€ y 13 ham-s§ cdia x, qua sw trung-gian cta u.

Mudn tinh dao-ham cda y ddi véi x, ta 18y dao-ham cta y doi
véi u nhén véi dao-ham eda u ddi véi x. ;

Thi-dy : Tinh dao-ham cla ham-s8 y = ¥x2 + 2x
Ta viét y=Va véi u==x4 2x

s 1
Y —2‘/;7

u'x = Zx 1" Z

s

,='u-u'= =0 (2 2= r- v AL SRR SR LN
T e i vu v 2%

BAI TAP
® Ding céng-thirc dé tinh dao-ham cia cdc ham.sd sau day @
SN ~ \
;\t:’: y =32 — 5+ 1 (\g.‘-f/.’y=—x3+3x—5
TN 1 G N x2

B A e e S 2 ey U e
\_,/) i 2 g N _y & i




L5
2 — x
x — 5
: o SE Lk
(B y=G+3) e+ =1+ 2) @2 — 3
813y = a4 B0 Y =2 =36+
22 + 1 22 — 1
3x + 2 e
. B—2x+5 (x — 32
8. 17. y = Y. 8.0 = —
2x- =1 2+ 2x—5
1 e |
—y8.19 y = : 9 8,/20. il
: = 2R o s (2x,]+_1)2 iis
Sanyd swug L =334 534,y

8,15,y =

823 5= (3 — 1 8. =(x— 59

\

P : ;
s.zs.y=(x+1) (x=+’2x+1)3‘_

8. 27.y=v/x?+ 1 = \/2.( -3




9. CONGDUNG CUA DAO-HAM

9. 1. NHAC LAL

Trong mdt bai truwéec, ta d3 biét ring : tri-s6 cda dgo-ham tai didm
X = xo thi bdng d¢ dbc cia tiép-tuyén tai didm do. Cong-dgmg thir nhit
ctia dao-ham 13 nhwr viy.

9. 2. THi-DU.

1. Goi (C) la dwdng bidu-dién ela ham-s8 y = x2 — 2x — 8.
Tim phwo'ng-trinh cia tip-tuy&n tai diEm A ndm trén (C) bidt
ring xA ='2,

y=x2—2x—3 % y'=2x—2=2(x—|)
Khi x=2 thi y=-—-j va pr=2
‘Viy tai digm A(x =2;y=— 3), 46 dbc ctia tiép-tuyén 13 | 2.

Phuong-trinh ciia tiép-tuyén tai A 13

Yy —ya=ya(x—=xa)
Y+3 =2(x-2)

= y=2x—17

x+1
Tim

2. Goi (H) la dwdng bi¥u-didn clia him-s§ y =
x—1

_ phwong-trinh cia tigp-tuyén tal dism A ndm trén (H) bi&
~ ring TA = 2. :

..:‘

{
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Khi''x =20 tht 3y =3 vdiyi=— 2
Viy tai didm A(x=2; y= 3), 46 dbc ctua tiép-tuyén 1A
Phuwrong-trinh cda tiép-tuyén tai A 13

y—ya=ya(x—xa)

9.3. CONG-DUNG KHAC. 4

Dao-ham cdn mot cong-dung 16n hon nira, lién-quan dén chi¥,
thién ctia ham-s8. Trwée khi vio trwong-hop chung, ta nhic lﬂ
troedng-hop riéng.

Ta d3 bi€t ring : Néu mot ham-s§ rat lai 1 mbt hing-sé
dao-ham clia'né 13 z8ré (y = v —=0)

Chiing ta cong-nhgn dinh-ly dio: Néu dao-ham ciia ham-s6 luon

bng zér6 trong khodng (a, b) thi trong khodng dd, ham-s§ rit lgi
hding-s6, ;

9. 4. PINH-LY.

Coi mét ham-s8 y = f (x) xde~-d
@, b) 5 gid-st réng dao-ham f
khodng d6, -

inh va ¢6 dao~-ham trong k
(x) khéng trigt-tiéu Iin nao &

1. N&u f (x) dSng-bi#n thi ¢-

(x) dwong, . \
2, Néu f (x) nghich-bi#n thj ¢

(x) am

'Ggl Xo VA Xy 4 iA‘x 13 hai trj-s§ cfia x & trong khoiné (a b).,
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]. Néu f(x) 12 mdt hdm-s8 dong-bién thi, theo dinh-nghia, ta cé i

f(xo + Ax) el (xo)
Ax Sl

Khi cho Ax ti€n t&i 0 thi v€ thir nhit tién t&1 mét gidi-han, v& thir |

nhit 13 s8 diwong nén gidi-han d6 13 s6 duwong hay 0.

Viy dao-ham 12 s6 dwong hay 0 ; ta d4 gat truong-hop dao-him
bing 0 trong gii-thiét roi ; nén dao-ham 13 s6 duwong.
2. Néu f(x) 12 ham-s8 nghich-bién thi, theo d;nh—nghla, tacéd

f(xo + Ax) — f (%) <0
Ax

Khi cho Ax ti€n téi 0 thi v€ thir nhit tién t6i mot gii-han, vé thir
nhit 12 s§ 4m nén gidi-han 46 13 s6 4m hay 0. : '

Viy dao-ham 13 s6 am hay 0 ta d3 gat tru'o'ng-hqp dao- hém bﬁng /

0 trong gii-thiét roi ; nén dao-ham 12 s6 am.

TOM.TAT :

f (x) Ia hing-s6 = y
f (x) dong-bién = y’
f (x) nghich-bién = y*

AV I
ooo

9.5. DINH.LY PAO.
Ta cong-nhdn dinh-ly sau ndy :

Coi mot ham-s3 f (x) xde~dinh va e6 dao-ham trong khoang (a.b).

Gid-si dao-ham f'(x) khéng triét-tiéu trong khoang d6 va khong
déi du, /

|

@, b).

1. N&u f (x) ludn luén dwong, thif (x) déng-bidn trong khoéng
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2. N&uf (x) ludn luén am, thif (x) nghich-bi&n t";nd

(a, b).
g
4 e
o
(0] EZ ‘
Hinh 23 Hink 24

Vé phwong-dién dd-thi, ta thiy ring:

I. Néu f(x) r&ﬂéﬂibién, durong bxeu-dien ctia né vénh
trdi sang phai, « 13 géc nhon, tang ctia géc d6 12 s6 diong, do &

f (x) > 0 va dio lai (h. 23).

2. Néuf (x) nghich-bién, dwrong bidu-didn ctia né chic
trdisang phdi, « 13 géc tiy, tang ctia gbe d6 13 s8 am, do 46

f () <0 va dio lai (h. 24).
9. 6. CUC-DAI VA cycC-TiEu.

Triéc diy, ta da dinh-nghia thé ndo 13 cu'c—dai hay cire-ti
mét ham-sé, :

DINH- LY.

Coi mét ham-s8 y = ¢ (x) x

dc-dinh va e6 dao-ham trong
(a, b). Goi ¢ Ia mot trj-s8 trong

khodng (a, b) ds,

1. Ditu-kién &t c6 va di d¥ cho ¢ (X) qua mét ewe-dai k
la: x 1é'n diin Ien qua  tri-s§ ¢ thi  (x) triét-tidu va dBl.
dwong sang am.
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2. Pidu-kién &t 6 va di d& cho f (x) qua mot cwe-tigu khi x = ¢
1a : x 16'n dén 18n qua tri-s8 x = e thi f/ (x) triét-tiéu va déi déu tir

aAm sang duwo'ng.
Ta doin-nhin nhitng didu trén bing cic do-thi sau (h. 25 va h. 26)

4]

: \

ga N
1
H [ /
i i
O] c vz o C z
Hinh 25 Hinh 26
9. 7. THIi-DY.

Lap bang bi¥n-thién va xét ecwe-dai, cwe-~tisu cha hAm-sﬁ
Y = x3 + 6x2 4+ 9x + 4,
y=x34+6x2+9x + 4=y =3x2 + 12x +9=3(x2 + 4x + 3).
x? + 4x + 3 12 mat tam-thirc bic hai doi v&i x, n6 cb hai nghiém-s8
13 —3va —1.
Ta xét ddu cha tam-thirc d6 dé-dang.

Biét dfu clia ¥/, ta suy ra chidu bién-thién cia ham-s§ va cé
bdng bién-thién sau. i

x | —oco —3 -1 — oo
¥ 45 0 — 0 +

v 4 e
4 cP ot

Khi x di qua tri-s§ — | thi d20-ham triét-tiéu 451 dfu tir Am sang
dwong, ham-sé dang nghich-bién tr& thanh déng-bién, vy him-sé qua
mot cwe-tidu. Tri-sé cta cwe-titu 13

y=(=12+6(=12+9(-=3)+4=0

)




Khi x di qua tri-s§ __ 3 thi dao-ham triét-tiéu vi dbi
dwong sang 4m, ham-s8 dang dong-bién trd thanh nghich-bién
ham-s6 qua mot cire-dai. Tri-s6 cta cie-dai 14

V=3P +6(32+9(-3)+4—4

Bing bién-thién trén didy chua dwoc diy-dd vi ta chu'a xét
trudng-hgp x — — oo, X —> + oco.

Cén nh& : khi yr tridt-tiéu va dbi ddu thi méi cé cwe-tri (tlec l&
dai hojc cy:-titu). Néu y’ chi triée-tiéu ma khong ddi ddy thi khon

dén cure-tri duoc.

9. 8. PHUONG.PHAP KHAO.SAT MOT HAM-SG.

Khi mu6n khio-sit st bi#n-thién ciia mot ham-s§ nhy diu
hdm clia né, ngudi ta 1am nhitng viéc chinh say diy :

/.. Tim nhirng tri- sc’S cta x 1am cho him.s8 khéng xéc-dinh. 4

2. Tinh da0-him, t:m nhitng tri-sé ctia x 1am triét-tiéu dgo
xét ddu cta dao- ham d6.

3. Xép thir-ty nhirng tr;-sé’ dac-sic clia x m&i tim thiy &
18p mét c4i bing trong 46 c6 nhitu khoing, & méi khodng 46 :

— ham-s§ duoc xéc-dinh, dao-him cling xéc-dinh,
— dao-him khong d8i d4u.

Biét ddu cfia dao-ham thi ta suy ra chiéu bién-thien ctia h
bing dinh-1y dio ms; hoc & trén,

4. Tinh trj-s§ hay gi&i-han ciia f(x) tai nhitng cin cfia méi kho

5. V& dudmng bidy difn va vai ti€p-tuyén dyc.sc.

Trong nhiing chwong tigp theo, chiing ta gz nhl!t; thf-d g
nhigy chi-t{ét hon 151 djn dai-cu'o'ng trén d4y, gp .




10, HAM-s6 BAC HAI

Ham-s3 bde hai-la mét ham-s3 c6 dang-thire
Yy =ax2 + bx + ¢ ;

trong 46 a phdi khic s§ khong, bdi vi néu a = 0 thi ta c6 him-s8
bic nhit.

10. 1. THIi-DU.
Khdo-sat ham-s3 Yy=f(x)=x2—8x — 4

1. Ham-s8 d6 dwgc xdc-dinh v&i moi tri-sé cha x.

2. Dgo-hdm 13 y’ = 2x — 3. DE xét ddu cia y, ta 4p-dung dinh-
1y vé ddu ctia nhj-thirc,

y’ trigt-tidu vi d8i ddu khi x = %

3 7/
Néu x> o thi » > 0.

3 ’ .
Néu s = thi y < 0.

3. Biét d4u ctia da0-ham, ta suy ra chiéu bién-thién ctia him-s§,
vi ta cb bing biéu-thién sau :

B
X | — oo -
2 W
y s
(==} [~ =]
y i et /"+
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4 KAy 2 thi y qua mét cwe-tidu ma tri-s6 13 :

2

3 25 ik
! (7) g
DE khio-sdty khi| x| — oo*, ta viét: : v

3 \ 4
y=x2—3x—4=x’( —%'—?)

Khi | x| —oco, hai sé-hang 2 VA xizkhén‘g ding k¥ nita, y
x

twong-dwong véi x2.

Vi MhE, Kl fx] s caithly o

5. Mubn tim nhing didm trén tryc yythitacho x = 0. Lic dé ta
duwgc y = — 4,

Muén tim nhitng didm trén truc x, thi ta cho y — 0. Léc dé ta cé 35
—-31--—4=0 tire 12 X=—1 X = 4.

6. Durdng bidu-dién goi 12 mot parabol N6 c6 hai nginh' vﬁthan
Dim S, trng véi cye-tidu, goi 13 dinh ctia parabol. Sl

0 4

7. Phuwong-trinh thy gon :

Dem gbc toa-d6 O dén dinh
S (‘J-— —) bing phép tinh- =

2 5 .
ti€n theo vecto 6§ : \ ; Y

Coéng-thire ddi tryc vigt 1a ;

x=x+xs=x,+-.% i Lo\ |
i : \ =2 : "
: % Ryl A NG
I x| —» oo bao gam hai W&ng.hqu x“_hv i H"’l'27 :

x—--f-do




o S
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Sl

= Y4 ps 2ty &2
4

Him-s8 yp = x2 _ 35 _ 4 thanh ra

25 ( 3 3
- —=X4 =] 3 [x —] =3
4 +2) (+2)

Khai-tri®n va wéc-lrgc fa duoc Y = X2
D6 13 phwong-trinh thy gon ctia parabol,

Viét duéi dang-thirc 46, ta nhin thiy Y — X2 1a mt him- s§

chin, didu nay td ring parabol nhin truc SY 1am tryc déi-xtrng. (he
truc thing géc)

10. 2. TRUONG-HQ'P CHUNG,
Khdo-sét ham-s3 Y=f(X =ax2 +bx +¢ (a = 0)
. Ham-s8 dwoc xde-dink véi moi trj-s8 ctia x.
2. Dgo-hdm 13 y' = 2ax + b.

N6 tridt-tiu va ddi dfu khi x = — Z—b—
a

3. Bdng bién-thién, Ta chi-§ dén 2 trudng-hep : a> 0 vi a< 0

a>0 a< 0
huia X i + oo
AL ) (OCD ey

e 2a e 5 2a

v R 7 sl

Y|+ oo -\ ¢t /. 4 oo yI—oo 2t 0F 0 L WAL
Khi a > 0 thiy cb cye-tidu, Khi a< 0/, thiy cé cue-dai,
4. Cwc-dai hay ;u‘c-ti&u

f(;%b):a (;_:—b) +b(2ab) 4efaem bl _ =0




5. Gigi-han ctia y khi | x| —> oo. Litic d6 ta viét:

b c b ¢

= 4 S Sy e A T

it ax(l+ax‘+ax2)'ax ax?

khong ding k& néa va y twong-dwong véi
s8-hang bic cao nhit 12 ax2

Khi | x| — oo thi x2 — + co.

Nhur thé, p ciing tién t&i vé-cwc va vo.
cuwe d6 theo diu ctia a.

6. Duiong bidu-dién ctia ham-s8 13 mot
parabol, né cé hai nginh vé-han. Didm S,
rng véi cye-tidu hay cye-dai cla ham-s§,
201 13 dinh parabol.

o Phirong-trinh thu gon :

Ta dem gbc toa-d6 O dén dinh S ( '.__9; 4“4‘ b? )
a

Cong-thirc ddi truc vidt 13 :

vy dmep




Khai-trién vi wée-lrgc, ta duwoc: Y = gX2,
D6 1a phuong-trinh thy gon clia parabol.

Ham-s6 d6 13 mét ham-s6 chén, vay parabol cé  truc dﬁl—xu'ng I
truc SY. (he truc thing géc)

10. 3. TRUONG-HOP RIENG,
1. y = ax2 + bx = x (ax + b).

Néu gip him-s8 y = ax? + bx, ta nhin d4u ctia a thi s& bt ham-

s6 6 cwrc-dai hay cyc-tiy, hodnh-dd ctia dinh 13 — Zi; tri-sé ctia cire-
o

2 i
tiéu hay cyc-dai 13 — TA = :4—17 (vic = 0); duwong bidu-difn cit truc.
a a )

x & nhitng diém m3 hoinh-d6 13 0 va — L (h. 30 va h. 31)
a

|
Y azo
L4 azo i
' :
]
L
-4 L (o) i A =
2a ti i
7 4 Z ) x
oG %A
Hink 30 \' Hinh 51

2. y=ax2+c | : :

Gip truedng-hop b =0, tacd y=ax?+c. Muén vé dudng bidu-
dién, ta chi viéc vé parabol P bidu-dién him.s§ don-gidn y — ax? 81
cho P tinh-tién theo phwong y'y, vecto tinh-tién c6 s8 do dai-s§ A c.

RN i




Thi-dy :

-
-

|
¢ -1
é' i Hinh 32

Viy ta nhé ring :

! — Néu b=0 thi parabol i qua gbc toa-dé,

— Néu c =0 thi dinh ctia parabol nim trén truc y.

10. 4. CACH TiM PHU O NG-TRINH CUA PARABOL.

PE

+bx + c. binh phuong-trinh
Muén tim ba hé-sé q, b, ¢ 46 thi
l3p thanh mét hg-th8ng réi gi.’d.

-Tim phwong-trinh edia parabol di qua ba ditm ; S

Phuong-trinh clia parabol 12 y = ax?
clia mdt parabol 13 tim ba hé-s8 a, b, c.
phai viét dwoc ba phuong-trinh riéng rg,

Thidy 1.

A—2;—9) ;

—1 :
B(B;T) va C(239

Phuong-trinh phii tim c6 dang-thirc :

= ax? 4 bx 4 ¢ . (l)

- Néi r.’mg parabol &i qua ditm A (_ 23 —2) ¢ nghla li toa-do.
=—2, y= -2 cuayd!!m A théa cho h¢-thire (1) : ;

o odel 2b g
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\

Tuongty,tacé: = 25a + 5b +c (e

A
4

2 4a + 2b + ¢ (4)

]

Hé-théng ba phirong.trinh 18p béi (2), (3), (4) cho phép ta tinh a,b,c. '

Ly (4) trir cho (2) v& véi v& thi cb : : !
4 = 4b

Suy ra b =1

Nhw thé, (2) va (3) thanh ra :

0, 4s - é @)
-—zl.=25a+c ' e
3 ,
1
Trir vé, ta c6 3 24— = —2la
1
Suy ra =— —
y a 2
Theo (27) thi ¢ =—4a ntn c=1

Do 46, phuong-trinh ctia parabol 13 :

1

T~ i piwhde :

Thi.-dy 2. Tim phlro-ng-trinh clia par-abol ma dinh 13 digm S
(13 2) va di qua dism A (23 1).

Phuong-trinh phai tim cé dang-thiérc : :

4 y = ax? -k,‘bx_.+ €l ; U]

Pao-ham 13 : ¥ = 2ax + b ;

Néi ring parabol di qua A (2 1), c6 nghm 13 toa-d6 x =2, y= 1 . :
"clia diém A théa cho phwong-trinh (1) : ! ]

| = 4a +2b + ¢ : (2)
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Vi parabol con di qua ditm S (1 ; 2) nén ta c6 :
2=a+b +c 3)

Néi ring parabol nhin di€m S (1 ; 2) 1am dinh, c6 nghia 12 tai |

(x = 1) tiép-tuy€n phii nim ngang, tirc 12 dao-ham triét-tiéu. Viy y —
khi x = 1. Do d6: 0=2a+b ()
Hg-thSng hop béi ba phuwong-trinh (2),(3),(4) cho phép ta tinh ab,c
L3y (2) trir di (3) v€ véi vé thi c6 : :

' 4 3y (5)

Liy (5) hop véi (4), ta c6 h¢-théng :
=2a +b
— 1 =3a +b
Trir v€, ta droc ngay: a = — 1

Theo (4) thi b= —2a nén b=2
Ta dung (3) 4% tinh ¢ :

c=2—a—b=241—2 t&e c=1 Vi
. Phuong-trinh phii tim 13 :

=—x*4+2x 4+ 1

10. 5. SY TUONG-GIAO CUA HAI PUGNG CONG,

Trong mot ds-thj chung, ta vé dudng bidu-diln ciia hai him-s§
¥y=f®),y =g (x). Nhin trén d6-thi, ta c6 the bigt toa-d9 cic giao-
di¢m. Mubn tinh toa-d3 chc giao-di¥m, ta If-lusn nher sag : o



Khir y gitra hai phuwong-trinh 46, ta ¢6 ¢
fx) =g (x) 3)
Nhirng nghi¢m-s8 clia phwong-trinh ‘ndy, néu cé, 13 hodnh-d6 ciia
cic glao-di€m ma ta phal tim, Vi thé, (3) goi 1& phwong-trinh 42 tim
hoanh-d¢ cde giao-didm, c6 khi gol ngdn 14 phwong-trink hoanh-dg.

Puwoc hoanh-d6 rd, ta chl viee dung (1) hofe (2) d& tim tung-d§
trong-1rng.

Thi.dg 1. Tim toa-dé glao~didm cla
hai parabol ma phwo'ng-trinh Ia @

\ Y
Y= X2 4 8x 4+ 2 ") -
Y = 2x2 + 4x (2) 8
Toa-d4 glao-ditm, néu c6, phii théa \ 4
cho ci hai phwong-trinh (1) va (2) eing \\ 1l
mot lic, Ching 1A nghi¢m-g8 ctia hg-théng * \ /il
y=x34 3% + 2 \ |
Yk il 2= ol &
Khir y gifta hal phirong-trinh 46, tacé A0

X 4 3x + 2 = 2x7 4 4x
Suyra K 4x—2=0 Hinh 34

D6 13 phuwrong-trinh A& tim honh-dg cdc giao-didm. Kbi ‘gidi ra, ta c
x1=1, Xg = —2

Dang (2) 42 tinh y twong-irng, ta duoc
y1=6, =0

Viy glao-ditm M, N ctia hai parabol 12 :

M(1;6);N(—2;0)
Thi.dy 2. Tim toa-dd glao-digm ctia hal parabol ma phwo'ng-
trinh la d

Y= - 2x3 4 2x (6}
\
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Phwong-trinh d& tim hoanh-d6 cic giao-di¥m 13 :

_2x2+2x=x2—4x+3
3x2—6X+3=0
x2—2x+|=0

Phwong-trinh  trén  ¢6 nghiém-s8 K\ 3
kép 1a X1 = Xo = |

Tri-sé twong-trng cta y 1a :
P i 2X2 2k () 1

[ S

\

Ta két-luan ring hai parabol tiép-xiic
nhau tgi ditm T ma toa-dd la:

=]
x:l,y:o \
Ta nhé ring :

N#u phwong-trinh hoanh-dg cé nghiém !
s8 kép thi hai parabol tiép-xiic nhau. Hinh 35

Thi.dy 3. Chitng-minh réing nhirng parabol (P) ma phwong-trinh
Ja: y=(m— 1) x2 + 2max + (m + 1) a2 (a la mot s8 cho s&n # 0
va m 12 mét thong-s8 5= 1) bao gio* eang cit true x’x, b#t-chdp m*

Phuong-trinh ctia tryc x'x 12 y = 0.
J : Phirong-trinh clia nhitng parabol (P) 12:

y=(m-'—'l)x’+2max+(m+l)a2,

Phurong-trinh d¥ tim hoanh-d9 cdc giao-diém cia (P) v&i truc x'x 133
(m—1) x>+ 2max + (m+ 1) *=0 (1)

Bigt-s6 thu gon ctia phwong-trinh bic hai d6 1 e ’
A’ = m?*a® — (m - 1) (m + 1) a®
= m’a® — (m’— 1) @ 4

=mid—md + @ =a2> 0"
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Vi A’ > 0 nén phwong-trinh (1) ¢6 hai nghiém-s8, bit-chdp m.
Do 46, ta két-ludn rdng nhiing parabol (P) bao gid cling cit truc x'x
bit-chip m.

Thi-dy 4. Theo m, bién-ludn sy twong-giao etia parabol (P) va
dwdng thdng (D) ma phwong-trinh lan-lwe't 1a

Y = X2 — Ax + 8
Y=—2x+ m (m la mot thong-sd)
Phwong-trinh d& tim hoanh-d¢ cdc giao-didm ctia (P) va (D) viét 1A :
X3 4y B e Dxim
hay A 1 T e 0 4 -, (@b
Biét-s6 thu gon ctia phurong-trinh (1) 13 ;
Al=1—= B =m=m-—2
Khim <2 thi A’ <0, (P) va (D) khéng cit nhau,
Khim=2 thi A’=0, x; = X3 = 1 VA y; =y, = 0. (P) va (D)
tiép-xtc tal ditm T ma toa-dd 12 (1 ; 0) A
Khim> 2 thi A’ > 0, (P) va (D) cit nhau tai hai di¥m

i e 2 + oo
T
(P) va (D) khong ﬂﬂ ct nhau
cdt nhau | xtc| tai hai didm

10. 6. CACH SO.SANH HAI SO «, 8 VG'I HAI NGHI:M.SG CUA MOT
PHUONG.TRINH BAC HALI.

Cho phworng-trinh béc hal x2 — 2x — (1 4+ m) = 0, Hay so-sénh
nhirng nghiém-s8 clia phwong-trinh dé, n8u 6, véi hal 88 —1 va 4.

Ta viét phuong-trinh bic hai 43 cho nhuw sau :

R—2x—1l=m
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y=x2-2x_l
roi dit 3

Yo=m

Pudng bidu-dién cha him-s8 thi nhit 13 mot parabol (P). B

bigu-dién clia hAm-s6 thir nhi 13 mot duwdng thing (D) song-song vé

hoanh-dd.

Hoanh-d giao-diém, néu c6 ctia (D) va (P) 12 nghiém-s6 ?ﬁap
trinh

XA (i ham) i ()

Trén d6-thi, ta ké thém hai duwdng thing song-song véi truc
49, c6 hoanh-do lin-lwoela — | va 4, :

Tay theo m, ta dinh dwoc vi-tef ctia hai s6 — | va 4 d6i v
nghiém-s6 x-, x” cha phwong-trinh d3 cho trong diu bai.

Bing so-sinh & ngay bén canh ctia d6-thi.

Ta nén nhin-xét ring phwong-phép trén diy chi dem 4
dwoc khi ta tich dwoc m dirng riéng mdt minh ; cé nhw thé, o
dudng thing (D) song-song véi tryc hoanh-deé.

m. Bing so-sinh

.2

o
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10. 7. GIAl BAT.PHUO'NG.TRINH BANG DO.TH|.

Gid-str ta phai gidi bit-phirong-trinh say diy bing db-thi :
—x* 4 2x + 3> %x’—4x S5
Ta 12m nhw sau :
— V& duong bitu-dién (Py), (P,) cfia hai him-s&
Vi—— x* 1 2% 43
V2 = Lig) 4x + 3
5
vao mét do-thj chung. i
— Tim hodnh-d¢ cic giao-ditm (nhin db-thj). Sl

— Tim trén d5-thj nhing tri-s8 cfia x sao cho Y1 > ¥, nghia 13
(Py) & phia trén (P,).

: y T
Hoanh-d6 céc giao-di*m cfa \\ (Pl,)
H
(Py), (Py) I /|

e

= 0 » x" = 4. / ; .
DE cho y; > p, ta phii chon
0<x<4 (2,

@ : ; Hinh 37
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3 BAI TAP

@ Ve parabol. Khao.sat ham.sé bac hai.

‘ Khao-sét sy bién-thién cda nhing hdm-sé ssu ndy va vé dudng bi!u-diéq
| 3

1
10,1, 'y = — x2 —=ix +5 10. 2. y = —x2 + 4x — 2
2 :
1
103y =ixd —qx 10, 4. y=;x2+3
10. 5. y = (x — 52 10. 6. y=—2(1 + x)2

s
® Sy trorg-giao cta hai dudng bidu di&n.

Gid-str ta c6 duwong biéu-dién cia nhlrng cip ham-sé sau nay, hdy dinh

giao diém néng phép tinh :

= 52 — it %N
R R 0.8 Yr=324 il
ev=4x-—10 y=—x+1

y=2x2—5X+1 y=x2—4'x+1'~.
10. 9. B
3Y=—-x2+2x—5 lO,lO.gy—x_s
y =32 + x — 2 y=~1—x2—3x+é
10, 11 10, 12 2 '
y = — 22 — 2 SEA 1w
i Y.E TTpre Xt Xl

® Bignlugn sy twrong giao,

Toy theo m, bign-lugn sy twong-giao cda nhing czp duvdng cona'
sau nay : & ¢

i = %3 + 2% +'-'4 e Y
10, 13: { = X A
gy = dam 10. 14, gy B i 2

2— 3 41



 _|03

10. 17. Chitng 16 rdng hai parabol : \\'
y=a® + (1 — 3a) x + 2a i
y=— @2+ (1 + 3a) x — 2a : \“_“;:

cdt nhau tai hei diém, bét-chép a. Dinh ro hai diém dé. Ngudi ta ké nhing
tiép-tuyén cda hai parabol tai hai diém ndi trén. Ching t8 rdng ching l3m
thanh mét hinh binh-hanh, i

® Phwong-trinh cia parabol @

Tim phuong-trinh cba parabol P, biét réng :
10, 18. P diqua A (2, 3), B (3, 5) va C (0, 2),
10, 19. P di qua A (1, 0) va cd dinh I3 (2, — 1)
10. 20. P cit tryc x tar hai didm ma hoanh-d¢ I3 2, 3 va di qua didm A (1 ; 2).

10, 21. P cdt tryc y toi didm cd tung-d¢ I3 1 va tiép-xic vcf-i dwong théng |
y=—8x — 2ti diém T (— 1 ; 6).

® Bién.lugn bing dd.thj. Giai b&t.phwong.trinh bing dd-thj.
. : i
10, 22, Duing dé-thj d& so-sénh hai s& —2- v 3 vbi hai nghigm.s6 cta phwong-trinh

2 =2« +2—m=0. :
10. 23, Daing dé-thi d& xét sy khd-hiu va diu céc nghigm-sé cla phuong-trinh
X2 —4x —m = 0,
10. 24, 1. V& dudng bidu.dién (P1) v (Py) cla hai him-s§ sau vio mpt d3-
thi chung : ) B e
y=2x—x2; y=1x2—4x
Tinh toa-dp céc giao-didm cta (P1), (Pa)s
2. Dang d5-thi d# gidi bst.phwong-trink
2x ---.x2 > x2 — 4x

10. 25, 1. V& vio mpt dd-thj chung dwdng bidu-dién cba hai f\;im-a&

1 1.0
=—x2—x—1 yp=— — x2 + 35x — 4
=i el




2. Tinh toa-dd giao-diém.
3. Dang do-thi d& qidi bat-phwong-trinh
1

! 1
‘g _é_‘ﬂ__\.—-1<—3x-+3x—4

® Sy twong.giao clia mdt parahol va mét dudng thang.

x2
'20- 26. 1 Khdo.sdt sy biga-thién cla héms§ y = —;— + 2x va vé duong bidu.
did (C) cta ham s do. :

2. Cheag-mink rdng dudng thdng (D) mé phuong-trinh [3 y = —35

dvéng cong (C) & géc toa-dg O va & mt digm A« Tinh toa-dp czh A

3. Tinh d¢ déc ; roi tim phwrong-trinh cda nhing tip-tuyén cia dwdng
cong (C) & digm O va A.

4. Tinh toa-d¢ diém B, giao-didém cda nhing tiép-tuy&n ké to O va A
Ching-minh rdng trung-tuyén BM cla tam.gisc ABO song-song véi tryc y* ¥

.@ Day cung bing nhau trong hai parabol.

10. 27. Coi hai ham-s8 ¢
nN=—x2+2x+3

1
= x2—4x+3

1. V& trén cing mét do-thi céc dwdng cong bidu-didn nhdng bamu‘ ﬂ

Lan-lvot ta goi nhing dwdng cong ndy 13 (Py) va (Py).

2 Hiy Jrnh bing phép tinh toa-d¢ giso-ditm A, B cda hai dwo m
’l’

dign (Py) va (Pa).

3. Véi nhiang tri.s6 ndo cda m th dwong ths D) cb bmg g-t
y=m cit (P va (Py) ? e «

(D) cit (Py) tgi M, Ny va cdt (Py) tai My, No. HIy Jmh m d& nln@lq
thdng MiN; va MaNa cd d¢ dai 6.09 ‘nhau.
- ® Gidi bét-phrong-trinh bac hai.
10, 28. 1. Gigi qgt.phwi.g.mnh N o Sy

123 4 &
*"‘3“0"3‘ +2>x(x-—1‘)’

*




2. Ve dvong bitu.dign sy bién-thién cda hait ham.sé :

—_— X2 X S
o e el g )

ta dvoc hai dvong cong (Cy) vs (Cy).

Tinh toa-dé nhiing giao-diém cia (C1) va (Cs).

Tim lai két-qui cia cé‘u 1 bang d'o-thj.

3. Goi avab I3 hai nghigm-s6 ctia phwong-trinh ys = 0 ; secvad s hai
nghigm-sé cda phwong-trinh y2 = 0. Tim hai s6 x’ va x” thda cho ca hai
phurong-trinh sau dsy ¢

2% —(a + b) " 4+ x) + 2ab= 0
x%x' — (e + d) (' + x*) + 2¢d = O

. Coi him-s6 y = 3x2 — 4x + 1vs g0i (C) I3 duwong bidu-dién.
A

Tinh dgo-ham. Khio-sét sy bign-thién. Khi | x | — oo thi v ra sao?
Xét sy trong-giao cia (C) véi hai truc toa.dg. V& (C).

. Ve tiép-tuyén At véi (C) tai didm A (x = + 1.

3. Viét phirong-trinh cda At.

. x" va x” |a hodnh-d giao-digm ctia (C) véi hai trye. Lép phwong-trink

béc hai ma nghigm-s8 I nghjch-ddo cda x* , x'*.

2
Vé dvong bidu-didn (P) cia ham-s6 : y = — -T’;— + 2x

Tim phwong-trinh cta dirdng thing (L) c6 hé-s8 géc m va di qua diém
c8-dinh E (2 ; 4)
. Ty theo m, khdo-sét sy twrong-giao cda (P) va (L).

Khdo-sét sy bién-thién va v& dudng bidu-dién (P) cta ham-s6 sau :

2 ,
y=—-x7+3x-4

. Goi (C) 13 dudng bidu-dién cia héms8 'y = — x2 + bx 45:2;

5
8) Tim phvong-trinh cda (C) biét réng né qua mét cyc-dai khi x = ? i

v khix =2 th y = 2.
b) Khéo-sét sy bién-thién cia ham-sé va vé (C).
Tinh tpa-d¢ cta A va B, giao-diém cia (P) va (C).
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Jlém R 2)%
3. Khdo-sét sy twong-giso cta (D) va (C). Tinh m dé (D) tiép-xdic v&f 4
4. Goi M’, M" I3 nhirng giao-diém, néu cd, cda (C) va (D). Tinh

déc-lgp v&i m.

10. 33. Goi (C) I5 dvong bidu-dién cia him-s6: y = x2 — 3x + 4

~<
]
l
|
X

+

N

( : Goi (C’) I3 dweéng bidu-dién cia him-sé :
1. V& (C)va (C’) trong cing mét do-thi.

2. Chingeminh ring (C) va (C’) chi ¢ mét diém chung dc ,.m
Tinh toa-do cta A«

W

. Ching-minh rdng tai A, (C) va (C’) c6 m¢t tiép-tuyén chung
Tim phvong-trinh eta (T). .




11. gAM-s6 NHAT-BIEN

11. 1. DINH.NGHiA.
Ham-s8 nhét-bign 12 mdt ham-s3 c6 dang-thive

_ ax+b
T ex +d

trong &6 ¢ phdi khic s§ khong, vi néu ¢ = 0 thi ta c6 mot ham-sé bic

nhit,

Ta cb cim-gidc ring y phu-thudc vo bén thdéng-sé a, b, c, d. Sw
that, ta c6 the chia trén vi duéi cho mot trong bén s8 a, b, ¢, d. Chi
c6 ¢ 12 5= 0 chic-chin, nén ta chia cho c:

gilin,
b
Y=
X +
b d
Pit .a_=A;—=B;—=D
c c c
il Ax + B
=
ta 4 PR

Xem thé, y chi phyethudc vdo ba théng-s8 A, B, D md thdi.

11. 2. THIi.DY.
2x + 1 ! ; \

x + 1

Khdo-sét ham-s8 y =




— Ham-s§ da cho khéng xic-dinh khi x=1w luc 46’ miu-s8
trigt-tiéu, tir-s§ bing 3, ta khong thue-hign tinh chia 3 cho 0 duoc,

— Khdo-sdt y khi x tién téi I.

Khi x tién t6i 1, thi ti-s8 2x 4+ | tién t6i 3 » ; miu-s§ tién téi 0.

Gid-sir x ti€n t6i | tir bén trdi lai, lac d6 x vin nhé hon I, vi :

VaY x — | = — & (e la mét s8 duwong it nhd, nhd hon bt ctr s§
n3o nhd ma ta cé the tudng-tirong ra), ;

Do d6 y = -—3—8- . Ta suyring ra y tién téi — oo

. Gidstr x tién i | tir bén phdi lai, lic 46 x vin I6n hon 1, vi |
Viy x— | = 4 ¢, ‘

Do dé y=+ie . Tasuy ring y tién-t6i + oco.

— Khdo-sdt y khi x vé-cyre ( |x] = oo
2x + 1
X 4 1 ! g
Dit x 1am thira-s8 chung rbi gid-str x # 0 48 don-gidn pha.\n;sd'f:
x(z % l) il | ;
"‘ X

Ta c6 y=

y-2x+'
1 '.""1'-




Ta ciing dat diroc két-qua trén khi dem chiatir-s8 2x + | cho miu-
s6 xi— 1.

Khi x tién-té'i — oo thi -

tifn t61 0 v Am, viyy =2 —e
x — .
nghia 13 p tién téi 2 nhung vin nhd hon 2.

Khi x tién téi + oo thi tién t6i 0 vaduwong, viy y=2 + €

il
nghia 13 y ti€n t&i 2 nhwng vin 1on hon 2.

— Dao-ham cia ham-s8 y = 2.5 : 1a
90 e
W il
0 (x=)?

Dao-ham khong xic-dinh khi x = 1. Ngoai tri-s6 x =1 thi dao-
ham ludn ludn dm. Do dé, him-s8 ludén ludn nghich bién, [Cung vi chi

. b
bi€n-thién c6 mot chidu nhi thé nén ham-s§ y = :f{-&

méi d;rqc ‘
goi 13 ham-s8 nhdt-bién]. ;

— Bdng bién-thién :

X |—oco 1 + co
i s \ i
2 N ‘+oo, N ;
y
— oo 2

— Bng tri-s6, Ta cho x vai trj-s8 rdi tinh trj-s8 twong-trng clia yi

== 0 Yk 2 4

X

o
2
0 3

T
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I Buoc mot s8 diem ma toa-d6 13 tirng cip tri-s§ x, y & trén, ta

. % 2x 1
vé duwoc durdong bidu-dién cta him-s§ y — i 23 7
Pudng bidu-dién 46 13 moét hyperbol.
— Duwéng tiém-cdn. T

Coi duong thing y = 2. Trong sy khio-sit & trén, ta néi ring y ,
chi tién t6i 2 chir khong bing 2. Khoing cich tir mét didm 14y trén
duong bidu-dién t6i dwdng thing y — 2 nhd din khi x tién t61 + oo.
Ta néi ring duwong thdng y = 2 1a mot dwong tiém-cdn cia hyperbol. ;

Lai coi duwong thing x — 1.

Ta ciing biét ring khi x tién t6i | thi p tién t6i v6-cyc. Khoing
cich tir mét didm 14y trén
duong biu-dién t&i duong _{¥ |
thing x — | nhd din khi x |
tién t&i 1. Ta néi ring duwdng a
!
|
1

thing x = | la mot dwong i
tigm-cdn cia hyperbol. _L

w s o o |R

Nén chi-y ring hyperbol ;
c6 hai nginh nim trong - el
hai géc d8i dinh dinh bdi Jr:‘“%
hai dwrong tiém-cin thing géc |

— D

5
V4

- Khi dung hé tryc thing

géc thi hai dwong tiem.can -
 thing géc nhau nén ta goi 3 -2
hyperbol vusng gdc.

; — Sw d6i - xéng cia

hyperbol, _ ; Hinh 38 S,
: qu giao-di€m cfia hai duong tigm-can 13 I Toa-d6 ctia I 1a
=1, vy =2 Pem gbc toa-d6 tir O dén I. Céng-thirc ddi tryc 13 :

*=X4txg=X 41 y=Y+yo=Y+i
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2x 4 1

Ham-s6 y = : thanh ra
X —
2 X+ 412X 33 3
Y+2= = =24+ =
> X411 X +X
Suy r2 Y = % (mét 'hém-s6 1&)

D6 153 phuwong-trinh thu gon ciia hyperbol.
Nh& dang-thirc 46, ta biét ring hyperbol c6 tim 48i-xng 14 1.

11.3. TRUONG.HQOP CHUNG.

Coi bam-a8 atiitibibs il e T o
cx + d
Him-s8 46 khong xdc-Ginh khi x = — % vi lac 86 mluwsb seitt

c
titu vi tir-s6 thuing khéng tritt-ticu, Thit viy, tir-s6 chi tritt-titu khi
x=— b, [Neu— B — _ 2 thi tir-s6 va miu-sb tritr-tits cong mbt
a a c
1Gc. Ta & xét trudng-hop dic-bigt 46 saul:

— Khi x tién t6i— & thi miuss tién t6i 0, tir-s6 dEn thi
c

a(_‘i) + b, V4y y cb dang-thérc ;(Kl&nwt 88  0), v3 y thanh
c LI -2
vé-cire, Diu cha vé-cye 86 tay-thudc & ddu clia K v3 du cha miu-sb.

— Khi x tién t&i vé-cic, ta viét ¢

e ax b (
y_ax+d (

xm. xleﬂ

Ji =
)

kla.mo-
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Vi x vb-cuc, nén b khéng ding ke so v6i nhirng s6 dirng |

._.,_..

X X

ching. Do d6, y tién t&i il
(o3

3 A ax +b ., ad— bc !
— Dgo-ham ciia ham-s8 y = o 130y = m’
Dao-ham ciing khdng xic-dinh khi x = — i
c i

Ngoai tri-s6 &6, y theo d4u cta ad — be. Pitad — bc =D, D
phwong-thire clia ham-s8 nhit-bién.

Khi D>0 thi >0 v hims8 ddng-bién,
Khi D<o thi y < 0 va ham-s8 nghich-bién,

Xem thé, chidu bién-thién cda him-s8 nhit-bién phy-thude vio d
cta phwong-thirc D — ad be. A

— Bdng bién-thi¢n -

Trudong-hgp ad — be — D>o:

X |—oco ___d_

+

¥y

i A 1+ o0
o



"3

— Duwéng bidu-didn -

4 1
}Y g Y.
)
|
4 i
I'I X a
“"'%- ————— -4: ————————— = e D) GRaRea | I— ——————— )—(
E e s
(o] -g| ._g z 5
| \ i
! %4
1
1
Hinh 39 ‘ * Hinh 40
D>0 | DO

Trong c3 hai tru’c‘rng-hc:rp D > 0, D <0, dirong bidu-dién cha ham-sé

b
y= ax_+_d 13 mét hyperbol mi hai dwirng tiém-cdn 13 . hai dwdng
ex +
thing m3 phurong-trinh 13 :
d g:
X L Y
c c

— Tinh-cdch di-xirng cia hyperbol.

Goi I 13 giao-diém cdahai dwong tiém-cia. Toa d6 cta I 12
b
Xo=—— , Yo=—
Dem gbc toa-d6 O téi I Cong-thirc ddi truc viét 13 :
d

x=X+Xo=X——
c

a
Y=Y+J’0=Yj+-—c-




a( —-d)+b
c
(=2

_ acX —ad 4 be

X

Coa ad — bc

SR> ¢
ad — bc

(5.0
D6 13 phwong-trink thy gon ctia hyperbol. N6 cé dang-thirc Y =,%.
D6 12 mot ham-s§ 12. Hyperbol nhan I1Bm zdm dt’x-xu'ng.

11. 4, mudwc HQP RIENG ad — be =0.

Coi him.s§ il S L
—2x +1

Thoat nhin, ta nghi ring dudng bidu-didn 12 mée hyperbol. Nhirng
khi tinh dao-ham, ta thiy ad — bc — 4 _ 4 = 0. Biy gib,tamé'ichﬁ-
¥ hon vi ta gip mot trudng-hop riéng, Ta vigt duoc:

4x — 2

'Gii-st'rxv—l—'— =,co'm9 x,‘.L

b

Ta dan-giin d!eé y=—2=—2

(hing.s§). Bm;bi!updi&li
thinsy =—2 b6t 4i dm i

Vil A ey G
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11. 5. CACH DPINH PHUONG.TRINH CUA HYPERBOL.

' | Phuong-trinh ciia mét hyperbol vudng gée c6 dang-thirc y g Ax+]§l
, ‘ x+ D
] Dinh phuong-trinh ctia hyperbol 12 tinh A, B, D.

: Thidy 1. Tim phwong-trinh trong hé-thdng true théng gée
cia hyperbol vuéng géec qua digm A (8 ;'2) va cé tam dbi-xu’ng l1a
ditm 1(2 3 1).

il 10 AL
x D

Phirong-trinh ctia hyperbol vuéng gécla y =
tim A, B, D.

Néi ring hyperbol diqua ditm A (3 ;2) cé nghia 13 toa-dd cta

dtben’ A tiida cho Baihice L 2D
x + D
Do d6 ta dwoc : 2= 3A+B * (”‘
: 3+ D

Toa-d% cta tAm d8i-xirng I ctia hyperbol vudng géc 12 x=— D
y = A. Theo gii-thiét thi x = 2 vAy = 1, cho nén i

— D=2 Ly
A L dinin(3)
Bt dinh B, C, D, ta c6 hé-théng phwrong-trinh :

3A 4+ B ]

jtsnatisicgl ) ‘ 1
3+D ().
-D =2 ()

Ay e
A=1, D=—2 ; ‘

Tacéd

'3+B

(1) thanh ra 5 =2

3 4+B=2 tic B=—1
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Viy phuong-trinh ctia hyperbol vudng géc 12 :
x—1 .
x—2

Thi-dy 2. Tim phwo'ng-trinh trong hé-thdng true thing gée cla ‘
mot hyperbol vudng gée bidt rdng né e6 hai dudng tiém-can 13

x =—1, y=2 vand qua ditm A (1 ; 1).
Phuong-trinh phii tim 13y — %
Phuong-trinh cda hai dwong tiém-cdn 13
X=—D=—_1 1) va y=A=2 " (2)
Viy A=2
D=1

Phuwong-trinh ciéia hyperbol bay gio viét 13
' 2x + B
x + 1
Vi hyperbol ¢i qua A (1 ; 1) nén toa-dd cia A nghi¢m ding hé-
thére trén. Ta cé :

Yy =

L B -0
2
2

Két-lugn : y =
x +1

® Vi dtr&nq biéu-dién cita nhirng ham.s& sau day
36

x

11. 2, y=—

SR

1
11. 4. A




4 x
11. 5 e A 11. 6. = —
e =7 e 3
2 1 —
11,17y = Xk 11. 8 y=L’_
x—f x

1 x2 5
11. 9. y=j va y=—-3 +—2-

2
11. 10. y = — va y=—2x2+3x+ 3

x

4 Y x2 5
112517 y——-—x—- va y—;-?x—z
2x ¢ x2 :

11./12 y-—2+1~_—5; va y—-2 +x + 2 i
® Dijnh phurong-trinh cia hyperbol. >

Tim phwong-trinh cda hyperbol bi&t réng :

“ 11, 13. N6 qua ba ditm A(—3;—1), B (0;:5), CG:3
: 1 1
11. 14. N6 qua ba diém M(1;—3),P(—1;'5') A Q(O;—z—)

11. 15, N6 qua A (2 : 0) v3 cé tim déi-xtng I3 digm 1 (3, 5 ; 2).
11. 16. N6 qua A (1 ; — 2) va c6 hai dudng tigm-cin i x=2,y=3"

11. 17. N6 tigm-cin véi durong thing x =1 va tiépxic véi dvdng thing
y=3x +1 tai diém A (O ; 1).

® Tiép-tuyén. 2
11. 18. 1. Cho ham.sé y = Z;+[; Dinh a va b biét ring duwdng bibu-dién qua diém
2 z A
A (? ;0 ) va diém B (1;:1). V& duvéng bidu-dign (C) dé

2. Ding dao-ham d& tim ra nhitng digm & trén (C) tai dé d'p dée- cia
tiép-tuyén béng + 4. V& céc tigp-tuyén ds.
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X
1. Vé duvdng 'biéwdién (C) cba ham-sé6 y = S

2. (O) cht tryc y’Oy tai didm B. V& tiép-tuyén tai B.

T e

Viét phweng-teinh cda tiép-tuyén tei B.

x
-+

11. 20. 1. Vé dvdng biéu-dién (H) cda ham-36 y = Z

2. Tim p/nro'ng—trmh cta dudng théng di qua gbc taa-cf& 0
dé dée m.

3. Dinh m d& cho duvdng thing dé tiép-xic véi (H)s

*x

i
b

BGm+NDx+m+5

1 21. i hdm-s6 =
! fiot s o A oh o

1 Dinh m d& ham.s6 d6 luén luén déng-bign.

2. DBinh m d& cho dwdng bidu.didn cda him.s8 di qua A (0 ; — 3)e

3. Veduvong bitu-dién cia him-sé khi m = 0. Tim phwong-trinh
tiép-tuyén ti diém  mé duong bidu-didn cét tryc y. V& tiép-tuyén dé.

11. 22. Coi ham-s6 y = Cm + 1) x + 5m + 7 i
x+tm+3

Cho m = 0, vé dudng bidu-dién (Hy).

2. Chom = — 3, vé duvong bidu.dién (Hy) .

3. Tinh toa-d¢ giao-dim cia (H1) (Hy).

4 Tim phrong.trinh cia tiép-tuyén cta (Hy) tai mdi giao-diém.

5. Dinh m d& cho ham-s6 (1) luén luén nylvlch-by&n.

. Poubol va hyperbol.

1. 23 Coi céc ham-s6 sau :



1 Khdo-sit sy b:én-lluen va vé dudng lm!u-dlérr (P) va (H) eéa har
trén trong cing mét do.thj. X

2. Dink toa-dp giao-diém ctia (P) va (H)
3. Viat phuong-trinh cla céc tiép-tuyén tai céc glao«fiém

11. 24. 1. Trong cing mét do-thj, vé dong bidu.didn cia hal"i"h'igﬁ—‘sﬂ sau

x
E
N

2. Tinh toa-dp gizo.ditm,

3. Viét phwong.trinh cia céc tiép-tuyén toi che giso-dim.
11. 25. 1.

3. Djt x = cos a. Hay gioi.h,n ok ey 0 "17 Maé dudng
) tung y = cosacit H & Mva c3t P& N TinhMNtheocotG. Clnf'ny
t MN khéng am.

Tinh MN khi a=o, —’3' bay n. Lo

mi.*wwa gioo-didm A

!
Goi gbc toa-d5 I3 O Du'd'ng tMng OA lgi o3t (H) 6
nh) B Toa-d¢ cia B ? ; )




3. N&i A véi C (1;0)s Tim phwong-trinh cta dwdng théng AC.
t6 rdng AC tiép-xic véi (H).

4. Tinh tpa.dp giso-ditm (khéc A) cia dudng AC va (P).
® Tinh.chdt cta cat-tuyé&n. g %
2x+1 4

x:=—1

11. 27. 1. V& duwdng biéu-dién (H) cda hsm.sé y=
2. Tim phuong-trinh cda dudng thing (D) di qua diém K (— 2
cé dg déc m.

3. Dinh m d& (D) cét (H) tai hai diém M’, M khéc nhau. Tinh ho
trung-diém cba doan M’M’’ theo m.

4. (D) cdt hai dwong tiém-cén cia (H) & P, Q. Tinh hoanh-dé trun d
cda Joan PQ theo m. Két-ludn ?




12. MoT $6 vAN-PE
THONG-DUNG

12. 1. TIEP-TUYEN PHAT.XUAT TU MOT DIEM.

Thi-dy 1. Cho parabol (P) ma phwong-trinh Ia Y = x2 4 2x,
Tim phwong-trinh etia nhitng dwdng thing phat-xufit tir ditm A
(— 23 — 4) va tidp-xiie véi (P).

Ta goi (D) 13 dwdng thing di qua A (—2; — 4) vacs 49 décla

m. Phuong-trinh ctia (D) 1a:

y—ya =m(x — xa)

Y+ 4=m(x+2) :

: y=mx+2m—-4='mx+2(m—2).

Phuong-trinh: hodnh-dd cic giao-di®m cta (P) va (D) 1a:
x4+ 2x=mx + 2 (m — 2)
R2—m—2x—2mM—2)=0 (1)

Di¥u-ki¢n dt c6 va di @& cho (D) va (P) tip-xdc véi nhau 13 s

phuwong-trinh (1) c6 nghi¢m- s6 kép.
Suy ra K0
m—2%+8m—2)=0
m—2)(m—2+8=0
(m—2)(m+6)=0




Phwong-trinh ndy chom’ = 2, m" = — 6.
Viy qua A, c6 hai dwdng thing ti€p-xic véi (P), 48 déc l!n-lu'qe ‘
m' = 2, m" = — 6. Phwong-trinh 1 :
p=mx+ 2 (m' — 2) = 2x
Pl 2 (mth = 2) e 6X =164

Thi.-dy & Tinh d9 d¥c eda nhirng dwdng thdng phit-xu(t tNI
2x + 1

di¥m A (43 — 1) vaA ti€p-xic véd hyperbol y = 3
\ X,

Phuong-trinh cda dwdng thing (D) di qua A (45 — 1) va 6 &

décm 1a:
Y—yA =m(x —xa)

Y+ 1 =m(x—4)
Y o =mx “=4m -}

Phuong-trinh hodnh-49 cdc giao-di¥m cta (D) va hypetbol I : i i

2x + 1
x — |
Ml — 4mx — x —mx 4+ 4m 4 | =
mx? — 5mx — 3x 4+ 4m = 0
mx’—(5m+3)x+4m=0

mx —4m — | =

‘B¥ cho (D) va hyperbol tiép-xiic nhau,
- phwong-trinh (1) nhan nghi¢m-s§ kép nghla
(Sm-+3)’—'4m.4m‘=0 ;
25m® + 30m + 9 — 6m? = 0 (cé tht dﬁng A’ -
I'A 9ma+30m+9-=o ‘
3m' + 10m + 3= 0

e

paids fvn
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12. 2. HO PUONG CONG.

Thi-dy 1. Chirng-minh rdng dwong bi¥u-dién ciia nhirng ham-s8
y=x2—2m+ 1) x+ 8m -1 di qua mt}t di¥m cd~dinh.

Ham-s8 phu-thudc vao th&ng-s& m. M&i tri-s§ ctia m (rng vé'i mQt-
duwrong bitu-dién tirc 12 mét parabol. Cé rit nhidu tri-sé cua .m, vﬂyv X
cb vo-s6 parabol. ;

D6 12 mot hp parabol. Ta hiy xét xem ho parabol dé di qua didm.
co-dinh nao.

Pi goi 12 mot di¥m cé-dinh thi toa-d8 cla ditm iy khéng ph
thudéc vao m. ]

Ta hiy xép thir-ty da-thirc (1) theo m. |
x’-;mx-2x+ Mm—1—y=0

(— 2% 4+ 3)m 4.0 S de iy el el
Hé-thirc &6 cb dang ‘ Am +B =0
ALl
m sé vé-dinh n&'utg cé 3B=0

Vi thé, muén cho m vd-dinh, ta 1am trigt-tiéu cing mdt lic cdc
hé-sé A va B trong h¢-thisc Am + B =0, nghiaz‘li ta gidi hé-théng ¢
A=0
B=0

{

O day, ta cé hé-théng :

S e
3 x’-—2x-—'l-}’ﬂ#0 )
j g iy

He¢-théng 46 chota: x::-i- va y-.;.—-
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Cip tri-s8§ x = % , Y= :—7 13m cho hé-thirc (2) luén luén dwoc

théa, bit-chip m 13 bao nhitu.

Do d6, ho parabol di qua didm c8-dinh A (x = : -_47)
4 Thidy 2. Chirng-minh réng dwong bidu-dién caa nhirng
a ham-sg :

=--2m) x2— (Bm — 1) x + 5m — 2 (m == _) )
2
di qua hai dism c8-dinh,

Xép thir-ty da-thirc (1) theo m thi 6

x2~2mx2—3mx+x+5m—2-—y=0
(—2x2—3x-|-5)m+(x2+x—2—-y)=0 (2)
D6 12 mét hé-thirc thude d;;rig Amv+ B=290

m sé vo-dinh néu ta cé g A= 0
B=0

(o day, ta c6 h¢-théng :

§—2x2—3x+5=0
Py 2w pog

5

= l, Xy = — —,

Phirong-trinh thér nh4t cho ta: Xq
Dem nhirng tri-s§ d6 vio phu'o-ng-trinh\tht'r nhi, ta dwoc ;

=O’ yz=%

.

Thir lai, ta thfy : khi x — | va Y =0,
- thi h¢-thire (2) dwoc thBa, b4t-

chip m 13 bao nhiéy,-

/

Vﬁy ho parabol dinh boi phu'orn"-trin"' (1) & qua haj diem c6-

A0 w B ( 25 :)

z




x

12305

Khim = ;_ thi (1) tr& thinh = — izc. S —; Trong ho parabol, cé }

mét dudng thing. Sau khi the, ta thay ring dudng d6 cling: qua A
va B,

Thi-dy 3, Chlrng-mmh réng ho hyperbol sau nay di qua hai dlém,m
ed~dinh ;

Smx —(18m — 24)

5x 4 (8m _18)

Khai-tridn vaxép thir-ty theo m, ta cé
5xp 4+ 6my — 13y = 5mx — 13m + 24
(6y — 5% + 13)m + (5xy — 13y — 24) =

7

m sé vé-dinh néu ta cé :

G~ 324 13=0 L)
5xp — 13y —24 =0 - (2)
(1) cho x = oy + 13
5
Pem tri-s6 d6 vio (2) :
o 6”: S e

(6y + 13)y — 13y —24=0 .
6’ —24 =0y =4 y=i'2
Khi y=~—2thix = — :
Khi y=2 thh x= 5
Ho hyperbol di qua hai dim c§- d;nh
A (-;;—z) B(5; 2)

\
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12, 3. QUY.TiCH.
: Ta coi mot didm I m3 toa-dd 13 x, y. Néiring I lwu-dong cé nghia :
13 mét trong hai s8 x, y hay 13 cd hai s8 phy-thudc vio mot théng-«

s6 m.
Trudng-hgp 1. Y khong phu-thude vdo thong-sé m.

x=2m—3
y =2 et
Quf-tich cta I (khim thay ddi) 12 dwong thing mé phu'o'ng-
trinh 13 y = 2.
Trudng-hgp 2. x khong phu-thuée vao théng—sﬁ m,

¥

Thi-du ta cb I

1
'q::.: z

Hinh 42 y Hinh 43

Thi-dy ‘& ob 1 g" o
y=m-3
Quy-tich cia I khi m thay dbi 13 du'brng thing ma phu'omg-uinh li

x=50

Tru-a-ng,hqp 31 x vi Y ciing phu-thuoe vao théng-sd,
Col mbt didm I lu-u-dong, ci hai toa-d9 diu ph\;-thuQc vio thOng-

5 . ;x—f("o Lat
y=g(m )
Khtr m giita hai h¢-thérc 46 thi dwgc mét he-th(rc m x viy

: y=h (x)
Dé li phu'o'ng-trlnh c&a qhﬁ-ttch ciia I

i g g



Ay 13 mot ham-s6 bic hai, (khi m = 0); che he-s6 1a:

=m;b=—(8m+l) 3 c=4 (4m + 1)
Toa-d6 ctia dinh S cfia parabol 13 :

—-b 8m + 1
P i — =
s Tan 2m
o dac — B2 |
o 4o T

(i) cho me 8m + | dodé m ’='h

2 (x—
Dem tri-s8 46 ctia m vio (2) thi duroc:

phu'o'ng-tr!nh la

Chéithich. Nhin h¢-thirc m — : x' thi bitt rog

duoc xdc-dinh khi x —-4, Ta k!t-luan l1-.?mg tren dudng tbing quy t{eh’
; ctia S, m3 phrong-trinh 13 y — — X + 2, ¢6 mot di!m khbng‘dﬁng_

1Am dinh patabol dwroc. s 1a diEm mi hoénh»do 15
Y= o;o i i

Thi.dy 2. Tim qu{-tich tAm d&l-xﬁ'ng I e&a hvporbo mi
a0 Phuong-trinh 14



Suy ra 2
2 il
m
Cong vé ta duogc X+ 2y=4
Do d6 y=——;—-+2

4

Quj-tich ctia didm I la dwong thing ma phwong-trinh la
o
2,

Thi.dy 3. Cho parabol P phwo'ng-trinh y = —-:T x2 + 2x + B). ;

Mot dwong thing D quay quanh diém c8-dinh A (1, — 2). Khi D cit
P tai hai dism M/, M, tim quy-tich trung-diém eta doan M’ M” peserys

Pudng D quay quanh z

diim A (1, —2). 04ptog--fe
; Ta goi 46 dbc cta n6 12 m; 2_: 8 i
m 12 théng-s6 trong baj todn nay. & 2
Phwong-trinh ctia D 13: =\ 7
S\ |\ 5 ]
y—ya=m(x—xa) S\ \ 'y
*\
v y+2 =mkx—1) 4 .
Suyra y=mr—(m+2) [N\ ) an
D6 13 mét ho dirdng thing L /LY
D, ching 13m thinh mét chim B AN ks
dwirng thing dong-quy tai A. \ o u /
, (L&i dgn : Néu mét ho ‘jﬁ b 1/,1 B
 dudng thing c6 d6 déc bing | N 2\
- nhau thi ching 1im thinh mét TR

,ch&m dworng thidng song-song).

y——(x’+2x+5)

.V'=/"”‘/—(m+2'




trung nhau),
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Khtr y gitra hai phwong-trinh d6, ta c6 phu'o'ng-trinh hodnh-dﬁ s
—(x“+2x+5)—mx—(m+2) (2)

Khai-trién va rit gon ta.cé : {
x2+2(l—2m)x+13+4m’=0 3)
Phuong-trinh  (3) ndy chi c6 nghiém-s8 khi A’ > 0 nghia 13 khi
~(t—2m)? — (13 + 4m) > >

4m? — 8m — 12 > 0

m?—2m— 3 >0
Tam-thirc & v€ thir nhit c6 hai nghiém-s§ 13 —1 va 3.
Viy ta phdi chon m ~ — 1 hodc chon m > 3. A :
Véi diéu-kién d6, P va D ¢6 hai &i8m chung M’, M (ph4n-biét hay
Nghi¢m-s§ x’, x” cira (3) 13 hoanh-dd ctia M, M”.

Goi I 12 trung-dim ciia &oan M’M”. Hoinh-d¢ clialla:

xa o xu S
x = =l Om el 4
2 3 (4) :
Tung-d6 ctia I (I nim trén D) 13
y = mx—(m+ 2) ©)
DE tim phu"()‘ng-trinh ctia quy-tich ctia I, ta khir m gitta x va y.
(4) cho me -; l s ey

Thé m vao (5), ta cb

il 5 !
Suy ra =__-_ x3_ O .
uy 1 y x




Giéi-han.

Ta 43 biéts m £ — | hodec 'm>.3

Thé md m = X;I;dodé

1
a) X +

L=t gl L2, %L 3

2
x4 1

5 S G A e

Viy quy-tich ciia I 12 paraboi (m) bt di cung rng véi — 3 L x L5 :
Hai di®m gidi-han 13 X=—3,y= 2 (ditm B)
VAl L xi=1i5 iy e [0 (81km C)

12. 4. GOC CUA HAI BUONG CONG.,

Trong mit phing ta coi hai dudng cong cit nhau & M. Theo dinh-
nghia, géc cda hai dwong cong tgi M la géc cda tiép-tuyén cda ching
tai didm db. . i

Hai tiép-tuyén tai di®m chung c6 :

4% déc 1a m vA m' (ding dao-ham thi ¢
tinh diroc m va m).

Dudng thir nhit tao véi truc x mot
géc a. Pudng thir nhi tao véi tryc x

mt géc A, 'rac'ag'.“="'
q ¥ tgﬁ=m'

Gée ciia hai d\r&ng cong 1




Dung céng-thtc  tg (a — b) = e mh
l+tga.tgbd

ta cbd th:M
l +tga.tgp

m — m’
1+mm

tgV =

Nén V = 90° thi ta néi ring hai dwdng cong trwre-giao vé&i nhau. -

Trong thwc-hanh, ngudi ta thudng
18y géc nhon, nén céng-thirc 12

o ‘ e
I + mm’
Thi-dy. Cho hai dwdng econg SR
Y = x2 + 2x
st 2w
Y=3 +1
Nghiém lai réng ching e6 didm
chung A (—8; 8). Tinh tang cda gée

cia chiing tai A. B,

; "Hinh 46

x4+ 2x. Khi x=—3 thi y=3 :
2x '

x+1 : L j

Viy parabol (P) (phwong-trinh B8 y =22 + 2x) .

¥

. Khi x=—3 th y=3

vi hyperbol (H) (phu'o-ng-trinh A x = —Z—X—' ) ¢ di¥m chung
‘ : x4 ,

A(—3;3)
y=x b2 B Y =242 = ya=—4

2x 2 ;
= - = = = XA =
b | % (x+1)2 5 &

: K¢ AX song-song cing chi¥a véi tqzc x"x._

7
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Tiép-tuyén cta (P) tai A nghiéng véi AX moét gée %,
tga=ya= 4
Tiép-tuyén cta (H) tai A nghiéng voi AX mot géc B,

tg B = yaA =—
g YA 2
Géc V clia hai duwong cong tai A 14 :
V:d—ﬂ i
tga — tg g s
= e i e (IO TG
s o o ) l +tga.tg B
1
—4 - —
el s
! 2
|+(—-4>(—)
2

12. 5. HANG DIEM DIEU-HOA.

: g
1. Djnh.nghia. B3n di&m A, B, C, D & trén true lam thanh mdt hang
di¥m disu-hda khi : 1

CA DA
—=—— (1)
CB DB
hay CA.DB + DA.CB= 0 19
Hai di¢m A, B goi 1 lién-hiép (0] 3
481 vé&i hai d3m C, D va nguocly. % A CB /D
Cho A, B c8-dinh. Gii-sit C tién Hinh 47

. t6i A, nhu the CA tién toi z6ré, Hp.

thirc (1) td ring DA ciing tién t6i z6r nghia 13: khi C tién téi A thi.
ciing tién t&i A. Twong-ty khi C tién téi B thi D cfing tién t&i B.. \

2. Hgthée. Gol hoAnh-dj clia ABCD 8l v g8e 0 1a a;
Ta cé: 4

bc, d.

\

4 CA a—g C§=b—c, lTA==a-—d, ]-D—B=b—-d.,




Heé-thtre (1°) tﬁénh ra:
(@—)(b—d) + (@a—d) b—)=0
Khai-trién va rit gonta c6 :
2 (ab + cd) = (a + b) (¢ + d) o (2)
D6 13 he-thire ditu-hoa.

Néu g8c O & A, ta c6 a = 0, he-thirc (2) thanh ra 2¢d = bc 4 bd.
Chia hai v€ cho tich-s& bcd, ta c6 2 :

-

|
d
__l g i

AC  AD )

= — +
c

hay

AR

D6 12 hé-thirc Descartes.

Néu gbc O & trung-didm I cfia ABtacé IA — — IB hay a = — b,
Hé-thirc (2) thanh ra:

2Lt yle =0

a® = cd

tirc : IA2—IB? = IC.ID @)
D6 13" hé-thirc Newton.

Mubn chirng-minh ring 4 diém A B,C,D 1am thinh mot hang diém :
ditu-hda thi ta ding d;nh-ngh:a (he- j
thirc 1) hay chirng-minh ring hoinh-
46 ciia chiang thda cho mot trong ba
hé-thirctrén,

Nén nhé ring khi ABCD lam
thinh mét hiang di€m ditu-hoa thi
hinh chiéu cta ching xudng mot
duwong thing ciing 13m thanh mot
hang diém diéu-hoda.
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19. 6. THi-DY.

1. Coi phwong-trinh mx2 + (2m — 1) x + m — 2 — o Vi
m = 0. Khi phwong-trinh ¢é nghiém-sd, ta 18y trén truc .X’O'
hai dim C, D sao cho OC = x’, OD = x”. Chitng td réng C, D
lién-hg'p v&i hai di8m ed-dinh A, B. : :

Giai-dogn | : Tinh S va P theo m va khi m gita S va P.
2m — l B 2m

—2

1

m

& x
A CB
Hinh 49

0

Suyra P+2S=—_3
tec 3 x'x" 4+ 2 &+ x") +3 = 0

Gidi-than 2 Cho "< x'.= X i gidi phesompiriah toén ddy.
Nghigm-s6, néu cd, sé la hoanh-d¢ cia A vd B.

XX 2 4 x) 4+ 3=
X+ 4 X 43

0

0

L e g
; 67\=_'1 OB-3.

Z Bhu bﬁl gidng trén, nhu-ng ta dung phlro'nn-tﬂnh
2—(m+2)x+8m+0 ‘




B (& ddy, A chinh 1A géc O).

dinh A vA B ma hoanh-d6 13 £ 2.

135

Ta nhin thdy ngay rin By lad
P 3
xix 3 ) % X6
hay l: + —_1-—__ = -:g-_. (-O_.B = 6) i

Hé-thirc Descartes ndy té ring C, D litn-hiép véi hai di¥m O v2 i

Hoanh-d46 ctia B 12 6. Hoanh-d6 ctia A 1 0.
3. B#u bal gidng trén nhwng ta dung phwong-trinh
m+ 1H)x2—-8m—2)x+ 4 m+ 1) =0

Ta hiy tim he-tht;rc gitra hai nghiém-s8 doc-l4p 461 véi m,
Ta céngay P = x'x” = < =1(£f—l)¥4 (khi m == —1

a m+1 i
Goi O 12 gdc hoanh-d9, ta cb :

,

OC iy OD) !

Vi x'x' =4 = (£ 2)?

nén 0C.0D = (+ 2)? = OA? = OB? ;
Hé-thérc Newtoni d6 td ring C va D uen-mep v6i hai ditm cs.”‘, ‘

Tém lai, khi ta gdp h¢-thic : {
— thupc logi & x'x” + B (¢ + ) + v =0, ta ding phu'a'ng-phdp
trinh-bay trong nhitng thi-du I. j
— thuge logi a x"x” + B (x4 x’) = 0, ta ding h¢- thd-c Descam
nhw dd trinh-bay trong thi-du 2. !
— thugc logi :; e g h&ng-s’a’ duwong, ta ding he-zhu'c Ncwto
nhw d& trinh-bay trong thi-du S




BAl TAP

® Tim phuong-trinh cia tigp-tuy&n phat.xust tir mqt diém A cho sin 66
v&i mot parabol cho sdn hay mat hyperbol cho sin :

1
12. 1. A@2;4 y=7x2—x+5

12. 2. A(+1:—1) y =(x + 12
2
12.3. A(+4;—29 y=-x—
2x—1
12. 4. A(0;9 R e o
. x—3

® Xét xem nhirng ho dudng cong sau ndy di qua diém c3-djnh nao :
;
% v{JZ.5. y=m+NDx2—2m + 2) x + 2m.

4 12.6. y=m2—2(m—2)x + m—3.

127, y=mx2—3(m+Dx+m + 16.

8208 == Dt
-,

12, 9, y=(1—2m)x2—(3m—1)x+5m'—-2. : .

"»:K'lz. 10. y=mx2—2x—(m—2).>

: 12 e @2m -}; :)_):,,-:_5; =7

202 g 2
x+m—1

1515, UnF Dt 8n—8
ot 9—6m)x—6

D QW-I‘CI'I cia dinh parabol.

nm qu?-tich cda dinh S cia nln?ng

parabol sau m)y



SR

® Quy-tich cba tam hyperbol!

Tim quy-tich cda tam [ cda nhing hyperbol sau day :

12, 17 v M 12. 18_),_—_;%
mx — 3 (m+1)x—m
) @m—Dx+1 A
12, 19,y = SSliis S S R
—mx +m—2 14 20 x+2m—3
@ Quy-tich trung.diém cia mgt day cung.
12, 21. Vé dworng biéu-dién P cia hdm-s6 y = — x2 + x + 2.

12. 22,

| @——- 12, 23,

L1228

® Gbée cha hai dwéng cong. Géc odin mot dedng cong véi mot dudng 7
thing.
12. 25. Va duvong bidu-dién P cia him-s6 y = x2 — 2x. No cit. true x tai mpt

Bién-lugn sy twong-giao cta P véi dudng thing D ma phuong-trinh I3
y = 2x + m ; m I3 mét théng-sé. Trong tru-dng-bop cé hai giao-digm A, B,
tim quy-tich cda trung-diém | cta doan AB khi m thay ddi. V& quy-tich dé.

Vé dudng bidu-dién P cla ham-sé y = x® — 2x + 2.

Coi nhing dwdrng thdng D mé phwrong-trinh lay =m (x —1) + 2. Dudng
D c6 qua diém cB-dinh ndo khéng ? Bign-luan sy twong-giao cia D véiP.
Tim quy-tich trung-diém | ctia dogn AB, khi D ct P & hai diém A, B; vé quy-
tich do. 5

Vé dvong bidudidn P cia him-s§ y = — x2 —2x + 3

Qua diém géc toa-ds, c6 mot dudng thing D ma do déc I3 m. Bign-luan
s twong-giao cta D va P. Tim quy-tich trung-diém | cda dogn AB, A va.
B I3 giao-diém D va P. V& quy-tich dé. -

. \ ]
Cho parabol y = x2 — 4x + 3. To diém P( 0, —~ —2‘) cé mét dudng

thdng d¢ déc I3 m. Tim phwong-trinh cia duéng d‘c{. Bign-luén s¢ trong- 5
giao cia dwdng thing do voi parabol. Tredng-hop tiép-xdc. To P, c6 thé ké
méy tiép-tuyén cho parabol ? Quy-tich trung-dim cia doan néi giao-diém.

digm A khéc géc toa-d. Tim do dée cia tiép-tuyén SPA Sy co tang el
géc & hop bdi tryc va parabol tai digm A.




12. 26, V& hai parabol y =x2—2x + 2 vd y= 2x2 — 5x + 4. Tinh
giao-diém. Tinh tang cla géc cda hai parabol tai giao-diém. i

X 12. 27. V& hai parabol y =x3 —4x + 5 va y=—x2 + bx — 34 Tinh to
.giao-diém. Tinh tg%, o I3 gdc nhon cda hai parabol tpi gl.a»dﬂm R

® Hang-diém didu-hoa.

Trén mpt tre x'Ox, I3 hei didm M’ vd M” v6i OM' = x' ; OM” =
%* v3 x'’ 15 hai nghigm-s6 cta céc phwong-trinh sau déy. Ching-minh réng M‘
va M lién-higp didu-hoa v&i 2 cb-dirh md ta cdn dinh ré: ¢

12. 28, (m—NDx2 —@2m—Nx+m+1 =0
12. 29, (m—2)x2+ 4 + 9 (m — 2) =)
12: 300 2mx2 — (m 4+ D x +3 (m+ 1) =0

12. 31, 32— (2m + 5)x + 3 (2m — 3) =0
12, 32. 2+ (@Bm +2)x + 2 =0 !
2,3 Bt D+ 2@m A D =0
12,36, m3+6x+2m+3 =0 v »
12.35, 24+ @m—Nx—2m—6 =0

12. 36. (m+f)x’+'2(m+ —i—-)x +m=0 !



1.

9. @ Ho parabol. Hang diém diéu-hoa.

[
BAI TOAN HOQC ON
® Gobc cia hai parabol. Quy-tich dinh, Hang diém diéu-h&a‘

Cho ham-s6 y = x2 + 2 (m— 1)x + m + 1 trong d6 m 12 m@t.
thong-so.

1. Vé&i tri-s§ ndo ctia m, dwdng bitu-dién (C) cfia ham-sd n&y
cit truc x 2

Hiy nghiém lai ring trong tru:ong-hop duwdng bidu-dién (cy
cit tryc x, nhitng giao-diém M’ vi M” lién-hiép di¥u-hoa véi
hai di®m c8-dinh A v3 B ¢6 hoanh-d6 12 —2va + 1. ‘

2. V& nhitng dwrong cong (C) twong-trng voi nhfrng tri-s8 cda k
m=0;m = 3 trong mdt d6-thi chung. Tinh toa-dd giao-digm,

Tinh tang cfia géc nhon ctia hai duwdng cong & giao-diem.

3. Tim quf-tich ciia dinh S chia dudng cong.

Cho ham-s8 theo x : / )¢
y_.—x’+2(m+ l)x+m— 5 (m 1A thong-sd)
]. V& trén cing mot do-thi nhu'ng dudng cong (Cp) va (Ca)
twong-rng voi nhirng trj-sém = 0 vam = 2 ctia théng-sé m.
2. Chirng-minh ring khim thay ddi, nhirng duwdng biEu-diEn
" (Cm) ctia hm-ss y &i qua mot didm c8-dinh L ; ;
3. Véi tri-s6 n3o ctia m thi duwong cong (Cm) cit truc x’Ox tal
hai didm M/ va M ? :
‘¢~ Chirng-minh ring, khi m thay 4bi, nhitng ditm M’, M” li '
hop ditu-hda véi hai ditm c8-dinh A va B. ;
3 @ “o parnbol. Hang diém didu-hoa. X : i
Col bam-s8 ¥ = (1) = mx? 4 (1 — 3m) x + 2m. ‘




I. Chirng 3 ring cic dudng bitu-dién di qua hai didm c-dinh
A, B. Toa-dd cia A, B2

2. Phai chon m ra sao d& cho dwong bidu-didn cia him-s8 cit
tryc x tai hai diém M’, M" khic nhau 2 Chirng t§ ring M’, M”,

; lin-hop véi hai diém c3-dinh I, J. Hoanh-d6 cfia T, J trén truc x2

|

|

3. Dinh m d& dudng bitu-dién cia him-s§ 13 mét parabol ma
hoanh-d6 ctia dinh 12 x = 1. V& parabol d6. R
— 4. ® Tiép-tuyén cia parabol.
‘ e 1
Coi ho parabol (C) ma phirong-trinh 13 y — mx® _ 3x e i
m
(m 13 mét thong-s3 khic zérd). :
I. V& dudng bitu-dién trong hai trudng-hop riéng m = bi,
I

mn=— —,

2 ; ;
@ Tinh toa-d6 ctia di®m P nim trén (C) sao cho tiép-tuyén tai
o P cbds dic bing 1.
3. Coi dirong thing phit-xuft tir géc O, phrrong-trinh 13 y— ax.
_ Tinh a sa0 cho dwdng thing d6 ti€p-xdc véi (C). ;

ST

5- ® Ho hyperbol. Quy.tich,

Cho him-s§ y — ™+ m+ 2
. —mx+m4 |

Goi dudng bidu-dién 13 (Hm).

~ 4

I. Chirng 6 ring ho (Hm) di qua mét didm c-dinh.  '

2. Quy-tich tim d6i-xing cia (Hm), ity s
3. Coi duong thing (D) md phirong-trinh 1a ¥ = 2x. Ph
- chon m thé n3o: d& cho §(D) cit (Hm) & hai ditm P, Q khic
~ mhau® P, Qoo litn-hop voi hai didm of-djnh ndo khong ?




S5 g

t

6. ® Hyperbol. Dudng thing lru-déng. Quy.tich.

I. V& dudng bidu-didn (H) cia ham.sé -
AR :
y _e——

s o e

2. Chirngté ring ho dudng thing (D) mi phrong-trinh 13

y = mx — 3m 4 % di qua mdt didm c8-dinh A, Thir lai ring

A nim trén (H).

3. (D) lai cit (H) & mét di¥m thir nhi nita 13 B. Theo m, tinh
toa-dd trung-di®m I cta doan AB. Quy-tich ciia I2

7. @ Ho hyperbol di qua hai diém c&.djnh.

mx + 2

. Goi duwdng bidu-dién 1 (Cm).
m+x— |

Cho ham-s§ y =

I. V& dudng cong (C3) rng véim = 3. Dinh nhitng ditm trén

(Cs) sao cho ti€p-tuyén & nhirng ditm 46 cé dd déc 1 4.
2. Quy-tich tdim d8i-xirng ctia (Cm).

3. Chirngtd (Cm) qua hai diém cS-dinh A, B. Tinh theo m 46

déc ctia tiép-tuyén ctia (Cm) tai A va B.

8. ® Parabol. Hyperbol. Cat-tuy&n.

]. Trong mét hg truc trec-chuln vé dudng bitu-din (P) va (H) ’

ctia hai ham-sé :

g exd g ox e
2
Al
x

Nghiém lai ring (P) va (H) c6 mot giao-ditm 1a A (2; — 1).

2. Chirng t ring s tai A, ti€p-tuyén cia (P) va (H) thing géc

vpinhau.
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10'

® Phuong-trinh cta parabol. Ti&p-tuyén.

\ gitta nhitng toa-d6 d6. Cht.’vng- rdng J & trén mot dur

B e
3. Duong thing (D) c6 phwong-trinh y = - W Gfié-su'; A8

n6 cit (H) &R, S va cit hai truc & U.V. Chirng té ring R S va

U V c6 trung-diem chung.

/. Cho him-s8 y = ax® 4 bx + 3 Tinh ava b d& cho y c6
cwc-dai bing 4 khi x = |, V& dwong bidu-dién (P) cfia ham-s8
trong trudng-hop dé.

2. Viét phuwong-trinh ctia dwdng thﬁng (D) di qua diem
( 0; —Z-) va c6 d6 déc bing m.

3. Dinh m 42 (D) tiép-xiic véi (P). Qua A, c6 miy dudng (D)
tiép-xiic véi P 7 Céc dudng (D) d6 c6 thing géc véi nhau
khéng 2

® Hyperbol. Quy-tich.

I. Hiy vé dwdng cong (H) bidu-difn him-s8 y — ’;—— Goi I
12 tdm d8i-xirng ctia né. \#

2. Tinh d6 déc ca ti€p-tuyén clia (H) tai dim A ma hoinh-d3
béing 2. Tim tiép-tuyén thir nhi cfia (H) c6 cing mét 46 déc. A’ 12
ti€p-di¥m cda ti€p-tuyén thi: nhi 46, hdi ba didm A LA dugc
xép dit nhw thé nio ?

3. Tim tri-s§ clia thong-s8 m d& cho dirdng thing D ¢6 phu'o'ng- :
tinhy=— 2x + m vA (H) cit nhau tai hai didm M, M’ phﬁn— G
biét hay trung/ﬁhau. i ]

/|
1

4. Khim thda cho diu-kién 43 tim thiy, hdy tinh theo m toa-
49 trung.di¥m J cia M M’ Tim mét heé-thire d6c-13p 461 véi m-

thing o&-d;nh va dinh 5 quy-dch ctia J khim thzy dBi.
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11. ® Ho hyperbol. Ti&p-tuyén.

12.

Ta xét trong mdt hé-théng truc trec-chuln xOx, y'O} nhirng

dwdng cong (Hm) cé phuong-trinh 3 y = trong d6 m 1A ‘

mx—
mdt thong-sé khéc 0.

/. Dinh chidu bién-thién ctia y khi m dﬁ'o’ng vakhi m 4m.

2. Chirng-minh ring nhirng dwdng cong (Hm)cé mét duwdng
tiém-can chung va mét didm chung.

3. Xeét du'o'ng thing cé phu-o-ng-trinh y =ax. Hiydinh hing-s8
a theom sao cho dwongthidng niy cit (Hm) tai hai di¥m tring
nhau tai O. Suy ra phwong-trinh ctia tiép-tuyén tai g&c véi cac
dwong cong

Ho parabol. Cét-tuyén.
Coi ho parabol (Cm) ma phtro-ng-trinh phu-thudc vio thong-56 ms
y=x24+ 2m+1)x+m? —1

1. V& parabol (Cy) teng véim = 1. Tim phwong-trinh clia ¢\wb’ng'
thing (D) tiép-xic véi (C,) va c6 46 d6c bing 1.

2. Tim quy-tich dinh S ciia (Cm).
3. Chirng td ring (D) tiép-xic véi (Cm).

4. Chirng tb ring dudng thing (A) phuwong-trinh y=x cit
(Cm) tai hai di¥m A, B m) khoing cich khdng thay dbi.

e
ol




BAI TOAN HOC ON CO GIAI
Cho phworng-trinh !
x2 — 2mx + 8m — 2 =0

Khéo-sat su kha-hiru va dfu cde nghiém-s8 x/, x”,

2. Pinh m sao cho x"2 G G o A e (1
Binh m sao cho 2x’ — 8x” = 1.
4. Tim mdt hé-thire gitra hai nghiém-sg déc-14p d8i véi
Nho* d6 suy ra nhirng nghiém-s8 kép etia phwo'ng-~trinh ﬂ).
5. Pinh msao cho — 2 < x’ < 1 < X
BAI GIAI
I. Tacd: A'=m? —3m + 2 =(m—1) (m—2)
X'+ x" =S =2m
¥ . 2P 3p
Ta xét dfu cta A/, clia P v3 ctia S, rbi suy ra cic thinh-t(ch ke
trong bing sau day:

AP S




x::+xnz =X x? +‘ ; "
SV 2P =Pl
$* 3P = bl

4m* —3 Bm —2)—1=0

m = 1
2 e
4md_9m £ 5=0{ ., 5
; 4 :
Nhin vio cdt xét dfu ctia A, ta chi nhin _d»u'qcy-
~ ma théi. e
] 3 PR R e
x . x'=3m~-2 : @
; 2 A=l 5 43)

! Tacoi (1) va (3)is
i 2%’ + 2x” = 4m
2 — 3" = |
Svi—dm — 1
/ x,,;'4m = 1‘
5

4m — 1 _ 6m
e >

Pem trj-s ctia x”, x"* vio (2) ta 06 e |
(4m5—|)(_6m5+1)_‘3m;‘_;
Chin — 1) (en £ 1Y & 25 [l = o
24m® — 2m — | = 75m — 50 _
UM TTm 4+ 49 =0
Bigt-s6 12 77% — 4 X 24 X 49 = 5929 —
‘ Wmaan,

S g o

Suy ra x’ =2m — x" = 2m —




9 S =2m 33S=
a0 i g

Trir v€ ta duoc 3S — 2P =4
A S e
2x'x" — 3 (x' +x D+ 4 =0

bit ¥’ = x” = X, ta duoc

2X2—_3 2X) +4 =10
2X2 - 6X' +4=0
X1 _3X 420
Xi=1, X,=2

i1 Nhitng nghi¢m-s6 kép 13 ¥’ = x — |
: \ ¥ =x" =2 i
Nhin bing bi¢n-luin & ciu 1, ta thiy phﬁ-héfp véi cdu ndy,
5. Ta phii dinh m sao cho
e o
Ta dit c&c didu-kien 3t c6 va dir:
; i f (1) 0
s g e 2)>0

i gvl—2m+3m_2<o
4+4m+3m—2 < 0

m — <0 m< |

mi2>0 m>-—§




Tém lai :

s —-———v<m<l.

2_ Cho phworng-trinh

m + 1) x2 - 2mx + 3m’—g1=0

1. Binh m d& phwong-~trinh dé cé hai nghiém-sb biing nhau
hoac phén-biét.

2. PiInh mdé cho x' < — 2 < x”

3. Pinh m d& cho x2 + x'2= 2

4. Tim mét hé-thire gitra x’, x doe-1ap ddi véi m. :
5. Vi&t mdt phwong-trinh béc hai véi #n-s8 1a y sao cho

Yy =2x’ —1
Y/ =2x"—1
BAI GIAI

I. a=m+l,b=—-2m,c=3m—|._
Gid-st m+ 1 40 tecd m~£ — 1

D2 cho phirong-trinh c6 hai nghiém-s§ bing nhau hoic phin-biét,

ta phdi cé va chicincd A’ > 0
m* — Bm — 1)(m + I)>0

2 >/ 0

—2m? —2m 4+ 1 >0

mi o Bmt o 2m )

2m* 4 2m =1 20
Tam-thirc dirng & vé thir nh4t c6 hai nghiém-sé 13
m9=_|—‘l3 mn__"‘,"""/3

2 : T 2

\




: 148
Ta phai chon m sao cho
m' /S mZm"”
§ 2. Ditu-kitn 3t ob va 4a 42 cho
; re_Icx
B of(—2) <0
tirc 12 (m+l)§'_4(m-g-i)-—4m-3m—l}<0
m+1) (lm+3)<0
Ta phai chon m s20 cho

— w3
11
< X”-{-I"‘:z
S0
The Smx p 27 2B
m+ 1
P=x.x’" — 3m —1
4 m 41
ta diroc (ﬂ)z_ze’"\—') =
m + |1 m 4+ |

m —2 Gm — \)(m 4 D=2(m+ 12
4m’ — 2 GBm 4 2m_ 1)

e

=2@+2my 1) 0
4m(m +2) = 0 gm"o
ll_—z
Dlnvﬁokh-queuadul ud“d‘mdlrocmgom
4. =2 _ Omi2.§ 2

m+ 1



Pz 3t o i e
m+ |
P—-25S =_—1

x'x’' —2 (x"+x")+1 = 0‘ ;
‘* 5. Dt S =y +y" va P'=y .y” phuong-trinh phii tim
s€ 1a ) Ths
yi2 Sy + Pl )
Sti—2x )i 2xa=11) . y
= 2! (el xlfy L 9GS EL) -
4m _4m—2m_2 2m—2

=m—2— m+ 1 —_m+|'
@2¢ — 1)@ — 1) '
=4x’x"—2(x'+x’;’)+l

2m_4  4m_
m—| m-H 1

\

=
Il

=4P 254 1=

__9m—3
m + 1

A

Viy phwong-trinh 'phii tim 12
y,_Z(m—l) 8 Gm _\.I)
m+ 1 m+ 1 _
hay (m+1)y’—2m—-1)y+3@Bm—-1)=0

J ¥

: 3. Cho phwo'ng-trinh : : . 3

m? —m — 2)x2 f (2m3 — 2m + Bxtm—m—2=0

x 1A #n-s8, m 1a thbﬁg-s&. ; i

¢
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7. Binh m d& phwong-trinh & bac nhdt. Gidi phwong trinh

f 2. Binh m d& phwong-trinh c6 mét nghiém-s8 kép. Tinh t
ctia nghiém-s3 kép dé.

3. Chirng t6 rdng - ngoai triv nhirng tri-s§ clia m da tim

& hai eau diiu — phwong-trinh luén-ludn ¢ hai nghiém-s8 phan-bi

i 4. C6 th& nao dinh m d& cho phwong-trinh ¢6 hai nghiém
l dwong ed khéng ? ‘Trong truwdng-hop 2 nghiém-s8 cung dw

! dinh m d& téng eiia hai nghiém-s§ dwe'e ewe-tiu. Cée nghiém

[ Iiic d6 bing bao nhiéu 2 i

| BAl GlAl

b I a=m’ _m. 9 : /
b=2m — 2m 4 5
| c—mi S ) a=_c

! B cho phirong-trinh xubng bic nhit ta ly

. a=0 tiecld m® _m_2_,,
Suy ra m=_1,m=2

Phuong-trinh

(m* —m—2) o2 @2m* — 2m 4 5) x+m2—m—-2=0‘-

R S G o e e e

trd thinh
: * Ix=0 = x=0 (véi M= — [y s
e =0 > x_g G4 m=3)

. 2. Gidsir az-o, -Biét-s8 cfia phuong-trinh (Dt :
A = b _ 4qc, ‘ P

A =@m—2m 4 592 _ 4 (m

—m_g -
=@M _omise gm 5. 4)? :




= (4m*> —4m + 1) . (9)
9 @m—1)*=[3 2m— 1P

DE cho (1) nhin nghiém-s8 kép, ta phii 6 va chi cincé A =0,
b | el 9iom )20, ’Dodom=%. '

4 Tri-s8 ctia nghiém-sé kép 12,

b 2m? —2m 4 5

=, —=

T2e 2 )

Thé m=-;— ta dugc x =1

3. | Ta'khong xét dén chctri-s6 m=il, me2, & mm _;_
2 di tim thiy & hai ciu diu. Ta biét

A=[30Qm—D]p

Nho bitu-thirc ndy ta biét A > 0 bitchip m 1a bao nhiéu, vay
phuong-trinh (1) ludn ludn c6 hai nghi¢m-sé x*, x** phan-biét.

4. Tadi biét A > 0 vA ta nhin-xét them riing P = S = 1> 0,
a :

: cho nén didu-kién It cé va 804 d& cho x’, x’’ cing du-ornﬁ cAlAs>0
Lo,
, a
} 20
] Sanesin sl (mot —1,m% 2)
m? —m—2 »

2m? — 2m + 5 13 mét tam-thirc vé-nghiém nén ludén ludn
dwong. Con lai '

—.‘(m’—m—-2)>0
m —m= 2<0 :
LAY 2 i \
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Ta dang & trong trudng-hop x7, x” 12 nhitng s8 da'o-ng.l
xox7 =P=1 (:— h%’mg-sé’)

: 2m?2 —2m+5
x'+x'=S-_—____..____

Vay S cwc-tidu khi x' = x* nghia 12 khi phirong-trinh (1) cé

58 kép. Trong ciu 2 ta d3 thiy ring:d€c x' = x'", ta phii'liy:

Tri-s8 ndy thich-hop véi —1 < m < 2 nén ta dung dwoc. Licm

thi = xi — |, <

4. 1. Tim phwong-trinh ctia parabol (P;) ¢6 dinh 1a S (236 ?
qua di¢m M (55 — 8). Vé (Py) trong mét hé true true-chu

2. Cho diéu-kién — 1 £ x £ 3. Dung dé-thij d8 bién-luén sw
hiru va sd nghiém-sg ctia phwong-trinh sau day theo m:

x2—4x 4+ m—2=0

3. Ch .ng mét dé-thj vé'i (Py) vé parabol (P, ma phm
l1a ; Y =x2 —6x + 10,

Tinh toa-dd giao-dism cilia (Py), (P,).

Suy ra nhirng tri-sd ctia x d¥ cho

— X2+ 4x 4+ 2> x2—6x + 10

4. Pudng théng (D) cé phwong-trinh 1a y = 2x +h (h
¢ thong-s8). Pinh h d& cho (D) va (Py) ¢6 di&ém chung. Khi chiing
di¥m chung M’, M" hay tim quy-tich trung-di¥m I elia doan M

i C

(
/

o l ; Phtgcnéft.riph cha ‘parabol (Py) c6 diﬁg

} o e
/ ey e G br e
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(Py) di qua S vA M nén toa-dd cta hai dim &6 nghiém ding hé-
thirc (1) : :

6 =4a + 2b +¢ 2)
—3 = 25a+ 5b + ¢ 3)

Tai dinh S (x = 2) thi dao-ham triét-tidu ' = 2ax +b=0, do
a6

0 = 4a + b (4)
H¢-th8ng tao bdi (2) (3) (4) cho phép ta tinh a, b, c.

Liy (2) trir (3) vé véi vE ta duoc

9 =— 2la—3b (5)
hay 3=— TJa—5% ;

L&y (5) va (4) cong v& véi vé thi c6 :
3 =—3a

Suy ra a=—1 !

4)cho  b=4 IR

(2) cho c=2 ;

Viy phuong-trinh cta (Py) 12 ‘ O e

y=—x*4+4x + 2
3 ; Hinh 50
2. x*— 4x + m — 2 = 0 viét dwgc thanh : '
m=—x4+ 4x + 2
Ta coi h¢-théng:
ya= X3 A2
y=m
SN
y=—2x2+ 4x + 2 duoc bidu-dién bing (P;) nhing ta chi chon
cung eng v6i — 1 £ x £ 3. y = m dwgc bidu-dién bing mdt duong

thing song-song véi truc x.
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Hoinh-d6 giao-didm — néu c6 — cta cung parabol
thing 13 tri-s8 cla x m3 ta mubn c6. Trén do-thi ta biét:

- KET.-QUA

+ oo
vo-nghiém

6 =x"=2
hai nghiém-s6
s——*=1,x"=3
mbt nghiém-s6
4 o 3 X = — I
vo-nghiém
— OO

3. Toa-d6 giao-didm — néu cb6 — ctia (Py) (P;) 12 ngh ; ™
hé-thong

(y=x>_6x+ 10 (Py)

y=— x4 4x 42 (Py)

Khi y gitta hai phwong-trinh d6 ta dwoc phuwong-trinh

céc giao-diem : :

X —6x + 10 =—1x2+ 4x + 2

20 _10c48 =0 o

X2 5y L 420

x,;'i 3 X =4
Suyra. y1=5 3y =2 r
(Py) (Py) c6 hai giao-didm 13
B@;5), A(4-2)




Nho d8-thi ta 6 2 1<x< 4
4. (yp =22 <6x 410 (Py) /
y=2x+h (Py)

Khir y giita hai pheong-trinh d6 ta dwoc phuwong-trinh d& tinh
hoanh-d6 cic giao-ditm — néu c6 — cia (Py) va (D) :

— 6x + 10 =2x + h
x2—8x+|0—h—-0 L ()
D? cho phirong-trinh hitu- nghiem, ta phdi cé vé chi cin cé
A'>0 tircla:
16 — (10— h) >0
6+h 20
h>_6
Khi h=6 thi x=x"=4. (P,) vd (D) tiép-xiic nhau tai
di¥m mi hodnh-d% 12 x = 4. Tung-d) twong-trng 1A y = 2. DS chinh
12 di¥m A 43 tim thdy trong ciu 3.

Khi hA> 6 thi (P va (D) c6 hai di€m chung M' M ma
hoanh-d6 12 nghiém-s8 ctia phu'o'ng-trmh (6).

Goi I 12 trung-diém doan M’ M”, tqa-d{) cia 113 ¢

5 o

Vi x=4 nen ta biét ring I nim trén dudng thing ma phrong-

trinh 12 x = 4.

Ta cb _ h=y—8
Theo phin trén thi K> _ 6 9
Vay y-82 -6 = y=>2

Quf-tich ctia I 13 mét ntra dirong thing (¥ = 4 y > 2): Dé n
nira duwdng th&ng Az trong hinh vé. - \
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5. 1. Tim phwong-trinh ctia parabol (P) 6 dinh 1A S(1
va qua diém R (— 8 : 8), V& (P) trohg mdt muc-tiéu tru

2. Mot dwdng thdng (D) di qua diém I(2; —38) va e6 do dde
bing m, Pinh m d& cho (D) ti8p-xic véi (P). Pinh ré ecde
dism M, N.

3. Chirng td ring MIN ia mdt tam-gide can. Tinh dién-tich
tam-gide dé. :
BAI GIAl

1. Phwong-trinh ctia parzbol (P) cé dang
Yy =a® +bx +¢

Toa-d$ cta dinh S Iy

b
X =— — = I
; 2 (1)
522
y_4ac b=_|(2)
4a

(P) di qua di¥m R nén toa-do A

Q
cia R nghiém ddng hé-thirc
y=ax® 4 bx 4 c: Hinh 52
3 =9a 359 ¢ 3)
5 D2 tinh a, b, c ta c6 hé-théng :
SiEe i

| P (n

i 4ac — 5* | S
. o @

3_=9a‘—3b+c 5 - 3)
() cho b=—_2a dods (2) thini:‘ &
o 4‘!



Biét b va c theo a, ta ding (3):
3m9 —3 (= 2a) +a—1

16a = 4 =D B omm e

Viy phuong-trinh ctia (P) 12

Gy s
! TR ) Ay

2. Phuong-trinh cta (D) 12 ¢
Y=y =m(x— x)

Y43 =m(x—2)

y = mx — (2m + 3)

Toa-d6 chc di¥m chung céia (D) v (P) 1A nghiém-s6 — néu c6 —
ctia h¢-t héng /

Vi, 4 3
B b AR il 301 s o : ‘
4 2 4

y = mx — (2m + 3)

Khir y gifra hal phu'orflg-trinh nay tacé :
-%—x’-—%—x——i—=mx—(2m+3) ol b
X3 — 2% ~ 3 = 4mx — 8m — 12
X — 2% — 4mx +8m +9 = 0
A2ms Na+BntN=0 @ |
Pt cho (D) va (P) tiép-xic nhau ta phdl c6 va chi cin cb ‘7 ‘,1'

A' = O’ ﬂ’i‘c




@2m + 1)2 —@Bm+ 9 =0
4m® — 4m — 8 =0

m, =——]
m11=2

m—m—2=0

Viy c6 hai drdng thing [thugc ho (D)] tiép-xdc véi (P)

y=mx — (2m + 3)
Véi S e e
Véi Ma 2t 9a2x i |
Tiép-ditm c6 hoanh-d6 13 nghiém-s6 kép cia phwcng-t;inii “:

X = 2m 1]
Véi m=—1 thi x=_1,suyra y=0.
Véi me= 2 thi x=5 ssuyra y =3,
Viy céc tiép-diem m3 ta mubn tim 13
M(—-1;0),N (5;3)
i 3. MN? = (xm — xN)3 + (m — ¥N)?
= (- 1=574(0—3)
: =36+9=45
NP = (xn —x1 )2 + (9N — 1 )

=(5_2)?*+ (3 + 32

= 9 4+ 36 =45 =
Suy ra MN = NI

7

£
Vay MIN 13 mét tam-giic cin, dinh 13 N,

o Ditn-tich tam-giic MIN bing dién-tich hinh thang vuan" gée
MNP'Q bét di dién-tich hai tam- -gid¢ vudng g6c MIQ , INP‘

i

i 1
.dtMIN_Tx6x(3+6)—-%x3x3—

{



SR L SR
2 2

Dign-tich tam-giic MIN bing —2—7 don-vi dign-tich.

6 Tyt Tim phwong-trinh ctia hyperbol vuéng gée (H) e tAm d&l- ,
xingla I (33 1) vi di qua di¥m N (43 — 1). Vé hyperbol (ﬂ)
dé (hé true trwe-chuiin). ]

2. Tim nhirng di¥m & trén (H) tai d6 ti¥p-tuy¥n cé do ade.

1
bing —.
- ~ . ety
3. Pinh m d&¥ cho dwong thing (D) — ma phwong-trinh 'lf L
1 3 : £
Y= e X + m — va& hyperbol (H) ¢6 ditm chung.
4. Khi (D) va (H) ¢é hai di¥tm chung M'M’ tim qn?-tich mung—
digm J eia M'M”, ]

BAI GIAI

1. Hyperbol (H) cé phuong-trinh 12
ax + 8 :
& i ) :
Phu'o'ng-trinh ctia hai dudng tiém-cin 15 x=—23V2 y=a xv&y
&6 ciing 13 toa-d9 ctia tim d8i-xirng L.
Theo gié-thiét, ta dwoc
—3=3=238=—3

a =1

x+ B . : &

y"—"

Viy ym oy ; (¥3)

(H) diqua ditm N (4; —1) nén tqa.a¢ clia N ngmm dmhg.‘ 3
thirc (2) : ]
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viy
1 )

2, Atx —3)2

(x—32=4(=2? \

(x—3)2—_22 =0
e e 3 N-gT7

(x—1)(x—=5)=0 =

Suy ra x; =1, x,=5

Tri-s6 twong-trng ciia y

tinh bing h¢-thirc y — X2

x—3
Hinh 53
‘=2 sy Ya=0

Viy, tai nh&ng didm sau diy cha (H), ti‘p_tuyég 066

B(5;0)

néu 6 — 13 nghiem-s8 cia he-
tren day. Kitr y gita hai phuong.tr




1
2

=
(%}

X + m =

2
W

1
— x2 1 mx —ix—3m=x—5
2 2

it 5 : '
— X ———)x—3 510
2 7+(m 2)x m +

x’+(2m—5)x—2(3m—5)-0 3)

DE cho (D) va (H) c6 ditm chung, ta phai c6 va cl-u cin (3) c6
nghi¢m-s6, nghiala A > 0
@m—52 +8(Bm—5>0
4m?—20m 4 25 4 24m — 40> 0
4m? 4 4m — 15> 0 @
Tam-thirc & vé diu c6 2 unghiém-s§ 1a:

’ ’”

5 3
me=— —  m = —
2 2

De cho bé’t-phwo'ng-tr_inh (4) dwoc théa ta phii chon m nhy sa{; ’:

hojc m < --._:_ hoic m > -g— :

o Newlly _% th A=0, (3) c6 nghitms8 kép

x = x” = 5. Viy (D) va (H) tifp-xdc nhau tai dim m3 hoinh-dé
12 5; tung-dd twong-rng 13 0. Tiép-ditm chinh 13 A, = '

e Néully m= —;— thi s¢ biét ring (ﬁ) va (H) tiép-xﬁc nhau
tai didm A. | :

[Néu 1y — — < m < Sy thi (D) va (H) khﬁng 06 di&n nho
chung]. i




4. Khi (D) va (H) c6 hai digm chung M’, M” thi hoﬁmh-dﬁ c

chiing 13 nghiém-s6 x’, x” ctia phwong-trinh (3). Ta cé
X +x'=S=5—2m

E Goi J 13 trung-di¥m ctia M’ M”, toa-dd ctia J 13 :

f x=x/+x”=5——-2m=i—m

J 2 2 2

V= —%—x-{-m (vi J & trén D)

Cong v€ véi vé ta diroc

5 1 S
o A 0 UL Al o 4

2 2
1 5
Suy ra y=—- —x —
2 i 2
Bidu ndy chirng 4 ring J nim trén duong thing (d) ma phu'ornggc
trinh 13 sl o0
2 i 2

Wik i

Gidi-hgn. Vi hoinh-d6 ciia Jia x = i —m néntachd:

N

n Vay quy-tich ctia J 13 nhirng ph§n clia dudng thﬁng ‘f'(d) ﬁ'ng
x£1 véu-ngvé'i x>5

i Nélkhicdi délédu'b'n
¥ .ﬁm

g thﬁng (d) b&t & doan u'ng v6'i l '<x
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7. 1. Tim phwong-trinh ciia parabol (P) di qua gdc toa-dd O vA b
dinh S (~ 13— 1),

2. Tim phwong-trinh clia hyperbol (H)dl qua ba difm M (—2; 4)

( 6
N@d3;1) va L (—-B;—),
2

3. V& (P) va (H) chung mdt dé~thi, Tinh toa-dd clia cde di¥m chung,
4. Tim phl\ro-ng-trlnh clia ti¥p-tuy¥n cda (H) va et (P) tal O,
Két-luan didu g1 ? W '
BAI GIAI
/. Phwong-trinh clia parabol (P) c¢6 dang
y=ax? 4 bx + ¢

Vi (P) di qua g6c O (x =0, y = 0) nén ta cb ¢ = 0 va

y = ax? 4 bx

Y 2ax 4+ b

Tal dinh Sthix=— 1,y =~ 1,5 = 0. Vi thétacd,
s 1 7 }
0=-—2a+ b :
Céng vé v&i vé thl dugce '

] @ a=1
Suy ra b=a+ 1| b =2
Viy phwong-trinh cla (P)1a
y mx) 4 2x
Y= 2(x+ 1)




0

I Ve leql ki N et B R +°°

2. Phuwong-trinh céia hyperbol (H) c6 dang y — o i

| S

| hay Xy + 0y =ox + B : )
x , 4
| Ba di¢m M N, L & trén (H) nén toa-d¢ clia ching 1am thé
thitc (1) : il

‘| ~8+4+ 40 = — 2a 4+ g
1+ 8 = & + 8 ~' "1
2305 3
2

Liy (2) (3) trir v& véi vE, va liy (3) (4) triy vG vbi
! du'qc

9+35=-—3a
2 _.2.6_= 6¢ ) 7 i3
A 2
g +§—9+36{_—_-_.3¢
S 27—36 = |2¢
18 = 9a

a= 2
vy ~ Nh¥(5) taco
i -9 4 33 = -6
3 5—]}

i th (3) ta tim duwoc g
+I=2+ﬁ:ﬁ =0




— 0O )
3. Toa-88 cic di¥m chung — néu c6 —cla (P) vd (H) Ia nghiem-
s8 ctia h¢-th8ng ~

Yoo x® 4 2x == x(x + 2)
2x

x4\
Khir p giita hai phwong-trinh 6 ta c8

x(x +2) =-——2—x—— LA
x + 1 k

Mdt nghi¢m-s8 hi¥n-nhi¢n 1d x = 0.
Céc nghi¢m-s8 con lai s& 13 nghi¢m-s8 clia phurong-trinh

X 4+ 2=

P ' x+ 1
x+2)(x+ D=2
X +3x=0
x(x+3)=0
Suy ra x=0vA x=—3
Viy phwong-trinh (7) c6 mdt nghi¢m-s8 kép B x = R mQt
nghi¢m-s8 don 1a X==—23 :
Khi : x=0 thh y=0

Khi Xx=—3 thi pm=3
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(H) va (P) c6 mdt tiép-didm (gbc O) vA mdt giao-didm
A(x=—3,y=3).

4. b‘ Yy =x? 4 2x y'=2(@x+1) yo'-{}‘z,‘

Phuong-trinh ciia ti€p-tuyén ctia (P) tai O 1a
Y = 2x
2x 2

= e it ’
it x40 y (x + 1)? y.é

Phuong-trinh ciia tiép-tuyén ctia (H) tai O 13 y = 2x

Tal O, (H) va (P) ¢ tiép-tuyén chung. Viy (H) va (P) ﬂ!p.
nhau tai O,




Bai

Bai

‘Bai

1

2.

MUC-LUC

Chwong-trinh . .

Tam-thérc bgc hai . .
1. Djnh-nghia o .

2. Phan-tich tam-théc thanh tha-sé

Bai Tip -

D3u ciia tam.thirc bac hai
Bai Tgp . .
Bit.phrong.trinh bac hai
Bai Tégp - :

Vitrf cia mét s& d5i véi hei nghiém.ss cu’n mét
tam-thirc bgc hai . .

Bai T3p - . 2
Toa.dg

1. Céch dinh ché mét diém & trén mét tryc

2. Céch dinh chd mégt didm trong mit phing

3. Duéng things . .
BX Tép - § 3
Dei-crong v& ham.s& E
Bai Tap . p .

Dgo.ham * :
1. Djnh.nghia. 5

2, Nghia hinh-hoc céa dpo-ham
Bai T‘p . X .

-

. e A a b
e | ﬁ‘
. « 15

% PR L
4 T 55
. - @

. . 61




Bsi ' 8. Phép tinh dgo.ham.
Bai'Tap X

Bii 9. Cong.dyng cia dao-ham .

“%Béi 10. Ham.s3 bgc hai .
BAlTgs iy
Bai 11, Hﬂm-sﬁ nhé&t-bign .
BatTdp: . .

Bai» 12. Mot 8 vén.dé théng-dyng.

Bal Tip /. ;
Bai Toén hoc 6n .

.Bai Toan hoc 6n c6 giai

* Bai'S8 1ép 11 A
be p 38 zoae/BT'r/Bcarxa




